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1. Introduction

DEFINITION 1.1. An increasing continuous function w : [0,00) — [0, 00) is called a weight

function if
logt = o(w(t)), t — oo;

o(w
w(t) = O(t); t — oo;
vu(x) == w(e®) is convex on [zg, 0).
o0
A weight function w with [ ¢ ?w(t) dt < oo is called nonquasianalytic.

1
Denote by W; the set of all sequences €2 = {wy, }52; of weight functions with the folllowing
property: for each n € N there exists a C), > 0 such that

wp(t) +log(t+1) < wp41(t) + Cp, fort > 0. (1)

By W."? denote the set of all sequences = {w,, }°°; of nonquasianalytic weight functions wy,.
Without loss of generality we can assume that

wn(t) < wpyi(t) fort > 0and n e N.
The Young conjugate ¢ : [0, 00) — [0, 00) of ¢, is defined by
o) = sup{zy — pu(z) : 2 > 0}.

For A € (0,00) we define the space

(@)
S (HA) {f € COO(HA) |f’w,A,N ‘= Sup Ssup M < OO},

aeny al<a e?se)
where I := {z € RY : |z|| < A}, ||z|| := max{|z;| : j < N} forxz=(z1,...,2n) €
olel

RV, = f = ey eNy, flo).— 2 4
|| a1+ ...+ ay fora= (o an) 0 f ax?l...ﬁzx?‘vj\’
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Next, for a weight sequence Q = {w, }22, € W} we put

EoyILY) = () &, (L)

n=1

éa(Q)(RN) = {f e C*°(RY) : f‘nﬁ € é"(Q)(HfX) for each A > 0}.

The elements of &(q) (RV) are called Q-ultradifferentiable functions of Beurling type.
Let us introduce now the corresponding spaces of sequences of complex numbers:

da

-
aENéV ere

and
N . N
oy =) &N
n=1

It is clear that the restriction operator p : f € C®°(RY) (f("‘) (O))aENN acts from &q) (RM)
0
into é"(g) If p is surjective, we will say that a version of Borel’s extension theorem holds for

the space &q)(RY) (for the original Borel’s extension theorem see [7]). For minimal Beurling
class (w, = nw, w is nonquasianalytic and w(2t) = O(w(t)) as t — oo) Meise and Taylor [8]
have shown that &q)(R") admits a version of Borel’s extension theorem if and only if w is

o
strong, i. e. there exists a C' > 0 such that [t 2w(yt)dt < Cw(y) + C for y > 0. The case of
1

normal Beurling class, when Q = {g,w}>°, with g, T ¢ € (0,00) and w is a nonquasianalytic
almost subadditive weight function, has been studied by the author in [4]. In this case, p :
w(2t)

o)) RN) — é"(g) is surjective iff w is slowly varying, i. e. tlgrolo “o =L

The main result of the present article is the following theorem.
Theorem. Let Q = {w,};2, € W, Each of the following two conditions is sufficient for

) (RN) to admit a version of Borel’s extension theorem:
(I) for every n € N there exist m € N and C > 0 such that

LT t
_/wdtgwm(ugﬂmwc for & +in e CV;
T 2+ 1

(IT) for every n € N there exist m € N and C > 0 such that
wn(2t) S wp(t)+C fort >0

and

4 [ wy(yt)
;/ e dt < wp(y) + C fory > 0.
1
Suppose additionally that for each n € N there are m € N and C' > 0 so that w,(x +y) <
win () + wm(y) + C for z,y > 0. If Borel’s extension theorem holds for &q)(R™) for at least
one N € N, then
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(III) for every n € N there exist m € N and C > 0 such that

o
%/j;ftl) dt <wm(y)+C fory>0.
0

This theorem generalizes the results of 8] and [4] mentioned above. It should be also noted
that (II) implies (I).

The paper has five sections. In Section 2 we get a criterion of surjectivity of p in terms of
entire functions. In Section 3, using the method of Meise and Taylor [8|, we obtain sufficient
conditions on 2 € W? ? under which é"(Q)(RN ) admits a version of Borel’s extension theorem.
Necessary conditions are derived in Section 4 by the method of [8] and [1]. The last section
consists of two new examples of Beurling classes. We show that Borel’s extension theorem
holds for the first class and does not hold for the second one.

The author is grateful to professor Yu. F. Korobeinik for useful discussions.

2. Criterion in terms of entire functions

Let Q = {wn};2; be in Wy, and let the topology of &q) (RN) (resp. éa(]g\{)) be given by the
system of seminorms (| - |wnv”vN)neN (resp. by the normsystem (| - |wan)n€N)'
For a weight function w and a number A € (0, 00) we define the following space of entire

functions

Ny . Ny = sup AL
HW,A((C ) T {f € H((C ) : ||f||w,A,N T :el(lCI?V eAHImZ”JFW(HZ”) <00,
where |z| = max{|z;| : 1 < j < N} for z = (21,...,2y) € CV. Obviously, H, 4(C") is a
Banach space with the norm || - ||, 4,n5. Next, for a weight sequence Q = {w,}5°, € W; we
put

H(Q)((CN) = U Hwn:n(CN)7 H(J?[)) = U Hwnyo((CN) .
n=1 n=1
Let H(Q)((CN) (resp. H(Z}g)) be equipped with the topology of in%Hwn,n((CN) (resp.
ne

m% H,, o(CN)). Note that H(]}[z) and Hq) (RN) are (DFS)-spaces.
ne

By theorem 1 of [3], the Fourier-Laplace transform

Fops i(z) = i (e702)

is a topological isomorphism from (éa(ﬂ) (RN)); onto H(Q)((CN). As usual, we denote by Ej
the strong dual of a local convex space E.
A description of (é"é\;)); is given by

Proposition 2.1. Let e, a € NYY, be unit vectors in RN and Q = {wn}oe be in Wy
Then the Fourier—Laplace transform

Fipmii(z) = 3 plea)(=iz)®
aENg
is a topological isomorphism from (éa(g)); onto H (1?%).
Here 2% = 2{" ... 23N for 2 = (21,...,2n) € CV and @ = (v, ..., an) € NYY.
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< Since the proof is very similar to that of [4], we omit it. It should be only pointed out
that the proof is based on the following property of Q = {w,}22,; € W} derived in Lemma 1
of [3]: if B, is determined by the condition

wn(t) < Bpt fort > 1, (2)
and C,, is determined by (1), then
Poonin (8) — 90, (8) < —logs + log(Bpe®*1) for all s > 0. >

Now we have a commutative diagram
(E@®Y)), —— (&),

b
7| ¥
N id N
H(CY) —— H(Q)
where p’ is the conjugate operator of p. It is easily checked that Fo p' o F~1 is the identity
mapping acting from H(];fz) into H(Q)(CN).
Our main result in this section is

Theorem 2.2. Let Q = {w,};2; € W;. Then the following assertions are equivalent:
(i) a version of Borel’s extension theorem holds for &g, (RN);
(ii) for each set B C H(J;g) contained and bounded in H,,, ,(CN) for some n € N there

exists an m € N such that B is contained and bounded in H,,,, o(C");
(iii) for each n € N there exist m € N and C > 0 such that

sup |£(2)] < C sup |£(2) for all f € H(]}g); (3)

seen ewm(llzl) seen etllImzl+wn(lzl)
(iv) for each n € N there exist m € N and C' > 0 so that

1f(2)| < elmalitendlzl) for all z e CN, fe H(J}fz) (4)

imply
1f(z)| < CenlZ) for all z e CV . (5)
< (i) « (ii): By the Surjectivity criterion 26.1 of [9], p maps &) (RY) onto éa(g) if and
only if for each bounded set A in (&) (RN));7 the set (p’)~1(A) is bounded in ((E"(g)); With

the commutative diagram the first part of the theorem is proved.
(ii) = (iii): Fix any n € N and set B, := {f € H(C") : ||f|lo,.n.n < 1}. Using (ii) with
B= H(]}S) N B,,, we deduce that there exist m € N and C > 0 such that

19/luom,0.5 < C for all g € Hgy) N By (6)
Let f € H(]}[z) be fixed. If || f]|w, n,N = 0 or || f|lw,.n,N = 00, then (3) is trivially true. In case
0 < || fllwn,n,n < 00 we use (6) with g = m Then we have
[ llom 0.8 < C Nl flleonn,n -

This means that (3) holds.
Implications (iii) = (iv) = (ii) are easily checked. >
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3. Sufficient conditions

Throughout last three sections we suppose that Q = {w, }5°; € WT” 1. We start by

Proposition 3.1. Let Q@ = {w, }22, € Wan. Then the space &(q) (R™) is nonquasianalytic.
That is, there is a function f € &q)(RV)\{0} such that

F0)=0 forall « e N} .

<1 First we choose 0 =ty < t; < ... satisfying

o0
t 1
/wn( dt < — for each n € N.
12 n3
tn

Then we introduce a function

0 for t € [0,4,),
w(t) =
nwy(t)  for t € [tn,tnt1) -

Since we assume that wy,(t) < wp41(t) for t > 0, it follows that w is nondecreasing on [0, 00).
Next, wy(t) = o(w(t)) as t — oo and

o0

[t 5T mued <

1 n=1

By Lemma 3.2 of [2] we find a cotinuous nondecreasing function o : [0, 00) — [0, 00) such that

w(t) =o0(co(t)), t—o0; o(2t) <4o(t) for all t > 0;

o0

/ o(t) dt < oo.
t2
1

Using Proposition 2.3 of [5] for the o and compact set K = {0}, we construct a function
© € C®(RY) with the following properties:

o(x) =1 for z € [—&,e]N;  supp ¢ C [-3¢,3¢]
Ay = / 16(8)] U gt < oo,
RN
Here §(t) = [ ¢(2) e &) dz is a Fourier transformation of ¢.

RN
We wish now to show that ¢ € &£q) (RY). By the Fourier inversion formula we have

1 . 1
(a) |t s e et g < / . ol 7y <
" ()] < (27T)N/<P(t) (it)* o) dt < Grw 0] e d <
RN RN
_1 N w
< @y / |p(t)| e n(It) gt exp  sup (lallog |[t]] — wa(|t]])) <
N teRN\{0}

Y8
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Since wy (t) = o(w(t)) = o(o(o(t))) = o(o(t)) as t — oo, there is an M, > 0 such that

/ 15(t)] e UItD g < / 1B(t)] e WD+Mn g — Mn Apo.

Hence,

(@) ()] < Ao s, (lal) N
|(10 (x)‘éwe “n for aHO[GNO

This means that ¢ € &) (RY). Setting f(z) = ¢(x) — 1 we finally obtain the result. >

To formulate the main result of the section we need some notation. For a nonquasianalytic
function w we define the function P, : CV — R as follows:

oo
1 t
Pw(x+iy):;/w(”;—j_1y”)dt for 2,y € RY.

—00

It should be noted that in earlier papers dealt with extension theorems (for instance, in [8|
and [4]) the function P,, was considered for N = 1 only. As is well known, in case N =1, P,
is harmonic in the open upper and lower half plane and it is continuous and subharmonic in
the whole plane C. Moreover, w(|z]) < P,(z) for z € C.

Theorem 3.2. Let Q = {w,,}52; € W['". Suppose that
(I) for each n € N there exist m € N and C' > 0 such that

P, (2) <wn(||z]]) + C for all z € CV.

Then the operator p : &q) RN) — éa(g) is surjective.

< Let us show that condition (iv) of Theorem 2.2 holds. Fix any n € N. Assume that
fe H(]}@) satisfies (4). Then there are ny € N and Dy > 0 such that

1f(z)] < Dy e ZD for » e V. (7)

Given z = x 4 iy € CV with y # 0, we define the entire function

F:C—C, F(w) ::f<:n+wﬁ> for w € C.

We can rewrite (7) as
|F(w)| < Dy ems D for all € €. (8)

Next, since

HIm <x+wi>H = |Im w|,

Iyl
(4) implies that

|F(w)] < exp <num w] + wy (waﬁu)) for w e C. 9)
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By the Phragmen-Lindel6f principle (Theorem 6.5.4 in [6]) we find that for u € R, v € R\{0}

[ leg|F@)
log |F(u +iv)| < P mdt—i— lv|d, (10)

where
™

21 ,
d = limsup — — /log ‘F(re’g)‘ sin 0 do .
r—oo NTT
0

Using (8) we have

™ ™

1 21
] (F ‘ 0do < ——/ log D + wy, in6do —
- r/ og | F(re®)| sin - (log Df 4 wn, ||z + 7)) sin

,
0 0

B é(long N wn, (2] +7)
T r r

) for all » > 0.

Nonquasianalyticity of wy,, gives us that

o) (0.]
wn, (r+ ||z wn (1 + |2 Wny S
wng(r +llzl) / ongr ElelD) o / 1) 4y 0 as 7 — o0,
o+ ] = s

retlal| retllzl

By the above this means that d < 0. Now, using (9) in (10) and (I), we have

< y
| wﬁ/wam+tmw>
log | F < —
og [F(u + i) T (u—t)% + v?

1 jwn(ux“‘(u"‘vﬂ”—z””)dt:l / Wn(|’($+u||y||)+t” Hy””)d _
m 241 m 241
(vt eit) <onlfedprayl) <0

Iyl 1yl 1yl 1yl

Setting u = 0, v = ||y|| we get

log | f(x +iy)| = log [F(illyl)] < wm(lz +iyl]) + C

Thus,
1f(2)] < e e“m 2 for all z € CN with Im 2z #0.
By continuity this inequality holds for all z € CV. Theorem 3.2 is thus completely proved. >
Corollary 3.3. Suppose that Q = {w, }5°, € W?q satisfies

( (II) for each n € N there exist m € N and C > 0 such that
wn(2t) < w(t) + C for allt > 0

(i) { () for each n € N there exist m € N and C' > 0 such that
[e.e]

4 [ wa(yt)

;/ 21 dt < wp(y)+C forally>0.

\ 1

Then & q) (RN) admits a version of Borel’s extension theorem for all N € N,
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< Fix any n € N and find m1 > n and D7 > 0 such that

4 [wa(yt)
;/tg_i_ldtgwml(y)—Fleory)(). (11)
1

Next, for the m there exist m € N and Dy > 0 such that
Wiy (28) < wp(t) + Do for t > 0. (12)
Combining (11) and (12), we have for all z = x 4 iy € CV

o0 oo

1 [ wn(([z + tyl) 2/wn(H$H+tHyD
P =— ———=dt < — dt <
i (2) T / t2+1 T 2+1

—00

o

2 T wa (2] + lyl)?)
. z dt <
anllal + ) + = [ ST
1

<

N =

1
wnllz [l +N[yll) + Gwm, (1] + l[y]]) + D1 <

ma (2] + l[yll) + D1 < win, 2max{lz]], [ly[]}) + D1 <
m(max{||z|, [ly[[}) + D1 + Da < wm(l|2]]) + €,

where C':= D1+ Ds. This means that condition (I) of Theorem 3.2 holds. So p maps &q)(RY)
onto éa(g) >

<

£ & ol

<
<

REMARK. Let us explain how results of [8] and [4] for spaces of ultradifferentiable functions
(UDF) of minimal and normal type can be derived from the present results. First recall that

condition
(I') for each n € N there exist m € N and C > 0 such that

P, (z2) <wn(|z]) + C forall ze C

provides that Borel’s extension theorem holds for the corresponding class &(q) (R™) of minimal
or normal type independently of the number N of variables.

In case of spaces of minimal type (see [8]), (II;) means that w(2t) = O(w(t)), t — 0.
That was the general assumption of [8]. It is not hard to see that (IIz) < (I’) in this situation.
Indeed, in the proof of Corollary 3.3 we just have proved that under assumption (IIy), (II3)
implies (I), and so (I'). Implication (I') = (II3) follows from

4 Tw,
_/w(yt)dt<
T 1

1

ERIN

t2 + 241

n (Yt ,
IE WE) 4y — 2P, (iy) < wm(y) +2C =
0
= 2mw(y) + 2C = wam(y) +2C for y > 0.
In case of spaces of normal type, in Lemmas 2.5 and 2.7 of [4] it was shown that (II;) = (II2)
and (II;) < (I'). So (II) & (II;) < (I').

4. Necessary conditions

Assume that Q = {w,}72, € WTn ? satisfies the additional condition
(A) for each n € N there are m € N and A, > 0 so that

wn(z+y) < wn(x) +wn(y) + Ay, for 2,y > 0. (13)
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Note that analogous assumption was also made in [4] for spaces of normal type (see
Definition 6.1 of [4]). In case of spaces of minimal type, (13) is a simple consequence of
the general assumption w(2t) = O(w(t)), t — oo.

We start by several lemmas.

Lemma 4.1. Suppose that Q = {w,}52, € W has property (A). For each n € N there
exists an m € N such that for every € > 0 we can find a C > 0 with

P, (2) <e|Im z| + wp(|Re 2|) + C for z € C. (14)

< Fix any n € N and find m € N and A4,, > 0 so that (13) holds. Next, for an arbitrary
€ > 0 choose r > 0 with

[ wm(t)
2 wm(t
- dt )
7r/t2—|—1 <°
T
We have for x > 0 and y > 0
(I + 1) [ wm(@) + wm(t) + A
Y wp(lx+t 2y [ wm(T) +wn(t)+ Ap
Po, (@ +1y) = ;/Wdt<? 7y dt = wi(x) + Im(y) + An,
—00 0
(oo}
2
where I,,(y) := 2y / L;m dt. If y <1, then
T t“ 4y
0
2 [wnyt) 2 [wn(t)
wm (Yt wm(t
I = — dt < — dt =: D,, < c0.
m(y) 7T/t2+1 7r/t2+1 m 0
0 0
If y > 1, then
2 [ wml®) 2 T oml®) 2 [emt) 2y )
I = — dt +— dt < — dt +— dt < .
m(y) 77/t2+y2 T /t2+y2 7r/ Z+1 t2+1 wm(r) +ey
0 r 0 T
Hence,
I, (y) < ey + wm(r) + Dy, for all y > 0,
and so,

P, (x+iy) < wn(x)+ey+ C forx >0,y >0,

where C' := wp, (1) + Dy, + A,,. By continuity the preceding inequality holds also for y = 0.
Since

we finally obtain the result. >

Lemma 4.2. If Q@ = {w,}32, € Wi has property (A), then for each n € N we can find
an R,, > 0 such that for every R > R,, there exists an r > 0 for which

. 2R r Wn41(1)

P, (iR) < — dt. 15

(iR) < 2 [ (15)
0
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< Use of (1) gives that

T

2R [ wni1(t) _ 2R [ wnia(t)
P, (iR) < — / T dt—log R+ G = = / T Ut L, (16)
0 0

where

2R [ wna(t)
Ly Rr:= - /t2+R2 dt —log R+ C, .

r

Put R,, := e“"*1. Given R > R,, choose r > 0 such that

o0
% Wn—H( )
T + R?
T
Then L, g <1 —log R, + Cy, = 0. Use of this in (16) gives (15). >
In the next lemma we construct a special family of polynomials. Let us first introduce two
new functions. For £ € N and r > 0 we put

dt <1.

. wi(t) for t € [0, 7]
w(t) := , .
r(wg) (r)log » +wi(r) fort e (r,00)
and -
(It
Iyl / 7”’4('2‘) _dt fory #0
Por(z+iy)=¢ T J (t—xz)*+y (x +1iy € C)
wi(|x]) fory =10

P,y has the same properties that F,, i. e. Pr is harmonic in the open upper and lower half
plane and it is continuous and subharmonic in the whole plane.

Lemma 4.3. Suppose that Q = {w,}32, € WT"q satisfies (A). There exists a family
of polynomials {gr,(¢) : n € N, R € [R,,00)} of one variable {( € C with the following
properties:

1) for each n € N and each R > R,

IR, n(ZR) exp Pw (ZR); (17)
2) for each n € N there exist m € N and C' > 0 such that

l9r.n(C)] < Cexp (m| Im (| +wm(|C|)) for all R € [R,,,o0) and ¢ € C. (18)

< Given n € N we find an R, > 0 according to Lemma 4.2. Next we fix any R > R,, and
find > 0 such that (15) holds. Then

2R wn-‘rl 2R n+1 .
P,,(iR) /tg —i—RQ /tQ—i-RQ ‘*’ZH(ZR)' (19)

Applying Lemma 1 of [1] to the subharmonic function P%H(z) and the point £ = iR, we
construct an entire function gr,(¢), ¢ € C, for which

9R.n (ZR) = eXp Pw,’;+1 (ZR)7 (20)
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19RA(O] < AL+ [¢P)? exp Pl (€) for all ¢ € C. (21)

Here A is an absolute constant and Pjrﬂ(() = sup {Pw;+1(< +w) : |w| < 1}. Combining

(20) and (19), we immediately derive (17).

In order to show that (18) holds, we estimate Pj;ﬂ (¢). Since wy, 1 (t) < wny1(t) it follows
that Py, (¢) < o, (C), and so, szﬂ(() < PjnH(C) for all ¢ € C.

Next, by Lemma 4.1, there are k € N and D; > 0 such that

Py, (2) < k|Im 2| + wi(|2]) + Dy for z € C.

In [3] it was proved (see inequality (5) of [3]) that
wi(t +1) < wp(t) + Bre? for all t >0,
where By is determined by (2). Thus,

1 1
Pl (Q)<P

Wy Wn+1

(¢) < k[Im ¢ +wi(|¢] +1) + &+ Dy < k[ Im (] + wi(|C]) + D,

where D := Be? + k + D;.
It is easily checked that

(14 [¢?)? < etloelcH) for ¢ e C.
Now we can continue (21) as follows

97 (Q)] < Aexp (k| Im ¢| + 4log(|¢| + 1) + wk(|¢]) + D) .

Setting m = k+ 4 and C = Aexp(Ck + Cg+1 + Ciy2 + Cri3 + D), we finally obtain (18).
Proof of the fact that gg, are polynomials is the same as in Lemma 2 of [1], so we omit
it. Our result is thus completely proved. >
The main result of the section is
Theorem 4.4. Let Q = {w,}5°, be a weight sequence in WT”q with property (A). If

&) (RN admits a version of Borel’s extension theorem for at least one N € N, then
(III) for each n € N there exist m € N and C' > 0 so that

P, (iy) < wm(y)+C forally >0. (22)

n

< First note that if p : &gq)(RY) — @g) is surjective for some N > 2, then it is also
surjective for N = 1.
Assume that there is an ng € N such that for each m € N and each k € N there exists an
R, . > Ry, such that
P, (iRmk) > wm(Rm i) + k. (23)

Here R, is determined by Lemma 4.2.
Let {grn(¢) : n € N, R € [Ry,00)} be a family of polynomials with properties of
Lemma 4.3. Then there are ny € N and D7 > 0 such that

|9r.n0 (Q)] < Drexp (na]Im ¢| + wn, (¢])) forall ¢ € C.

Setting fp, 1 1= Do JR,, 1.no» W€ can rewrite the previous inequality as
) ,

| fma(Q)] < exp (n1|Im ¢ +wn, (¢])) forall ¢ € C. (24)
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Next, from (17) with n = no and (23) we have for all m,k € N

1

1 ) k
D IR im0 (iRmk) = —exp P, (sz k) > — expwm(Rm k) - (25)

fm,k (iRm,k) D1 , D1

Being polynomials fy, ; are in H (1Q). From (24) and (25) it then follows that assertion (iv)

of Theorem 2.2 is false. Thus, the operator p : &q)(R) — @‘”&2) is not surjective. This
contradiction proves the theorem. >

REMARK. It should be noted that Theorem 4.4 gives us the corresponding necessary
conditions of [8] and [4] for spaces of UDF of minimal and normal type. Moreover, in these
two cases condition (IT) of Corollary 3.3 is equivalent to condition (II) of the previuos theorem
(see [4, 8]). This means that whole criteria of [8] and [4] can be derived from our present results.

5. Examples

One of the classical nonquasianalytic weight functions is w(t) = t*, 0 < a < 1. It was
shown in [8] that space of UDF of minimal type defined by this function admits the analog
of Borel’s extension theorem. In contrast, the corresponding space of normal type does not
admit this analog (see [4]). Let us consider

EXAMPLE 5.1. wy(t) =t**, 0 < o, T < 1

We should like to verify condition (II) of Corollary 3.3. It is easily seen that (II1) holds.
Next, for n € N and y > 0 we have

(e.@) o0
é / wn (yt) dt = o é /
m) t2+1 T
1 1
Obviuosly, we can find a C > 0 such that

yon 1 Lyt 4+ C forally >0.
(1 —ap)
This means that (IIy) also holds. Thus the space &q)(RY) with @ = {t*»}>°, admits a
version of Borel’s theorem for all N € N.
It is of particular interest that «,, could tend to 1, whereas w(t) = ¢ is not a nonquasi-
analytic weight function.
Another well-known weight function is w(t) =

o0

"2 /t“nQ dt =y .
T (1 — o)

1

#, where 3 > 1. Recall (see [8] and
og” (e+t)
[4]) that Borel’s theorem does not hold for the corresponding spaces of UDF, both of minimal
and normal type. Now we wish to consider a sequence of such functions.

EXAMPLE 5.2. wy(t) = logﬁn =Nt Onl B>

Without loss of generality we can assume that §; < § + 1. First note that Q = {w,}72,
satisfies condition (II;), and so, condition (A). Now, let us show that condition (III) of
Theorem 4.4 does not hold. For y > 0 we have

o0
2/
P, Zy -
T
0

7d(log(t2 L)), &/ log(2+1)  dt
log? (e + yt) - log® (e + yt) e+ yt’

Put
CytVyEtde—1)
— 5 )
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Then t> +1 > e+ yt for t > ty. Hence, for an arbitrary m € N we can write

P, (iy) > ﬂ—/ dt Bn y =
“r 7T logﬂ’1 (e+yt) e+ yt W(ﬁn —1) log” (e +yt,)

B log’™ (e +y)
m(Bn — 1) logﬁnfl(e + yty)'

= wm(y)

log?m (e+v)

log? (e + yt,)
does not hold. By theorem 4.4 we derive that p : &q) (RN) — é"(ﬂ) is not surjective.

Since B, > 0 > B, — 1, the quotient tends to co as y — oo, and so, (III)
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