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We give a sufficient condition for insertion of a continuous function between two comparable real-valued
functions in terms of lower cut sets.
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1. Introduction

The concept of a pre-open set in a topological space was introduced by H. H. Corson and
E. Michael in 1964 [3]. A subset A of a topological space (X, 7) is called pre-open or locally
dense or nearly open if A C Int(CI(A)). A set A is called pre-closed if its complement is pre-
open or equivalently if Cl(Int(A)) C A. The term, pre-open, was used for the first time by
A. S. Mashhour, M. E. Abd El-Monsef and S. N. El-Deeb [11], while the concept of a locally
dense set was introduced by H. H. Corson and E. Michael [3].

The concept of a semi-open set in a topological space was introduced by N. Levine in
1963 [10]. A subset A of a topological space (X, 7) is called semi-open [10] if A C Cl(Int(A)).
A set A is called semi-closed if its complement is semi-open or equivalently if Int(Cl(A)) C A.

Recall that a real-valued function f defined on a topological space X is called A-continuous
[12] if the preimage of every open subset of R belongs to A, where A is a collection of subset of
X. Most of the definitions of continuous function used throughout this paper are the particular
cases of the definition of A-continuity. However, for unknown concepts the reader may refer
to [4, 5].

Hence, a real-valued function f defined on a topological space X is called precontinuous
(resp. semi-continuous) if the preimage of every open subset of R is pre-open (resp. semi-open)
subset of X.

Precontinuity was called by V. Ptdk nearly continuity [13]. Nearly continuity or
precontinuity is known also as almost continuity by T. Husain [6]. Precontinuity was studied
for real-valued functions on Euclidean space by Blumberg back in 1922 [1].

Results of Katétov [7, 8] concerning binary relations and the concept of an indefinite
lower cut set for a real-valued function, which is due to Brooks [2], are used in order to
give a sufficient condition for the insertion of a continuous function between two comparable
real-valued functions.
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If g and f are real-valued functions defined on a space X, we write g < f in case g(x) <
f(z) for all z in X. The following definitions are modifications of conditions considered in [9].

A property P defined relative to a real-valued function on a topological space is a c-
property provided that any constant function has property P and provided that the sum of a
function with property P and any continuous function also has property P. If P; and P, are
c-properties, the following terminology is used: A space X has the weak c-insertion property
for (Py, Py) if, given any functions g and f on X such that g < f, g has property P; and f
has property P», there exists a continuous function A such that g < h < f.

In this paper, a sufficient condition for the weak c-insertion property is given. Also several
insertion theorems are obtained as corollaries of this result.

2. The Main Result

Before giving a sufficient condition for insertability of a continuous function, the necessary
definitions and terminology are stated.

Let (X, 7) be a topological space. The family of all semi-open, semi-closed, pre-open and
pre-closed will be denoted by s O(X,7), sC(X,7), pO(X, ) and p C(X, 7), respectively.

DEFINITION 2.1. Let A be a subset of a topological space (X, 7). Respectively, we define
the s-closure, s-interior, p-closure and p-interior of A, denoted by s Cl(A), sInt(A), p Cl(A)
and pInt(A) as follows:

sCl{A)=N{F:F2A, FesC(X,71)},

sInt(A) =J{O: O CA, OesO(X,7)},

pCl(A)=N{F:F2A, FepC(X,1)},

pInt(A) =J{O:0C A, OcpO(X,1)}.

Respectively, we have: s Cl(A) and p Cl(A) are semi-closed and pre-closed, sInt(A) and
pInt(A) are semi-open and pre-open.

The following two definitions are modifications of conditions considered in |7, 8|.

DEFINITION 2.2. If p is a binary relation in a set S then p is defined as follows: zpy if and
only if ypv implies zpv and upz implies upy for any u and v in S.

DEFINITION 2.3. A binary relation p in the power set P(X) of a topological space X is
called a strong binary relation in P(X) if p satisfies each of the following conditions:

1) If A;pB; for any i € {1,...,m} and for any j € {1,...,n}, then there exists a set C' in
P(X) such that A;pC and CpB; for any i € {1,...,m} and any j € {1,...,n}.

2) If A C B, then ApB.

3) If ApB, then Cl(A) C B and A C Int(B).

The concept of a lower indefinite cut set for a real-valued function was defined by Brooks [2]
as follows:

DEFINITION 2.4. If f is a real-valued function defined on X and if {zx € X : f(z) < ¢} C
A(f,0) C{x € X : f(z) < ¢} for a real number ¢, then A(f,¥) is called a lower indefinite cut
set in the domain of f at the level £.

We now give the following main result:

Theorem 2.1. Let g and f be real-valued functions on a topological space X with g < f.
Suppose that there exist a strong binary relation p on the power set of X and lower indefinite
cut sets A(f,t) and A(g,t) in the domain of f and g at the level t for each rational number t
such that t; < to implies A(f,t1)pA(g,t2). Then there exists a continuous function h defined
on X such that g < h < f.



Weak insertion of a continuous function 69

<1 Let g and f be real-valued functions defined on X such that g < f. By hypothesis there
exists a strong binary relation p on the power set of X and there exist lower indefinite cut
sets A(f,t) and A(g,t) in the domain of f and g at the level ¢ for each rational number ¢ such
that ¢1 < to implies A(f,t1)pA(g,t2).

Define two set-valued functions F' and G from the rationals QQ into the power set of X
by F(t):= A(f,t) and G(t) := A(g,t). If t; and t2 are any elements of Q with ¢; < t2, then
F(t1)pF(t2), G(t1)pG(t2), and F(t1)pG(t2). By Lemmas 1 and 2 of [8] it follows that there
exists a function H from Q into P(X) such that if ¢; and ¢y are any rationals with t; < tg,
then F(tl)pH(t2)7 H(tl)pH(t2)7 and H(tl)pG(tz).

Given z € X, put h(z) =inf{t € Q: x € H(t)}.

We now verify that g < h < f: if x is in H(¢) then x is also in G(t') for any ¢’ > ¢; since x
is in G(t') = A(g,t') implies that g(z) < ¢, it follows that g(x) < t. Hence g < h. If  is not
in H(t), then z is not in F(¢') for any ¢’ < ¢; since z is not in F(t') = A(f,t') implies that
f(z) > t', it follows that f(z) > t. Hence h < f.

Moreover, for any rationals t; and t with t; < t3, we have h=1(t1,t2) = Int(H(t2)) \
CI(H (t1)). Hence h™1(t1,t2) is an open subset of X, i. e. h is a continuous function on X. 1>

The above proof uses the technique similar to the proof of Theorem 1 in [7].

3. Applications

The abbreviations pc and sc are used for precontinuous and semicontinuous, respectively.

Corollary 3.1. If for each pair of disjoint preclosed (resp. semi-closed) sets Fy, F in X,
there exist open sets G, and G of X such that F; C Gy, F» C Go, and G1 NGy = & then X
has the weak c-insertion property for (pc, pc) (resp. (sc, sc)).

< Let g and f be real-valued functions defined on X such that f and g are pc (resp. sc)
and g < f. If a binary relation p is defined by ApB if and only if p Cl(A) C pInt(B) (resp.
s Cl(A) C sInt(B)), then by hypothesis p is a strong binary relation in the power set of X. If
t1 and to are any rationals with ¢; < to, then

A(f,it) C{r e X f(z) <t} C{z € X : g(x) <t2} C A(g, t2).

Since {x € X : f(z) < t1} is a pre-closed (resp. semi-closed) set and {z € X : g(z) <
to} is a pre-open (resp. semi-open) set, it follows that p CI(A(f,t1)) C pInt(A(g,t2)) (resp.
sCl(A(f,t1)) C sInt(A(g,t2))). Hence t; < to implies that A(f,t1)pA(g,t2). The proof follows
from Theorem 2.1. >

Corollary 3.2. If for each pair of disjoint preclosed (resp. semi-closed) sets Fy, Fy, there
exist open sets G1 and G9 such that Fy C G1, F» C G, and G NGy = & then every
precontinuous (resp. semi-continuous) function is continuous.

< Let f be a real-valued precontinuous (resp. semi-continuous) function defined on the X.
Set g = f, then by Corollary 3.1, there exists a continuous function h such that g =h = f. >

Corollary 3.3. If for each pair of disjoint subsets F, 5 of X, such that F is pre-closed
and F5 is semi-closed, there exist open subsets (G; and Go of X such that Fy C G, F5 C Go
and G1 NG9 = @ then X have the weak c-insertion property for (pec, sc) and (sc, pc).

< Let g and f be real-valued functions defined on X with g < f such that g is pc (resp. sc)
and f is sc (resp. pe). If a binary relation p is defined by ApB if and only if s C1(A) C pInt(B)
(resp. pCl(A) C sInt(B)), then by hypothesis p is a strong binary relation in P(X). If ¢; and
to are any elements of Q with ¢ < to, then

A(fitr) C{z e X flr) Sty S{z € X 1 g(x) <ta} C Alg,t2);
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since {x € X : f(z) < t1} is a semi-closed (resp. pre-closed) set and {z € X : g(z) <
to} is a pre-open (resp. semi-open) set, it follows that s C1(A(f,t1)) € pInt(A(g,t2)) (resp.
pCI(A(f,t1)) C sInt(A(g,t2))). Hence t; < to implies that A(f,t1)pA(g,t2). The proof follows
from Theorem 2.1. >
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O CYHIECTBOBAHUM HEITPEPBLIBHON ®YHKIINN
MEXKY ABYMSA CPABHUMBIMU
BEIIECTBEHHBIMU ®YHKIINAMNU

Mupmupan M.

B TepMuHax s1€6€roBbIX MHOXKECTB (DYyHKIINN HANIEHBI YCJIOBUS, IPU KOTOPBIX MEXK/IY JABYMsI CDABHUMBIMEI
BEIIECTBEHHO3HAYHBIMI (DYHKIUSIMU MOYKHO BCTABUTH HEIPEPBHIBHYIO (DYHKIIHIO.

KuroueBrbie cioBa: ciiabasi BCTaB/IsIEMOCTD, CUJIbHOE OMHAPHOE OTHOIIEHUE, TPETOTKPBITOE MHOXKECTBO,
MIOJIyOTKPBITOE MHOXKECTBO, JIEOETOBO MHOZKECTBO.



