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VJIK 511.512

OB APUOMETUKE KOJIBLA HEJIBIX MATPUILL n-I"O ITOPAJIKA

Y. M. Ilaues

Apudnmernka xomba Mz (Z) meabx MaTpul, BTOPOTO TOPSJIKA MEPEHOCATCS HA NEJbIE MATPUIBI 71-TO
mopsiaka. B gactHOCTH, TOTyYeHBI DOPMYJIBI IS UCIa HEACCOIMUPOBAHHBIX IPUMHUTUBHBIX MAaTPHIL 3a-
JIAHHOM HOPMBI M JJIsl YHCJI& KJIACCOB BBIYETOB B KOJIbIEe My, (Z) Mo MATPUIHOMY MOZYJIIO.

KuroueBsbie ciioBa: MaTpuiia n-ro Ipsjaka, 1ejas MaTPpUIA, BEKTOP-MaTpPHUIla, HOpMa MaTPHUIIbI, aCCOIH-
WPOBAHHOCTb MAaTPHI], YUCJIO HEACCOIIMNPOBAHHBIX MATPHUIl, CDABHIMOCTDH MaTPHII.

1. Ienpio mpejtaraeMoil 3aMeTKHU sIBJISIETCsT KPATKOE M3JIOXKEHUE OCHOB TEOPUHU JIEJTIMO-
ctu B Kousiblie M, (Z) 1iesibIx MaTpUIL n-ro HOpsifika, KOTOPasi MOYKET OBITh MCIIOJIb30BAHA [TPH
[PUMEHEHUH JIUCKPeTHOro sprojudeckoro meroza 0. B. Jlunnuka [1, 2] k Bonpocy pactpe/ie-
JIEHUSI KJIACCOB UIEAJIOB ajredpaniecKux IoJieil n-oif crenenu. ApudmeTnka MaTpPUL BTOPOro
[OPSIJIKA, B YACTHOCTH, TEOPUs JIEJMMOCTH U3JI0XKeHa B [3]. DTy BBOJHYIO YacTh 3aBepIINM
U3JI0KEHNEeM KPaTKHUX CBeJleHuit u3 aiarebpst M, (()) pannoHaJIbHBIX MATPHIL N-TO MOPSIKA,
HEOOXOAUMBIX JJIsl JaJIbHEHIIEro.

[Tycts M, (Q) — anrebpa MaTpHIl n-ro HOPsIKa

Q11 Q12 ... Qg

A | Q21 Q22 ... Oon

Qp1 Qp2 ... Qpp

Ha/J[ [I0JIEM PalHOHAIbHBIX 4dHces, oj € Q (i, 7 =1,...,n)

Marpuna E = (6;5) € Mn(Q), vae §;; — cumson Kponekepa, siBiiseTcs euHUIE 9TOM
airebper. Marpuity o) Ha3bIBaeM CKaJsIpHON M ee OTOXK/IECTBJIIEM C 9HuCIoM « € (). B cra-
The (3| onpenessisioch MOHsITHE BEKTOP-MATPHIIBI BTOPOro Hopsijika Kak Marpuibl L € Ma(Q)
¢ HyseBbIM cireqioM, T. e. Sp L = 0. [lpu paccMoTpeHnr MATPHIL, N-TO TOPSIIKA, TO-BUINMOMY,
nejiecoobpastee He npsimoe o6o6imenue (Sp L = 0), a 0b600IIeHne CBOWCTBA BEKTOP-MATPHIL
BTOPOTO HOPSIKA yIOBIETBOPSIONUX ypasHennio L2 = —m. Tor/a anasoraMu BeKTOP-MaTPHIL
L nopsiika n cieqyer cantarh |1| pemenne ypaBHeHust

L"+a L™ + ... +a,=0,

rjae ai,...,a, € @ (Bekrop-marpuna L tuna (ai,...,ay)). [Ipu nsyuennu sprogmaeckux
CBOMCTB ajrebpandeckux noJeil koadbdunmentor ypasuenus (1) MOryT cYuTaThCS 1EIOUUC-
JeHHbIMI QyHKIusAME napamerpa D — oo, 1. e. a; = a;(D). Ecam st marpunst A € M, (Q)

ee CONPSIKEHHYIO ([IPHCOeINHEHHYI0) 0603HaInM Yepe3 A, To

AA = AA = (6;;det A)i<ij<n,
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rue 5ij = { éHpHZ._‘].
1pu i # j
SpMHUTUOHOB [3], ycinoBuMcest HasbiBarh uncio N(A) = det A Hopmoit marpuib A.

2. [lepeiimem Tenepb K TeOpUN JEJUMOCTU B KOsblie M, (Z) 1esbIX MATPHIL N-TO TOPSIIKA.
Marpury A = (a;j) € My (Q) HasbIBaeM IeJI0i (MK 1IeJIOYNCIIEHHOIT), €CJIH BCE €€ SIEMEHTHI
SIBJISIIOTCS IeJIBIMU IHUCJIaMU, T. €. a;j € Z. Hebipoxnennas marpuna E € M, (Z) Ha3biBaeTCsI
obparnmoit, ecrm E~1 € M,,(Z). dcno, uro obpaTuMbIME GyIyT Te W TOJBKO T€ MATPHIILI
E € M, (Z), nna xoropsix N(E) = £1.

Marpuier A, A" € M, (Z) HasplBaioTcss acCOMUUPOBAHHBIME CIPABA, €CJIM HANIeTCs 06pa-
tumag Matpuna E € M, (Z), nias koropoit A = AE. AcconmmpoBaHHOCTH MATPHIL CIIPABa —
OTHOIIEHNE KBUBAJIEHTHOCTH, pasbusaroniee Koablo M, (Z) Ha Kiacchl acCOMMPOBAHHBIX
cIpaBa MaTpHUIll. B KaxKJI0OM KJjacce acCOIMUPOBAHHBIX CIIpaBa MATPHIL N-I'0 MOPSIKA MOXK-
HO BBIOpATDH €JIMHCTBEHHYIO KAHOHWYECKYIO TPEYTOJHLHYIO MATPHUILY, a UMEHHO UMEET MECTO
CTIeIyToTTIee

— cumBoJ1 KpoHekepa, u, 9T0ObI COXPAHUTH AHAJIOTUIO ¢ aJrebpoii

IIpennoxenune 1. /[ Besikoii HeBbIpoxK aeHHOH Marputipl A € M, (Z) Haiigercs: equn-
cTBeHHAsI accoluupoBaHHasi eii cupasa marpuna T € M, (Z) Bujga

dl Ccl12 ... Cin
T — 0 d2 ... Con : (1)
0 0 ... d,

rmedy,...,d,>0,0< ¢ <dj, 1+1<k<n.
JlokazaTesbCTBO 3TOr0 NpeIoKeHHsl MOXKHO HaiiTu B [4, ru. 11
[Mob3ysich KanoandeckuM BUJIOM (1), MOXKHO TOJIYIUTD CJIE/IyIOIIee

IIpennoxenune 2. Yucao o(n, N) HeaccomuupoBaHHBIX CIIPaBa MATPHIL TOPSI/IKA HOPMBI
N > 0 paBHo

2 1
o(n,N) = E dods - dy (2)
N=di-....dn,
rJ1e CyMMHPOBaHHE IPOBOJUTCS 110 BCEM HATYPAJIbHBIM duCaaM d1, . . ., dp, 41 KoTopbix N =

didy - ... dy.
Crenyromee npeiioxkenue [5| UCIoab3yeTcst B TeOPUH IIOBOPOTOB MATPUIL N-I'0 MOPSIJIKA,
a TaK»kKe B BOIIPOCAX Pa3PeIInMOCTH JUOMAHTOBLIX CUCTEM JIMHEHHBIX YpaBHEHUII.

IIpennoxenune 3. /Lis sroboii marpuiier A € M, (Z) Haiigyress Takue obpaTuMble MaT-
punpel By, By € M, (Z), uro marpuna A’ = Ey AE, nmeer Bug

d 0 ... 0
| 0 d o0
0 0 ... dy

rae dy > 0, dk,1|dk, do =1 (k =1,... ,n).

JlokazaTeabCTBO IPOBOANTCS MHIYKIMEH 110 HOPSAKY pPaccMaTpUBaeMbIX MaTpul,. Ilosy-
yaronecs 4Ynucia dj, Ha3bIBAIOTCA MHBAPUAHTHBIMU MHOXKUTEJISIMU 1eJI0il MaTpulbl A U cos-
HaJai0T ¢ HanbOJIBIINMI OOIMME JEIUTEISAMA BCEX MUHOPOB HOpSAAKa k MaTpuinl A.

BeeseMm emne OHsTHE YHCAOBOrO jlesmresiss Marpunpl. ducio ¢ = t(A) =
HOZ (ai1,a12,...,0n,) Ha3bIBaeTCs YHCIOBBIM JeiuresieM Marpunbl A = (ai) € My(Z).
Ecin t(A) = 1, o marpuny A HasbiBaeM npuMuTuBHO. Besikyto marpuiy A € My, (Z) mMox-
HO mpeJicTaBuTh B Buge A = tAg, rne t = t(A), a A9 — npumunTuBHasg marpura. Ciemyrormast
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TeopeMa JlaeT 000DIIeHne Pe3yabTaTa O YNUCIe HeaCCOIMUPOBAHHBIX CIIPABa MATPHUIL BTOPOTO
HOPSI/IKA 3a/[aHHOII HOPMBI U3 CTaThl 3| Ha CiIydail MaTPHI[ N-TO MOPsI/IKA.

TeopeMa 1. Yucuao HeaCCOIIMUPOBaHHbIX CIIpaBa IIDUMHWTHUBHDBIX MAaTPUIlL M-I'0O IIOPsJ/IKa

HopMmbl N # 0 paBHO
N
N) = E d — 3
UO(”? ) an:u’( )U (TL, dn)? ( )

e pu(d) — ynkmnus Mebuyca.

<1 Unmeem

ao(n,N) =Y a9 (n%) .

dn|N

[TpencraBum qucio N B ciaemayronieM BHUIE
n
N = Ny Ny,
riae N1 ¢cBODOIHO OT N-X cremneHei. Torma

NJN-
oo(n,N) = Z o (n, (c)l” 1> .

dn|N

Orcrona o dhopmyse obparenus Mebuyca mosrydaem

s N = Y ud)o (n Ngivl) =" nldyo (nd—]\;> >

d"|N§ Ny dr|N

U3 (3) B wacTtHOM citydae ipu N = p, rjie p — IPOCTOE YHUCJIO, TIOJIyIaeM, ITO

pt—1
p—1

UO(nvp) =

PaccmoTpuM Ternepb OTHOIIEHUsT JETUMOCTH U CPAaBHUMOCTH B KoJiblle M, (Z). ToBopum, uro
marpuna A jgesnres na marpuity B cnipasa, A|B, ecan naiinercs marpuna Q € M, (Z), aro
A = QB. Ecimu npu sToM B HeBBIpOXKIeHa, TO gemmMocTs A|B pasnocuibua AB~Y € M, (Z).
Hesnumocts cripasa Marpuil u3 M, (Z) obiajaer Temu ke CBOHCTBAME, KK U B CJIydae MATPHIL
BTOPOTO mopsizika [3).

AHAJIOrn9HO Olpe/IesIsieTcst JeIMMOCThb cyeBa Marpuil us M, (Z). Toopum, uro A nesurcs
Ha B cieBa, B|A, ecin Haiinercs marpuna @ € My, (Z) ¢ ycnosuem A = BQ.

JlesmmvocTh cieBa MaTpull 06/1aaeT CBOACTBAMMU, BIIOJHE AHAJOIMIHBIMU CBOWCTBAM JIe-
JIMMOCTH CIIpaBa. DTo ciIeyer u3 Toro, uto B|A pasnocmibma gemmvoctn A|B.

3. Ilycts M — HeBBIPOXK/IEHHAS TieJIasi MATPUIA N-TO MOPsIKa. | OBOPUM, UTO MATPUIIHI
A, B € M,(Z) cpaBanmMbl o Mofystio M crpaBa u muimeMm

A = B(mod, M), (4)

ecmn (A — B)|M.
Cpasuenne (4) papHocuabHO npuHasyiexuoctn A — B € M, (Z)M.
T'osopum, aro marpunst A, B € M, (Z) cpaBuuMel 110 Moy 0 M cieBa U IHUIIEM

A = B(mod; M), (5)

ecamn M|(A — B).
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Ecimu M = mE, tae E — equnudnas MaTpuia, u m € Z, to cpasaenust (4) u (5) pasHo-
CHUJIBHBI, W MBI IIHIIEM

A = B(modm), (6)

T. €. IMOJIyJaeM CPaBHUMOCTb MATPUIL 110 YUCJIOBOMY MOIYJIIO.
Cpasuenue (6) paBHOCHIBHO CHCTEME IHCIOBBIX CDABHEHUIT

a;j = bjj(modm) (i,j =1,n), A=(ay), B=(by).

[Tosromy m3 KuTaAliCKON TeopeMbl 00 OCTATKAX, OTHOCSINEHCS K IeJIbIM YHUC/IaM, ITOJIyJaeM
CJIEJIYIONIYIO «MATPUIHYIO TEOpeMy 00 OCTaTKaX».

IIpennoxxenue 4. Ilycrs myq,. .., My — IOIapHO B3aHMHO IIPOCThIE duCaa, A1, ..., A €
M, (Z). Torga naiinercs marpuna X € M, (Z), equacTBeHHAS 10 MOJIY/IIO MY - . . . M}, 9TO

X = Aj(modmy),

X = Ag(modmy,).

Ornrorenne cpaganmoctn A = B(mod, M) pasbusaer koubiio M, (Z) Ha KIacchl BBIYETOB
[A](mod M) (ananormuasno n st cpasanmoct ciesa). Ilycrs Cp (M) — 4uciio Ki1accoB BbIve-
ToB 110 Moy/to M crupasa. Tak kak cpasaenue (4) pasaocuibio A— B € M, (Z)M, To aucio
C, (M) moxkHO uHTepuperupoBarh Kak unjuekc (M, (Z) : M, (Z)M), koropslit u ectb abco-
JTIOTHAST BEJIMYHHA OTIPE;IeTNTe st n2-MepHOTO JIHeiiHoro npeobpasosanns Y = X M, papHbiit
|det M|", tne X, Y € M, (Z). To xe Bepuo gyist C;(M) — unciia KIaccoB BBIYETOB 110 MOJLYJIIO
M cnesa. TeMm caMbIM JIOKa3a/IH CJIE/LYIONIEE YTBEPIKICHHE.

Teopema 2. Eciin M € M, (Z) — HeBbIpOKIeHHAs MATPHIIA, TO

Cr(M) = C(M) = [N (M)][".
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