Steps in Differential Geometry, Proceedings of the Colloquium
on Differential Geometry, 25-30 July, 2000, Debrecen, Hungary

ON CERTAIN PROPERTY OF A CLOSED 2-FORM

WLODZIMIERZ BORGIEL

The goal of this paper is to show that in R™ or C”, if w = wy; A wy is a 2-form
such that dw = 0, then there exist 1-forms « and § such that w = a A 3 and
daoNa=dBNpE=0.

In order to fix the ideas, we will work initially with the n-dimensional space
R™. Let p € R", R} the tangent space of R™ at p and (RZ)* its dual spaces. Let

/\k(R;‘)* be the set of all k-linear alternating maps

p: Ry x - xR}y — R
—_———

k times

With the usual operations, /\k(RZ)* is a vector space. Given ¢1,..., 0% € (R})*,
we can obtain an element o1 A o A -+ A g of /\k (R3)* by setting

(1 Apa A Apg)(v1, 02, . .., vg) = det(pi(vy)),

where vy, ..., vx € R, 4,5 =1,..., k. It follows from the properties of determinates
that ¢1 Ao A -+ A gy is in fact k-linear and alternate.
The set

{(dz™ A Ada™) iy <dg <o <ikyij € {1,...,n}}

is a basics for /\k(Rg)* An exterior k-form in R™ is a map ¢ that associates to
each p € R™ an element ¢(p) € /\k(R;})* and ¢ can be written as

p0)= > a0, (0)(da Ao Ada),,
i< <ig

i; € {1,...,n}, where a;, ,, are differentiable functions, ¢ is called differential
k-form.

PROPOSITION 1. If p1 A=+ Apr = Bi A= A By = ¢, where 3; € (R})”,
j=1,....k, are two representations of @, then p; = Zj ai;jBi, v =1,...,k, with
det(aij) =1.

ProOF. Extend the §; into a basis 1, ..., Bk, Bkt1,---,Bn of (R})* and write

(Pi:Zaijﬁj+zb¢rﬂr,rik+1,...,n.
7 r
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Notice that 81 A...0k Aw; = o1 A+ A A p; = 0. This implies that

Zbirﬁl/\"'/\ﬂk/\ﬂrzov

and since 81 A --- A O A 3, are linearly independent, so b;. = 0.
Now let vy,...,vx be the vectors of RY}. From definition it clearly follows that

<¢1 A - /\(pk;vl,,..,vk> = det(<(pi7vr>)
k

= det << Zaijﬂj, UT>)

Jj=1

k k
- det(alj) Z Z €T1...T‘k</817’07’1> </8k?7v7‘k>

r1=

1
= det(aq;) det((5;, vr))
= det(aij)<ﬁ1 A A B, ... ,’Uk>.

rr=1

The symbol
eil,..in (OI‘ €i1.»-in)

is zero unless i1, ..., %, is some derangement of the first n natural numbers. If the
derangement is an even permutation,

67,1...’Ln — eil,“in — 1'

If the derangement is an odd permutation,

Thus,

as we wished to prove.

PROPOSITION 2. Let P, QQ, R denote three differential functions in an open set
U of R3, which do not vanish simultaneously; put

w = Pdz? A dx® + Qda® A dxt + Rdxt A da?.

Then in the neighbourhood of each point of U there exist pairs of functions u, v
satisfying

duNw=0, doAw=0, duAdv+#D0,

and if u, v is such a pair, there exists a function A such that

w = Adu A dv.
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PRrROOF. Consider the forms

duNw = <8d —l—%d —|—adm>

Ozt Ox? Ox3
A (Pdz? A dx® + Qdx® A dx' 4 Rdx' A dx?)
= < Ou +Q +R§3>dz1/\dz2/\d:1:3,

ov ov
dvAw—(ad —l—id +(9 3dx>

/\(de Adx? + Qda® A dxt + Rdax* /\dw)

= < — —l—Raag)dxl Adz? A da?
and
ou ou ou ov ov ov
dundo = gzt + 2?4+ a3 A [ Zaat + Zaa? + L
uh (3x1m+8x2x+3x3x> <83: T ot gm )
ou Ov ou Ov ou Ov ou Ov
= o555 5555 |A*ANd? + | 55 — 2755 |da® Ada!
(83328:53 83338:52) Adz +< 23 Ozl 89518333) oA ar+

Ju Ov Ju Ov
(www‘mm&)
From the conditions du Aw =0 and dv Aw = O it follows that
P%—FQ%—F 683—0 dP +Q %:0.
And hence, in the neighbourhood of each point of U the vector fields (%, %, %)
and (2%, -2% 9% are orthogonal to the vector field (P, @, R). Thus

Oxl’ 9x2° Ox3
ou Ou Ou ov Ov Ov
<R@RW(mvwwmQX<mvmwwﬁ—

_((9u0Ov Ou v\ (Ou Ov  Ju v\ (Ou dv  du v
- 0x2 0x3 03 0x2 ) \0x3 0zt Oxl0z3) \OxlOx2 0z220xz1))’

since from the condition du A dv # 0 it follows that not all the coordinates of
this vector field, in the neighbourhood of each point of U, vanish simultaneously.
Therefore, from parallely it follows that there exists a function A such that

w=AuANdv. =

Now we consider a differential 3-form dw:
dw = d(Adu A dv)
= dA A du A dv+ Ad(du A dv)
=d\ ANdu A dv.
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If dw = 0, then
EM(@u ov  Ou 81}) OA(au Oov  Ou 8v> m(au Oov  Ou 811)

0x2 0z Ozx! Ox2

92\ 922 928 023 922 ) T o2 925 \ 921 922~ 922 9!

this means that in the neighbourhood of each point of U the vector field

(%7 %7 %) is orthogonal to the vector field

Ou v Ou 9\ (Ou v Ou v\ (Ou v Ou v
0z2 0x3 03022 )’ \0x2 0zt Oxl0z2) \ Ozl 0x2 0O0z202') )"
AN 9A oA ) is

Hence and from Proposition 2 it follows that the vector field (W’ BT BaF

a linear combination vector fields (2%, 24 243 and (2%, 2% 24) Thus A =

au + bv, where a, b are constants. Inversely, if A = au + bv, where a, b are constats,
then

dw = dX AN du N dv
= d(au + bv) Adu A dv
= (adu + bdv) A du A dv
=adu A du A dv+ bdv A du A dv
=0.

Now notice that if A\ = au + bv, where a, b are constants, then
1
w = AduNdv = d(2au2 + buv) A dv.

Setting f = %au2 + buv, g = v we have
w =df Ndg.
Hence the following;:

PROPOSITION 3. In the neighbourhood of each point of U there exist two func-
tions f, g such that w = df N dg if and only if dw = 0.

Notice furthermore that if o, 8 are 1-forms in U C R3, w = a A 3 and dw = 0,
then oo = df and 8 = dg. From

dlaNB)=daNpB—aNndb

B Oas  Oag das  Oap Oas  Oay
B {(Baﬂ 8a:3>b1 <8a:1 8x3>b2 + (83:1 8x2>b3} +

(e N (0 0bY . (9h oh
N oz2 023 2\ 0z g3 3\ 0zT  Ox2
cdzt Adz? A da?

= [I'Ot(al, az, CL3) : (b17 b27 b3) - (a17 az, a3) I'Ot(bl, b27 bg)]
cdxt A dz? A da?,
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where oo = Zle a;(z)dz® and B = Z?Zl b;(z)dz*, and from Proposition 3 it follows
that d(a A 8) = 0 if and only if rot(a;,as,az) = 0 and rot(by,be,b3) = 0 in the
neighbourhood of each point of U.

Now let @ = Y"1 | a;(z)da’ and 8 =Y, bi(z)dz’ be two differential forms of
degree one defined in an open set U C R™. The exterior differential d(a A §) of
a A B is defined by

dlaNB)=danB—aNndS.
Therefore

d(a A ) = (Zaz ) A Zb ) — Zaz )da /\d(Zb )da? )
Zdaz ) A da’ /\Zb )dz’ — Zaz dx/\Zdb ) A da?

y (2 i, ()i,

i1 <i2<1i3
dai,(z)  Oay () i ia i3
+ ( Drin Dz bi, | dx' Adx™ N dx**+
) Z _ [a“ ( Ox'2 Oxts iz \ “p i O +
11 <t2<13
+ aj, <6bi2( z) Ol )ﬂ dz™ A dx™ A dz'
dzh Oz
= Z [rOt(ai1vai27ai3) (biys biy, biy )+
i1 <i2<1i3

— (@i, @iy, aiy) - rot(by, s biy, by, )] da™ A dx'? A da'®
for all 1 <47 < i3 < i3 < n. That is in the neighbourhood of each point U, so
d(a A B) =0 if and only if
rot(a;,, @iy, a;;) = 0 and rot(b;,, bi,, biy) =

for all 1 < i1 < ig < i3 <n. This implies that
(1) rota =0 and rotb =0,
ifa=(ay,...,a,) and b= (by,...,b,), differential vector fields, are correspondence
1-forms « and @ induceed by the inner product.

We would like to remind that if v is a differential vector field in R™, then the
rotational rot v is the (n — 2)-form defined by

v = w i dw — *(dw) = rot v,

where v — w is the correspondence between 1-forms and vector fields induceed by
the inner product.
Notice that the condition (1) is equivalent to:

(2) da =0 and dg = 0.
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Hence and from Poincaré’s Lemma for 1-forms, it follows that the forms « and (3
are locally exact, i.e., for each p € U there is a neighbourhood V' C U of p and
differentiable functions f,g: V — R such that df = a and dg = .

We will say that a connected open set U C R™ is simply-connected if every
continuous closed curve in U is freely homotopic to a point in U.

PROPOSITION 4. Let w be a closed form defined in a simply-connected domain.
Then w is exact (proof, see [2]).

From the above it follows that if the set U is simply-connected, then a and 3
are exact in U. Thus, the condition da A o = dB A 3 = 0 are satisfied.

If we change all real field R™ into complex field C™ and each mapping a; and
b;, i =1,...,n, into complex holomorphic function in the previous definition, the
form o and § are called complex holomorphic forms.

Let a = Y7 aj(z)dz/ and 3 = 37 bj(2)dz’ be two differential forms of
degree one defined in an open set U C C™. Here the complex space C" is identified
with R?" by setting 2/ = 27 +iy’, 27 € C, (z7,9) € R forall j = 1,...,n. It
is convenient to introduce the complex differential form dz/ = dz? + idy’ and to
write

a’j(z) = uj(xvy) + in(Z‘,y),
bj(2) = w;(z,y) + iw;(z,y),

1

where x = (z!,...,2"), y = (y',...,y"). Then the complex form

a;j(2)dz? = (u; + iv;)(dz? + idy’)
= (ujda? — vidy’) +i(ujdy’ + v;da?)
has ujdz? — vjdy’ as its real part and u;dy’ 4+ v;dz? as its imaginary part, for all
j=1,...,n. Similarly the complex form
bj(2)dz? = (wj + iw;)(da? + idy’)
= (wjdr’ — wjdy’) + i(w;dy’ + w;da’)
has wjdz? — w;dy’ as its real part and w;dy’ +w;dz’ as its imaginary part, for all

i=1...,n.
Now, a computation shows that

daNp = d( z”: aj(z)dzj> A 2": br(2)dz*
j=1 k=1

- [(iduﬂdﬂ —idvﬂd@ﬂ) +i(§n:duj/\dyj+§n:dvj/\d$j)]
J=1 j=1

Jj=1 Jj=1

A [(Iéwkdfk - gwkdyk) + i(kzn:_lwkdyk + g:lwkd:ck”
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n n n n
= E duj Adz? A E wydz® + g dvj A dy’ A g wdy®+
j=1 k=1 j=1 k=1

- Zn:dvj A dy? /\izn:wkdyk —&—zn:duj A dz? /\izn:wkdxk-i-

j=1 k=1 j=1 k=1
n n n n
+i Zdvj Ndz? A Zwkdazk - iZduj Ady’ A Zwkdyk—i-
j=1 k=1 j=1 k=1

n n n n
- Z duj A dy’ A Z wydy® — Z dvj A dz? A Zwkdxk,
j=1 k=1 j=1 k=1
and

n n
aANdf = Z a;j(z)dz? A d( Z bk(z)dzk)
j=1 k=1
= [(Zdujdxj - Zvjdyj) +i(2ujdyj + Zvjdxj)}
j=1 j=1 j=1 j=1
A {(Zdwk A dzF — Zdwk /\dyk)+
k=1 k=1
n n
+Z(Zdwk /\dyk —&-Zdwk /\dl‘k>}
k=1 k=1
= Zujdxj A Zdwk Adz® + Zvjdyj A Zdwk A dyF+
j=1 k=1 j=1 k=1
- Zvjdyj /\iz dwg A dy* + Zujdxj /\iz dwy, A da®+
j=1 k=1 j=1 k=1
—I—injdijdwk A dz® —iZujdxj /\Zdwk A dyF+
j=1 k=1 j=1 k=1

n n n n
- Zujdyj A Zdwk A dy" — Zvjdxj A Zdwk A dz*.
j=1 k=1 j=1 k=1
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In a similar way as for the real case, we can prove that

dlaNp) = Z {l(roty (uj, , ujy, ujy) +ir0te (v),,vj,,v5,)) - (W), W)y, Wi, )+
J1<j2<Js
- (rOtr(Uqujzvvja) + irOtm(ujuujzvujs)) ’ (""’juwjmsz)}Jr
= [(ugs w5 ) - (xOba (wjy s Wiy Wy ) + i 0t (W), Wiy, w53 )+
= (V41,055 V) - (Ot (W), Wy Wi ) + E 10t (W), Wy, w5 )]}
- dx?t A da?? A dxii 4
+ Z {[(rOty(vjl’vijjs) - iror‘y(“jw”jw“js)) ’ (wjuwjz’sz)"_
J1<j2<7J3
— (roty (wj, , Ujy, Ujy ) — 110ty (Vjy, Vjy, Vjs)) - (W, Wy, Wiy )]+
- [(Ujuvjw Ujs) : (rOty(wjl’wjmsz) - irOty(wjlijz"sz))Jr
= (W5 Uy ugy) - (voty (wy,, Wiy, wy, ) — ivoty (W, wWjy, wj, )]}
Sdy?t A dy? A dy®
for all 1 < j; < jo < j3 < n. That is in the neighbourhood of each point U, so
d(a A ) =0 if and only if

rOtr(ujlaujzauja) =0, rOtr(vﬁ » Vg vjs) =0,

roty (ug,, uj,, ujy) = 0,70ty (vj,, )y, v55) =0
and

roty(wj,, W)y, Wi, ) = 0,10t (wj, , wj,, wj,) =0,

roty (wjl » Wiz sz) = 0,roty (wjl » Wiz wja) =0
for all 1 < j; < j2 < j3 < n. Hence, it follows that the forms

n

w;dx? — v;dy’) and w;dy’ + vidx’
J J J J

Jj=1 Jj=1

are closed. Similarly the forms

(wjdr? — w;dy’) and Z(wjdyj + wjda?)
1 j=1

n
i=
are closed too. By Poincaré’s Lemma for 1-forms it follows that these forms are
locally exact. Therefore, if U C C" is a simply-connected domain of these forms,
then there are differential functions f,g : U — C such that df = « and dg = g.

Thus the condition da A a = dB A 8 = 0 is satisfied.
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