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O CBONCTBE BHYTPL-TTPOJ0I2KAEMOCTU
[MPEACTABJIAOIINX CUCTEM SKCIIOHEHT HA BBITYKJIBIX
JIOKAJIBHO 3AMKHYTBIX MHO?KECTBAX!

C. H. Meauxos, 3. MomMmMm

IIycts Q — BBHIIYK/IOE JIOKAIBHO 3aMKHyToe MuOkecTBo B CV; A(Q) — HpOCTPAHCTBO POCTKOB BCEX
byHKIUMH, aHAJIUTUIECKUX Ha (), C €CTECTBEHHON TOIOJIOrMel IIPOEKTUBHOIO 1Ipeiea. B crarbe jpokasa-
HBbI HEOOXOUMBIE U (OTAETHHO) MOCTATOTHBIE YCIOBH T€OMETPUIECKOrO XapaKTepa TOTO, ITO MOCJIEI0-
BaTEIbHOCTD IKCIIOHEHT sABJISETCH abCOIOTHO NIpeCTaBisAmeil cucremoil B A(Q).

KuroueBbie cjioBa: aGCOTIOTHO IIPECTABIISIONIAs] CHCTEMa, SKCIIOHEHT, JIOKAJIbHO 3aMKHYTOE MHOYKECTBO,
MIPOCTPAHCTBO AHAJIUTUIECKUX DYHKITHIA.

BBenenue

IlycTs Q — BBIMyKJIOE JIOKAIBHO 3aMKHyTOe moamuoxkectso CV, A(Q) — mpocrpancTso
Bcex (pyHKIU, roJJOMOP(MHBIX B HEKOTOPO# OTKPBITOM OKPECTHOCTH (), ¢ €CTECTBEHHON TOIIO-
Jlorueii MpoeKTUBHOrO Tpejiena (feranu cM. Huzke). HJacTHbiME crydasMu npocTpascTs A(Q)
sBJISTIOTCs TIpocTpancTBo Dpere GyHKIMI, rogoMopdHBIX B BhITyKIoi obmacti 8 CV | mpo-
CTPAHCTBO POCTKOB (DYHKIIHH, roJoMOpdHBEIX Ha BhIIyKIoM KoMiakre B CV| mpocrpancrso
BEIIECTBEHHO aHATHTHICCKIX (DYHKIMHIT Ha BBITYK/IOM OTKpEITOM noamuoxkectse RY . B macro-
siieli cTaTbe Mbl JIOKa3bIBaeM HEOOXOAMMBbIE U (OT/IEIBHO) JOCTATOUHBIE YCJIOBHS TOTO, YTO MO
CJIeZIOBATEJILHOCTD 9KCIIOHEHT SIBJISIETCsT abCOJIIOTHO IpecTaBstoneil cucremoit B A(Q). Ilo-
Ka3aHo (TeopeMa 8), ITO HEOOXOAUMBIM yCJIOBHEM TOTO, YTO CUCTEMA IKCIIOHEHT (€, ) ke, AL

oo log |k i
KOTOPOIA Iklllm |§le‘ = 0 (mpu ycsoBum, 4To ) 0b61aaeT 6a3MCOM OKPECTHOCTEH, COCTOSIIIM
—0Q

u3 obstacreii rosjomopdHOcTH, B citydae N > 1), sABJISIeTCs CIIEYIONIEEe TeOMETPUIECKOE CBOI-
cTBO Q: Iepecedenue () ¢ J000it OIOPHOI MUIEPIITIOCKOCTHIO K 3aMbIKAHHIO () KOMIIAKTHO (Teo-
pema 8). OTcioa cie/yer, 9To i OTKpeIToro noamuoxkecrsa Q C RN B mpocrpancrse A(Q)
BEITIECTBEHHO aHATUTHIECKNX (DYHKIUN Ha () He CYIEeCTBYET TaKoi abCOIOTHO TPEICTABIISI-
fo1meli cucreMbl 3KconenT. st Bbiyksioro kommnakra K jokazanbl (Teopema 14) jocrarod-
HBIE YCJIOBHSI T€OMETPUYIECKOr0 XapakTepa (HEBBIPOKIEHHOCTh U IVIQJIKOCTh KoMIakTa K B

HAIIPABJICHUSIX, CBSI3aHHBIX ¢ (), IPH KOTOPBIX BCsiKasi abCOIIOTHO TIPEJICTABIIAIONIAs B [IPO-

log |k| _
[Ax| =0,

crpancrse Ppemme A(int Q + K) cucrema sKcoHeHT (e, ke, A1 KoTopoit lim
|| —o00

SIBJISIETCsT TaKzKe abCcosItoTHO npejcrasssitomeil B A(Q) (1. e. Mccie0BaHO HEKOTOPOe CBOii-
CTBO BHYTPb-TIPOJIOJIZKAEMOCTH abCOTIOTHO MPEJICTABIISIONIEH CHCTEMbBI SKCIIOHEHT ). Panee Teo-
pema 14 Obuta MOKa3aHa s TPOU3BOJIBHON BBIMYKJIONW 06acTH () ¥ BLITYKJIOTO KOMIIAKTA
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log |k| _
el

K (6e3 upemnosnoxenust lim 0) 0. ®@. KopobGeiitnukom u A. @. JleonrbesbiM [2| npu

|k]—o0
N =1 (B crarbe [2] U BBeJieH TEPMUH «BHYTPb-IIPOJOJIZKaeMOCTb» ) 1 A. B. A6anuneim [1]
npu N > 1.

1. JlIokasibHO BBIMTYKJIbIE MHOXKECTBA U UX CBOMCTBa

Iz muoxkectsa B C CN gepes conv(B), cl B u int B 0603Ha41M BBITYKIIYIO 060/I0UKY, 3a-
MBIKaHIE U BHYTPeHHOCTh B coorBercTBerHHO. CUMBOJIBI int,- B, 0, B 0603HAYaI0T OTHOCUTE/Ib-
HYIO BHYTPEHHOCTH U OTHOCUTEJIbHYIO I'PAHKIy B OTHOCHTEIHLHO HEKOTOPOTO GOJILIIEro MHO-
’kecTBa (KOTOpOe olpeJiesisteTcs u3 konrekcra). Homaraem S(z,r) == {w € CV : |w — 2| < r},

N
z2e€CN,r>0;U:=5(0,1); (w,t) =3 wity, |w| = (w,@)"/2, weCV.
k=1

ONPEAEJEHUE. Muoxkectso Q B CV nassiBaeTCst TOKAIBHO 3aMKHYTBIM, €CJIH IS JIF0GO1
TOYKM 2z € (Q CYIIEeCTByeT ee 3aMKHyTasi OKPECTHOCTh V Takas, 4To mnepecederne @ NV
3aMKHYTO.

dcno, uTo moboe 3aMKHYTOE Hn oTKpbiToe momvuokecTBo CV jrokambpHo 3amkayTO. Crle-
JIYIOIIasi XapaKTePU3aIys BBIIYKJIBIX JOKAJIbHO 3aMKHYTBIX MHOXKECTB yCTaHOBJIeHa B |13,
jaemma 1.2].

Jlemma 1. ITyers muoxecrBo Q C CV Boimykimo. Crreyrorine yTBep K ieHmIsT pABHOCHTh-
HBI:

(i) Q JroKaJIBHO 3aMKHYTO.

(ii) @ mmeer cueTHYIO (DyHIAMEHTAIBHYIO CHCTEMY KOMIIAKTHBIX MOJMHOXKECTB.

(iii) @ siBIsIETCST OOBEIMHEHUEM CBOEH OTHOCHTEJBHOH BHYTDEHHOCTH int, () M OTKDbI-
TOif acTH w cBoell orHocureabHOl rpanunbl 0,Q). Eciu sro tak m (Kp)pen # (wn)nen —
byHIaMeHTAIbHBIE CHCTEMBI KOMIIAKTHBIX MOJMHOXeCTB int,.() U w COOTBETCTBEHHO, TO
Qn = conv(K, Uwy,), n € N, obpasyor dyH/aMeHTaJIbHYI0 CHCTEMY KOMIAKTHBIX I10JI-
MHOKeCTB ().

ONPEAEIEHUE. Boirykioe muoxkectso Q C CVN Gynem maszpisarh crporo (coorercrnen-
HO C-cTporo) BBINYKJIBIM B Opw, €C/in HepecedeHne () ¢ KaxKJIoi OMOpHOi (COOTBETCTBEHHO
KOMIIJIEKCHOIl OMOPHOI) THIIEPIIOCKOCTHIO K ¢l QQ C CN KOMITAKTHO.

SAMEYAHUE 2. (a) Ecan int Q # &, 10 @ sIBIsieTCsT CTPOTO BBILYKJIBIM (COOTBETCTBEHHO,
C — crporo BhIyKJIbIM) B Opw B TOM U TOJBKO B TOM CJIydae, KOTJia BCSIKUIl IIPSMOJIMHEHbIIH
MHTEPBAJ B W OTHOCUTEJILHO KOMIIAKTEH B W (COOTBETCTBEHHO, BCSIKUiT NPSMOJIMHENHbIH 1H-
repBas B w, C-adpdunnas 060109Ka KOTOPOro JIEZKUT B HEKOTOPOI OIOPHOI THIIEPILIOCKOCTH
K cl @, OTHOCHTEIHLHO KOMIIAKTEH B W).

(6) Ecm int Q@ = @, To Q C CV crporo Bhiyk/0 B JpWw TOLIA U TOJBKO TOTJA, KOrjla
KOMIIAKTHO.

(B) Kaxmoe Boiykiioe MmaokecTBo () C C siBisiercst C-cTporo BBILYKJIBIM.

(r) Hycrs BBImyKI0e MuONKecTBO @ C CN C-crporo Bemykio B dyw. Ilo [12, memma 3,
JIOKa3aTebcTBO TeopeMbl 1.2| @ obiasaer 6a3ucoM OKPECTHOCTEH, COCTOSIIMM U3 JIMHEHHO
BBIIYKJIBIX OTKPBITBIX MHOYKECTB, T. €. U3 OTKPBITBLIX MHOXKECTB, JOIOTHEHUE KOTOPBIX ABJIS-
ercsi 00beIMHEHNEM KOMILIEKCHBIX IHIIEPIUIOCKOCTe. DTH MHOXKeCTBa IICEBIOBBIITYKIbL |11,
npezyioxkenne 4.6.3|, a, 3HaunT, ABIAIOTCA obacTsMu rogomopduocTu |6, Teopema 4.2.8].

JIemma 3. Bboiykiioe jokaibHO 3aMKHyTOe MHOMKeCTBO (Q C CN crporo Bbimyk/I0 B Optw
Tora U TOJIBKO Torsa, Korja cemeiictBo C'N(QQ) Bcex OTKPBITBIX BBIILYKJIBIX OKPECTHOCTERH ()
SIBJISIETCST OA3UCOM OKpEeCTHOCTEH ().
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< = Iyers Q ¢ CV — orkpeitas okpecrnocrs Q. Iokazkem, urto cymecrsyer )y €
CN(Q) rakoe, aro @ C Qy C Q. Eciin BHyTpeHHOCTS () IIyCTa, TO B CHILY CTPOTOi BBIITYKJIOCTH
@ B O,w MHOXKECTBO () KOMIAKTHO. B 9TOM cjydae CyIecTBOBaHIe Takoro {1y OUeBUITHO.

[Iycts BHYTpenHOCTH () Hemycra. st kaxkmoro z € 9 BhIOEpeM OIMOPHYIO THIIEPILIOC-
KocTh R, K cl() B z m obosnauum depe3 P, OTKPBITOE MOJYyIPOCTPAHCTBO ¢ TpaHuieil R,
cozepzxairee int Q. Tyist n € N nostoxkum dy, := dist(wy,, Q) > 0. s z € wy\wp—1 (wo := )
nycts A, := P, +d,U, rne U — orkpoirsiit equnnunsiii map 8 CV. s z € (0Q)\w mycrs

A, := P,. U3 crporoit BbimykgocTH () B Opw ciemyer, uto Q C A, jus joboro z € 0Q).
[Monoxum masee Qq := (| A, u Qg := int Q5. [ockoabky 27 C (int Q)U ( U (wn + dnU)>,
2€0Q neN

TO BBIIYKJasi obyractb (g comepxkurcs B €. Ilokaxkem, aro Q) C .

Ouesnino, int Q C Q. [ycrs 2 € wy\wp—1 a1st Hekoroporo n € N. Kak u B [12, temma 1
B JIOKa3aTeJ]bCTBe TeopeMbl 1.2]; Ipy 9TOM 3aMeHsieM <«KOMILIEKCHYIO OIOPHYIO TUIIEPILIOC-
KOCTb» Ha <«JIEHCTBUTEJBLHYIO OMOPHYIO T'MIIEPILJIOCKOCTH», CYIIECTBYEeT 1M > 7 TaKoe, YTO

C = inf  dist(z, Ry) > 0 u mosromy tp, := min{d,, ¢} > 0. Orciona caemnyer, 1ro
we(0Q)\wm
z+t,, U C Qg n, sHaunt, z € (.

<: Bamerum BHauase, uro, ecsim N = 1 u ) — HekomnakTHbiil uarepsan B R, CN(Q) ue
sBsiercst 6asncom okpectrocreit Q). (Hampumep, mycts @ = (a,b), rme —oo0 < a < b < +o0.
O6macts Q := {z € C: |Imz| < (Rez —a)®> u Rez > a} — okpecrnocrs Q. Tax xak s
Kaxk10il Toukm t € €2, mist Koropoit Im ¢ # 0, Halizercss Touka w € (Q, TOCTATOYHO OJIU3KAsT K a4
U TaKasl, 4TO OTPE30K [w, t] He comep:kuTcs B (), TO HE CYNIECTBYET BBITYKJIONH OKpECTHOCTH (),
cozepzarieiicst B €2.)

[Ipeamnomoyxkum Tenepb, 9To () He sIBJISIETCS CTPOTO BBIMYKJIBIM B Opw. Torma cyiecTByer
OTIOpHAs TUIEPILIOCKOCTE P K ¢l () Takast, 94To nepecederune P ¢ () cOIepKUT IPsSIMOJIMHERHBII
uHTEpBaJ [, HE SBJISIIOMINNACT OTHOCUTEIHLHO KOMIMaKTHRIM B P N Q. Tlocme oprororaanbHoro
npeobpasopanus npocrpascTa R2Y = CN Mbl MOZKeM IIPEIIIOI0AKATE, 9T0 P — IHIepIuoc-
KOCTh {x € RN . g = 0}, marepsas I comep:Kurcst B npsmMoii {x € RN . gy =a3=... =
Ton = 0} m Q snexxur B mosynpocrpanctse {x € R2Y 1 21 < 0}. Tonoxum I; := Q N (RI).
WnrepBan I He siBIsteTCsT KOMIAKTHBIM Ha TpaMoit RT.

[To 3amMeuannio, ¢ KOTOPOTO MbI HAYAJM JIOKA3ATEJIBCTBO JOCTATOYHOCTH, 11 He obJiajaer
6a3ucoM OKPECTHOCTEl, COCTOAIINM U3 BBIIYKJIbIX obsiacteit B miockoctu Cp := {x € R2N .
x3 =...=xon = 0}. Boibepem B C; oTKpbITYIO OKpecTHOCTH D MHOXKeCTBa [1 TaKyIo, 4TO He
CyYIIEeCTBYeT OTKPBITOI BBINTYKJIOM oKpecTHOoCcTH V mHTepBasia I1 B Cp, jist koropoit V' C D.
Haiinercs oxpecrrocts ) muoxkectsa @ B RV makas, uro QN Cy; = D. Io BuiGopy D uu
onna obsactb G € C'N(Q) ne comepxkurcst B ). JlocrarogHocTs JoKa3aHa. >

2. IIpocTpaHcTBO (DyHKIMI, aHAJIUTUIECKUX HA BBINYKJIOM
JIOKaJIbHO 3aMKHYTOM MHO>@KecTBe. Qmieparop npe/icraBjieHus

O6o3navenus. B nanpueiimem @ C CV — BhIIyK/I0O€ JTOKAIBHO 3aMKHYTOE MHOKECTBO
¢ dbyHmaMerTanbHOR cucreMoit (@, )peN KOMIAKTHBIX MHOXKECTB B (). Be3 orpanuuenust obi-
HOCTH MOXKHO CYATATh, 9T0 @y, C Qpy1 U @, Bbimykio Juist joboro n € N. Hepes (wp )nen
0603HaYNM (DYyHIAMEHTAIBHYIO CUCTEMY KOMIIAKTHBIX IIOAMHOXKECTB w = Q) N 0,.Q).

Jlyist Kazknoro BuimyKsoro muozkectsa D C CV wepes Hp MBI 0603HaUaEM OMOPHYIO Dy HK-
o D, 7. e. Hp(z) := sup Re(z,w), z € CV. Honoxxum H,, := Hg,, n € N.

weD
Mot smobeix n,m € N Ey, == A®(Qy, + %U ) 0b03HAYAET IPOCTPAHCTBO BCEX OPAHU-

YEHHBIX aHAJUTUYECKUX B (y + %U dyuknunii, cnabkeHHoe TooJorueil sup-nopmbl. Beejgem
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npocrpancTBo A(Qrn) = U,,en En,m Beex dOyHKIUl, aHATUTHIECKUX B HEKOTOPO# OTKPLITO#

okpecTHOCTH @Qp, N € N, U CHAOIUM ero ecTeCTBEHHOI TONOJIOrHell WHIYKTHBHOTO IIPEeIeIa.

Yepes A(Q) 0603HAIMM BEKTOPHOE MPOCTPAHCTBO BCeX (DYHKIIHIT, AHAIUTUICCKUX B HEKO-

Topoil oTkpbiToil oxpecrnocT . Tax xax Bbmongerca pasenctso A(Q) = (),cy A(Qn)

(cm., manpumep, [12, c. 63]), Mbl MoxkeM BBecTH B A(()) TONOJIOIHMIO IPOEKTUBHOIO IIPEJIe-

ja: A(Q) := proj A(Q,). Dra Tomosorusi He 3aBUCUT OT BbIGOpa (DyHIAMEHTAILHOM CUCTEMBI
«~n

(Qn)neN KOMIAKTHBIX MHOXKECTB B (). Eciin @ orkpeiro, A(Q) siBasiercsi npocrpancTsom Ppe-
e BCEX AHAJNTUICCKUX B () DYHKITHIL.

BAMEYAHUE 4. (a) CymecTByer Apyroil ecrecTBeHHBIH C110cOO BBEJIEHUSI TONOJIOIMU B
A(Q). Umenno, B A(()) MOXKHO BBECTH TOIOJIOTHIO in MHJyKTHBHOI'O IIPEJesa i%d A(Q), rae

Q npoberaer Bce OTKPBITBIE OKPECTHOCTH (). DTa TOMOJOrUs MasKOPUPYET BBEJICHHYIO BBIIIE
TOIOJIOTUIO ITPOEKTUBHOTO TIPEJIeia Pr.
ITo [12, npemioxkenue 1.7] ciesyroniue yTBepKI€HUsI PABHOCUILHBIL:
(i) Tomostoruy in W pr COBNA/IAIOT;
(ii) JiokaJIbHO BBIMYKJI0€ POCTPaHcTBO (A(Q), pr) yabTpabopHOIOIUIHO;
(iii) (A(Q), pr) GopHOIOrHIHO.

(6) ITo [12, rmaBa I, § 3, reopema 1.2] A(Q) (1. e. (A(Q), pr)) yabTpabOpHOJOIMIHO, HAIIPU-
Mep, B CIIEIYIOmuX Tpex ciaydasix: ecan N = 1; ecmm Q C RY, wmn, ecim Q@ € CV C-crporo
BBINYKJIO B Opw U BHYTPEHHOCTD () HemycTa. B wacraoctu, A(Q) yabTrpabopHOJIOIrHIHO, eciu
CTPOrO BBIIMYKJIO B Opw.

() Ilo [12, rmaBa I, § 3, mpeoxkenne 1.2] muo)kecTBa, orpanndenusle B (A(Q),in) u
(A(Q), pr) — omuu u re xe. [Ipu 3T0M, eciim MHOXKeCTBO B OrpaHUYIeHO B 9TUX [IPOCTPAHCTBAX,
To B orpannueno B A(§2) mist HEKOTOPOil OTKPBITOI OKpecTHOCTH {2 MHOXKECTBA ().

st n,m € N nosioxkum

Apm ={f € A(CN) [ fllnm = sup |f(2)|exp(—Hy(2) — [2]/m) < oo}

2eCN

Ag, =projAnm, Ag:=indAg,.
—m n—

JIJ1s1 JIOKAJIBHO BBIIIYKJIOIO IIPOCTpaHcTBa F dyepes E’ﬂ 0003HAYMM CHJIBLHOE COIPSZKEHHOE
K E npocrpancrso. ITycTs ey (2) := exp(), z), A, z € CV. Cuexnyromee yTBepzienue 10Ka3amno
B [13, semma 1.10].

JlemmMma 5. IIpeobpaszopanue Jlammaca
T AQ) — Ag, F(p)(z) =ple.), z€ cn,

— TomoJiorudecKuii ©30Mophu3M JIOKaJIbHO BbITyKaoro npocrpancrea A(Q)' := ind A(Qn)/ﬁ
n—

na Aq. Ilpu srom unjykrusaas ronosorus B A(Q)' paBHa CHIBHOI TOIIOJIOIHH H TOIIOJIOIHI
Maxxkmn.

Ecim oroxecTBuTh ¢ moMoIpio npeobpasosanus Jlamnaca conpstkenHoe kK A(Q) mpo-
crpancTBo ¢ Ag u (-,-) — ecrecrBennas GunHeiinas (opMa, ycTaHABINBAIOMAS IBOHCTBEH-
noetb Mexky A(Q) u Ag, To {(ey, f) = f(A) s mobrix A € CN u f € Ag.

IIpocTpancTBa nociegoBarenbHocreii. Oneparop npeacrasaenus. s k € NV

N
nomaraem |k| == Y kj. Hyers M C NV — Geckoneunoe muoxectso n (Ag)gens C CV —
i=1
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[OCJIEIOBATELHOCTD TaKast, 9To |[Ai| — oo mpu |k| — oo. st n,m € N BBemem GaHaXOBBI
IIPOCTPAHCTBA YUCJIOBBIX IIOCIEA0BATEILHOCTEN

A (Q) = {c = (cx)kem C C: Z ek | exp <Hn()\k) + %) < oo} ,

keM

Kon(@ = { = (chew € € sup fefexp (~1n(00) — 1) < o

keM

1 ITIOJIOZKUM

Al (Qn) = }}ng An,m(Q)7 AI(Q) = pio.] A1 (Qn)a Koo(Q) = lnnf} p:o.] Kn,m(Q)

BamernM, 9TO psiii Y Cpey, abcosorHO cxomurcs B A((Q)) Torma M TONBKO TOTJA, KOIZA
keM
ce A (Q) [3, maBa I, § 1, 9].

Onepatrop upencrasiennst R(c) := ) cpey, JHHEeHO 1 HenpepbiBHO oToOpazkaeT A1(Q)

keM
b AQ).
Eciu R : A1(Q) — A(Q) cropbextusen, to, cienyst FO. @. KopobeiiHuky, Mbl Ha3bBaeM
(exy ke abcoarommo npedcmasamrouets cucmemoti (AIIC) B A(Q).
ITycts e := (0k,m)mem, k € M, rie 0y, — cumBoa Kponekepa.

Jlemma 6. CrpaBeyinBbl CJI€JIYIONIHE Y TBEPIKICHUSI:
(1) IIpeobpazosanue ¢ — (p(ex))kers — TOMOJIOrHIECKHI H30MOP(U3M JIOKAIBHO BBIILYK-
soro npocrpaacrea A1 (Q) := ind Al(Qn)’ﬂ Ha Koo(Q). Uaayxrusras tonosorns B A1(Q)
n—

COBII& Ia€T C CHJIBHOMH 1 ¢ ToroJiorueii Makkm.
loiicreernocte mexkiy A1(Q) n Koo(Q) onpenensiercss 6ummaeiinoii gopmoii (¢, d) =

Z dek-

keM
(ii) Compskennoe k R @ A1(Q) — A(Q) orobpaxkenne R’ : Ag — Ko (Q) — omeparop

cyxemust [ (f(Ak))kenm
(iii) Omeparop R mmeer npapbrii 06paTHBIH TOIa U TOJBKO Torja, Korga R’ mveer JieBbrii
0OpaTHBIH.

< (i): Tak xkak MHOXKeCTBO Bcex opToB {er : k € M} nomno B Aq(Qn) Juist Kaxkioro
n € N, ro spimosmserca anreGpanteckoe pasenctso A1(Q) = ind(A1(Qn))j. HosTomy yrsep-
n—

Kienne (1) cuaemyer u3 Toro, uro orobpaxkenue ¢ — (p(ex))genrs ABISETCS TOHOJIOITYECKUM
n30MOP(PU3IMOM Al(Qn)’ﬁ Ha proj K, m(Q) 19, 2.7|. Berencrsue pedaexcusnocru Aq(Qy) u (7,
~—m

rinasa IV, 4.4] ronosmornst Makkn B A1(Q)" coBnazaer ¢ (LF)-Tonosorueii u ¢ cuibHOI.
(ii): Berrekaer ux paBeHCTB

(e, R'(f) = (R(e), f) = D erlexy, /) = D eef(Mw), € M(Q), f € Ag.

keM keM

(iii): Ecmu S — npaseriit obparsiii Kk R : A1(Q) — A(Q), To B cuity jiemm 5 u 6 conpsi-

»Keuublit Kk S oneparop S’ menpepsisen 3 Ag B Koo(Q) u siBisiercst ieBbiM obparHbiM K R

ITo memme 5 A(Q) = Ag, a o (i) A(Q)j = Koo(Q). Ecrm k: Koo(Q) — Ag — siesbrit

obparHnelii Kk R/, To 110 dpaxTopuzanmonnoii Teopeme I'porenmka s Kaxkiaoro n € N cyre-

crByer n' € N Takoe, 4T0 HHIYIMPOBAHHOE OTOOParKeHHE Kp: Proj Kp.,(Q) — proj Ay .,
m

— —m

HerpepbiBHO. Tak Kak JIOKAJbHO BBIMyKJIble mpoctpanctBa A1(Qn) nu A(Q,) pediekcususl,
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TO CconpsizKeHHble oTobpaxkenust K, : A(Qn) — A1(Qy) MHIAYIUPYIOT JUHEHHBIH HelpepbiB-
ubiii oneparop S: A(Q) — A1(Q) rakoii, uro cyxenue S Ha A(Q,s) coBnamaer ¢ kK, u
(RoS) =koR =ida,. ITosromy S = £’ — npaserit obparublil kK R. >

SAMEYAHUE 7. [IycTb () cTPOro BBIMYKJO B Opw.
(a) ITo nemme 3 Q) obuanaer dyngamenranbaoil cucremoii C'N () oKpecTHOCTEI, COCTOSI-
et 13 BbIyKJIbIX obsacreil. [To 3amevanuio 4 ronosorus A(Q)) coBnajaer ¢ TOMOIOrHeH MH-

JIyKTUBHOTO TIPEJIETIA ind( )A(G). ITockousbKy 1o siemme 5 npeobpaszosanue Jlamraca % —
GeCN(Q
Tonostormiecknit nsomopdusm A(Q)j na Ag u no samevanmio 4 (B) Kakgoe OrpaHIIeHHOE

B A(Q) muO)ecTBO orpanuyeno B A(G) juist mekoroporo G € CN(Q), no |7, rinasa IV, 3a-
mevanue 4.5 F sABISeTCs TOMOJOINIECKUM U30MOPMU3MOM A(Q)’ﬁ Ha proj Ag. Orcioma

GECN(Q)
clIesyer, 4To paBeHCTBO Ag = proj Ag BblIOMIHSETCs aarebpandecKu U TONOJIOMHIECK.
GECN(Q)
(6) IIycrs  lim kfiyf' = 0. dcuo, uro | A1(G) € A(Q). Iyers ¢ € A1(Q). TIo
|k| =00 GECN(Q)

samedannio 4 (B) muoxkectBo {crey, : k € M} orpanmdeno B A(G) myst HekoTOpOit 0bIaCTH

G € CN(Q). U3 ycnoBus |k1|im l(‘)iyr‘ = 0 cieayer, aro psa Y . exp(—e|Ag|) cxomurest st sio-
—© keM
6oro € > 0. [Tosromy ¢ € A1 (G). Buaanr, A1(Q) C U MG nA(Q)= U AiG).
GeCN(Q) GeCN(Q)
Kpowme toro, Tonostorusi  ind A1 (G) maxkopupyer tonosoruio Aj(Q).
GeCN(Q)

!/
ITo |7, 4.5] conpsizkeHHOE TIPOCTPAHCTBO (G icpd Al(G)> MOYKHO aJredpandeck OTOXK-
€CN

@)
necTBUTL ¢ proj Koo(G).
GECN(Q)

3. Yci0Bus CIOPBHEKTUBHOCTU OIl€epaTOpa MpeJ/ICTaABJICHUS

Hokarkem BHauUaJIe, 9TO HEOOXOMMBIM YCJIOBUEM CIODBHEKTUBHOCTH R (IIPU JOMOIHUTE b
HBIX [PEJIOJIOKEHUSIX 0 () B MHOTOMEPHOI cUTyaruu u pocre |Ax|) siBasieTcst crporasi BBILYK-
J0CTh @ B Opw.

Teopema 8. Ilycte Q obiagaer 6a3ucoM ¢ OKpeCTHOCTEH, COCTOSIIHM U3 obJacreit

roJIOMOPHOCTH U ‘kl‘im kl)il]rl = 0. Ecsin oneparop npejcrasienns R : A(Q) — A(Q) cropb-
— 0

€KTHBEH, TO () CTPOro BBHIITYKJIO B Opw.

< Ilyers G € 5 n f € A(G). Boibepem ¢ € Aq(Q) Tak, uro R(c) = f. Tak kak MHOXKeCTBO
{crex, tkem orparmueno B A(Q), ono orpanmdero B A(D) nist HekoTopoit obsacti D TaKoi,

qro () C D (cMm. 3ameqanue 4). Tak kax |k1|im l("ilr‘ =0, pstn Y. cpey, abCOJIIOTHO CXOIUTCH
-0 keM

B A(D). Tornma sror ps abcomorHo cxoaures u B A(conv(D)) k dyukimm F € A(conv(D))
(kax u B [5, rmasa 111, § 1], 3To ciemayer u3 mepasenctsa a'bl~t < max{a,b} ama a,b > 0,
0 <t <1). Iosromy cyxennst dyukuuit F' u f wa G Nconv(D) conagator. [Tockonbky G —
obsiacthb rojomopduoctu, To conv(D) C G. >

U3 reopemsl 8 u 3amevanust 2 (I) BbITEKaET

CaencrBue 9. Ilycrs Q C-crporo Beimyk/io B Opw (9710 Tak, Hampumep, ecaim N = 1)
log |k|
Ak

= 0. Ecsm oneparop npeacrasiaenns R : A1(Q) — A(Q) ciopbektuser, to Q)

CTPOTO BBIMYKJIO B Opw.
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Caencrsue 10. Ilycts (Q — Bblmykaoe oTkpbiToe moamuoxectso RN . B mpocrpam-
crBe A(Q)) BeleCTBEHHO aHAJIUTHYCCKHUX (DYHKIIUI HE CYIeCTBYeT abCOJIOTHO IIPEJICTABJIS-

fommeif CHCTeMbI SKCIOHEHT (e, )keM Takoi, 4ro M — 6ecKOHedIHOe HOIMHOXKECTBO NN u

. log | k|
lim <& —q,
[k 0

k] —o0

< ITo nemme Kaprana [10, npeanogoxenne 1| @ obiamaer 6a3ucom oKpecTHOCTEN, COCTO-
samuM 13 obstactelt ronomopduoctu. [lockoabky () He SBISETCS CTPOTO BBIMYKIBIM B OpW, TO
110 Teopeme 8 B A(()) He cymecTByeT abCOIOTHO IIPECTABIISIONIEIl CHCTEMBI (€, ke TAKOI,

log|k| _
vini 0. >

qro M — 6eckoneunoe noamuoxecrso NV u lim
|k|—o0

Y100l MOJYyYUTh JIOCTATOYHBIE YCJIOBUSI CIOPBEKTHBHOCTH OIEPATOpA IIPeCTaBJIEHN ),
OIIpeJIe/INM HEKOTOPBIE TeOMEeTPUYUECKHe CBOfCTBA BHITYKIbIX KomuaxTos B CV u mpusemem
UHGOPMAIIHIO 0 €J1a00 JOCTATOUYHBIX MHOYKECTBAX. DTH MHOYKeCcTBa BBeIeHbl [1THaiiiepom [14].

O6oznauvenus. Ilycts S := {z € CV : |z| = 1}. [na semykioro maoxkectsa D C CV,
¥y C D wuo C S onpeneanM CIeyoNe MHOXKECTBA «OIMOPHBIX HAIPABICHUI» U OMOPHBIX
TOYEK:

Sy(D) :={a € S: Re{w,a) = Hp(a) s vekoroporo w € v},
F,(D) :={w € D : Re{w,a) = Hp(a) mis HekoTroporo a € o}.

Bynem nucars S, 1= S,(Q), F» := F5(Q), So := S\S..
Ormernm, 9To, ecin MHOXKeCTBO ¥ C D KommakTnO, TO 1 S+ (D) xommakTno. Ecim kom-
nakTHbI MHOXKecTBa 0 C S u D, 10 F,(D) TOXKEe KOMIAKTHO.

ONPEAENEHUE. (a) Iycte B C S w K — momykisii komnakt 8 CV; nna o € S
6 = Sk, (k) (K). Hasosem K 2nadkum 6 nanpasaenusazr B, eciu ajist Kaxoit Touku b € B

KOMIIAKTHOE MHOYKECTBO {l;} = SF,( i) (K) comepxures B B.

Samerum, uro K riajkuii B HalpaBJIeHUsIX J000r0 MHOXKecTtBa B C S, ecsim 0K Kitac-
ca O .

Tak Kak JyIsi KaxKJ[0ro MHOXKecTBa Kk C B BblosHsiercst paBeHctso & = | J {b}, To K

ber
F.Ha‘Z[KI/Iﬁ B HaIlpaBJICHUAX B B TOM U TOJIBKO B TOM CJIy4dae, KOorJa JIJjigd KazKJ0I'0 MHO2KeCTBa

Kk C B MHOXKeCTBO A TakK»Ke COIEpKUTCA B B.

(6) Boiykitoe kommakTaoe MuOKecTBo K C CN HazoBeM 1esbiposicoenivim 6 Hanpas.ienu-
ar B C S, ecrm K we conepsutcs B oroproit rumepriiockocti {z € CV 1 Re(z,a) = Hg(a)}
K MHOXKecTBY K mrsi roboro a € B.

Samernm, uTo K HEBBIPOXKIEHHBIN B HAIpaBJIeHUsX S, ecan int K # .

OTMeTHM CBsI3b MEKJIy BBEJICHHBIMU PaHee IIOHATUSIMEI CTPOrOil BBIILYKJIOCTH M IJIaJIKOCTH
B HallpaBJICHUAX.

BAMEYAHUE 11. ITycrs Boimykistii komnaxT K C CV conepxxut 0 B cBOeil BHYTpeHHOCTH
u B C S orkpbito (B S). K sBIserTcs IaJKuM B HAIPABIEHUSX B B TOM U TOJBKO B TOM
cyuae, Koria Beiykiaoe muoxkectso K’ := int K° U w' crporo Bbmykio B O,w', rie w' =
OK°NT'(B), K°:={2 € CN |Hg(2) <1}, T'(B) :={tb: b€ B, t > 0}.

< [peanonoxkum, aro K’ He aBysiercst cTporo BeIMYKJIbIM B O,w’. Torma cymecrByer onop-
Has THIEPIIOCKOCTh Ry := {z € CV : Re(z,a) = Hgo(a)}, a € S, k K° raxas, uro R, Nw’
COMEKHUT MPSIMOJIMHEHHbII HHTEPBAT [21, 22) Takoit, uto 23 ¢ w'. Touxa a = (Hgo(a)) la
upunagiexut OK u ansa b; = \zjlflzj € S, j = 1,2, yaursiBag pasencrBa Hi(z;) = 1,
nomyanm Re(bj, a) = Hx(bj). Snaunur, @ € Fyy, ) (K) u be € {b/l\} Tak kaxk by € B u by ¢ B,
MHOXKeCTBO K He sIBJIsieTCsl TJIaJIKUM B HalpaBjieHusx B.

Haobopot, mycTb /IS He sBJISETCd TVIAJKUM B Hampapienusx B. Torma s HEKOTOPOTo

b € B maitnercs by € {b}\B. Bribepenm z € Fyp) (K) Tak, aro Re(z, by) = Hp (by). Tak xak z €
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Fy(K), To Re(z,b) = Hg(b) u Touxkn bo := (Hg(bo))'bo, b := (Hg (b))~ b npunamexar
K. TIpu arom b € W', by ¢ . Hockomsky Re(z, b)) = Hyeo(z) = 1 n Re(z,b) = Hyo(z) = 1,
to K’ He siBiIsieTcst ¢TPOro BBINYKJIBIM B Opw'. >

Cnabo mocraTodHble MHOXKecTBa. Ilycts hy, : CN — R, n € N — Bospacraomast 1o-
CJIEJIOBATEJILHOCTD JIOKAJIBHO OrpaHrvIeHHbIX QyHKIwiA. Oupetesmy 6aHaX0BbI IPOCTPAHCTBA

Ap, = {f € A(CY): sup |/(2)|exp(—hn(2)) < oo}, neN,
2eCN

u Ay, = 1nn§1 Ap,, -

Jlnst muozkectsa A C CV BBesieM HOPMEPOBAHHBIE TPOCTPAHCTBA

Ap, (A) = {f € A, Slelzlz |f(2)|exp(—hi(z)) < oo} , keN,

u nosoxuM Ay, ) (A) = iknd Ap, (A).

Muoxecrso A C CV maspaercst caabo docmamounvim pnst Ag,y [14], ecmu Tonomo-
rus A,y pasaa Tonojgormn A, ) (A).

BAMEYAHUE 12. (a) IIpegmomoxum, aro lm (h,y1(2) — hp(2)) = +00 st KaxkIoro

2| =00
n € N, muoxecrso M C NV Geckoneuno u (Ak)ker — TOCTIEIOBATEIHHOCTD B CN rakas, uro
| l‘im |Ak| = oo. Homoxknm Koo ((hy)) = ind Koo (hy), tae 6anaxoBo npocrpanctBo Ko (hy,)
k|—oo n—s
OLIPEJIEJIEHO TaK:

Ky (hy) := {(Ck:)k;eM cC: :uj\ljl lek| exp(—hp (k) < oo} , neN.
€

MHuoxkecTBO (Ag)kenrs €800 JOCTATOYHO JIIst A(h,) B TOM H TOJBKO B TOM CJIy4ae, KO-
ria orobpamenne f — (f(A\y))kem sBAAETCA TOMOMOTMYEcKHM m3omopdmsMom A, ) B
Fool(hn)) [4, § 4.

(6) IIo [3, rmasa I, § 1.7| (cm. Takke [4, § 8]) s KaxKJ0# BBIIYKJIONH OMpAHHYCHHOl
obmactu D C CN mmoskectBo (A )kens Takoe, uto |\g| — oo npum |k| — oo, ciabo mocraTouno

st Ap B TOM U TOJIBKO B TOM Ciydae, Korja (ey,)kenm — aOCOIIOTHO IPEICTaBIISIONIAST
cucrema B A(D).
Honoxxum Ha(z) := supRe(t, z), z € CV, 11 1ponsBOILHOTO OrPAHTIEHHOTO MHOMKe-
tcA
crea A C CN.

Jlemma 13. Ilycrs orpanmdenHoe JIOKaIbHO 3aMKHYTOe MHOKecTBo Q C CN crporo BbI-
1yka0 B Opw u K — Beirykieni kommaxt B CV,

(i) Ecmnr D ¢ CN — poimykbnit komnaxT taxoi, wto Hp < Hg na S n Hp < Hg na S,
TO CyIIeCTByeT BBIITyKJ/ias oKkpecTHocTh G MHOXKecTBa (), s koropoit Hqg < Hg+ Hi — Hp
Ha S.

(ii) Ecim komnakT K ruajkuii 0 HEBBIPOXKJICHHBIH B HAIPABJIECHHSIX S,,, TO JIsl JIFOOOIt
BhIITyK.T0IF oKpectHOcTH G MHOMKecTBa () cymectByer Boimykabii xommakt D C CN raxoii,
yro Hp < Hx u Ho + Hx — Hg < Hp na S u Hp < Hi na S,,.

< (i): yers ay, := inf{Hg (t)—Hp(t) : t € S,, }, n € N. Torna a,, > 0 gyt moboro n € N.
Jns kaxmaoro z € 0Q) depe3 £, 0003HAUNM MHOXKECTBO BCEX OTIOPHBIX THIIEPILIOCKOCTEH R,
kcl@ Bz Hiust z € 0Q u R, € #Z, nyctb P, — OTKPBITOE TOJIyIIPOCTPAHCTBO ¢ TpaHuIeil R,

Jytst kKotoporo int @ C P,. Ecin z € wy\wp—1 (wo := &), mosoxxum B, := [\ (P, + a,U).
Rzev%z
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Ecmn z € (0Q)\w, To B, := [\ P,. Kak u npu nokasaresbcTBe JeMMbI 3, HOJIYy9UM, ITO
R.€Z%.
G = int < N BZ> SIBJISIETCST BBIMIYKJIOW OKpecTHOCTBIO (). U3 koHCTpyKImu (G BBITEKAET,
z€0Q

aro Hg < Hg + Hx — Hp ma S.

(ii): Bes orpannuenust o6HOCTH MOXKHO TpeanookuTh, uro 0 € int, K. Torma Hix > 0
Ha S,. Homoxum o 1= Fso(K), vn = Fs, \s,  (K), I'n == Fs, (K), by == sgp Hg(a),
ac wn,

n € N (Sp := S\Su, wo := @). Tak kak ¢, = iréf (Hg(a) — Hg(a)) > 0, 10 cymecTByeT
ac

wn

1

on € (0,1) Takoe, aro (1 — d,,)b, < ¢y Ilpu 9T70M MBI MOXKEM BBIOPATH ) TaK, 9TO 0y < Opt1

nnast aoboro n € N. [lna Dy := conv (70 U < U 5n'yn>> BBINIOJTHACTCA paseHcTBo Hp, =
neN
max{H,;sup(d,H,)}. fcuo, uro Hp, = H,, = Hg na Sy.
neN

IIycte a € S,,. ITo memme 3.5 [13] (Sw, )ken — KoMmakTHOe ucdepubiBamue S, (1 Sy,
orkpbiTo B S). Ilosromy maiimercs m > n rakoe, uro S, C int, S, #, CjIeI0BaTEIBHO,
Hg(a) > H s, g\r,, (a). Kpome Toro, senencreme S, C S, u Sy, C Sp, mueenm: y9 NIy, = @.
DTO BJIEUET:

HDO (a) < max {H(arK)\Fm (a); 5mHFm (a)} < HK(CL).

[Tosromy Ha S, BeIIONIHSETCH cTporoe HepaseHcTBO Hp, < H.

Hnst a € S, \Sw, 1 (Swy = 9)
Hyg(a) — Hp,(a) < Hg(a) — 0nH,,(a) = (1 —6,)Hg(a) < (1 —6,)b, < Hg(a) — Hg(a).

[Mosromy Hg + Hix — Hg < Hp, na S,,. B xauecrse D BozbMem D := cl Dy. >

[IpuBoauMBle HUXKE ITOCTATOYHBIE YCJIOBHUS CIOPBHEKTHBHOCTH OIIEPATOPa IPEICTABJIE-
HusE R — HEKOTOpOe CBOMCTBO BHYTPb-IIPOI0/IXKAEMOCTH abCOIIOTHO IIPEACTABIISIIONINX CUCTEM
SKCIIOHEHT.

Teopema 14. ITycrs orpanmIentoe BbITYK/IOE JOKAILHO 3aMKHyTOe MHOKecTBO () C CN
CTPOro BBIIYKJIO B Opw H BHYTPEeHHOCTH () HeirycTa. IIpeamoIosKumM, 9T0 BBUIYKIIbIH KOMIIAKT
K C CN rnaaxmii w nesbiposkenubii B Hanpasitennsx S,,. Ecmm cucrema (e Ag k€M s IS

KOTOpOI | 1|im kﬁif‘ = 0, sBistercss AIIC B A(int Q + K), o ona sipisiercst AIIC u B A(Q).
k|—o0

<1 BadukcupyeM BO3PACTAIOILYIO [TOC/IeI0BaTeILHOCTD 0, > 0 Takyio, uro lim §, = 1.
n—oo

[Tycte C'N(Q) — cemeiicTBO BCeX BBIMYKJIBIX OTKPBITHIX OKpecTHOCTEH (). Bosbmem Q €
CN(Q). Tlo nemme 13 cymectBytor Bomykieii xkommakr D C CN u G € ON(Q) raxue,
gyto Hg < Hg + Hx — Hp < Hq na CN. TonoxuMm h, = onHg + Hix — Hp, n € N. Ilo
samedannio 11 (6) (Ag)gens — ciabo gocraTounoe MHOXKECTBO it AingQrkx = A, Ho+Hy)-
Tax xak dynxmus Hp nmopucybrapmonnuana 8 CN u sup  |Hp(z+t) — Hp(2)| < 0o, 10
2€CN J1tI<1
[1, § 2, Teopema 1] (Ax)rers — cmabo jocrarounoe MuOKeCTBO 1 Ayt Ay, ). Jia kaxioit BbI-
IYKJION OTKPBITO OKpecTHOCTH §) MHOXKeCTBa () BBIGEPEM 0CJIe[0BATEIbHOCTD (R )neN, KaK
BbIle, 1 0OO3HAUYUM Yepe3 ¥ ceMefiCTBO BCeX BBIOPAHHBIX TOCIeA0BATEIbHOCTEN (Mg )peN-
ITo sameuanuto 7 (a) u BeaeacrBue BbIGOpa (hy)nen BblmosHsiercs: (agrebpandeckoe U TO-

nojioruveckoe) pasenctso Ag = proj Ag,,). Ilo samewammo 7 (6) npocrpancrso Aj(Q)
(hn)€FH#
anrebpaumdecku cosnagaer ¢ My := o icnzg(Q) A1 (G). Kpowme roro, ronosnorust M maxkopupyer
€
tonosiornto Aq(Q) u (M7)' MOKHO anrebpandeckn OTOXKIECTBUTH C M, := proj K+ (G).

GECN(Q)
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BameTnM, 9To JIOKaJIBHO BBIITYKJble IpocTpancTBa M u proj Koo((hy,)) coBnamator. 3aduk-

(hn)est

cupyeM (hy)nen € . lpocrpancrsa A,y 1 Koo((hn)) pedmexcusubr. Tax kax MHOKECTBO
(Ak)kem cmabo jmocrarouno misa Ay, To 1o 3amedanmio 12 (6) R’ — TonoJiornueckuit uzo-
mopdusm A,y B Ko ((hy)). To [8, 8.6.14, 8.6.13] R aimnsiercs ciabbiv uzomopdusmonm A, )
B Koo((hy)). U3 [7, 4.5] Bbirekaer, uro R’ — ciabelii usomopdusm Ag B M. Tlo 8, 8.6.4]
oreparop R : M; — A(Q) ciopbekTuseH, T. €. (€), )keh — AOCOIIOTHO IIPEICTABIIAIOMASI
cucrema B A(Q). >

o]
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