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A. Appendix to Section 2

Masato Kurihara and Ivan Fesenko

This appendix aims to provide more details on several notions introduced in section 2,
as well as to discuss some basic facts on differentials and to provide a sketch of the
proof of Bloch—Kato—Gabber’s theorem. The work on it was completed after sudden
death of Oleg Izhboldin, the author of section 2.

Al. Definitions and properties of several basic notions
(by M. Kurihara)

Before we proceed to our main topics, we collect here the definitions and properties of
several basic notions.

Al.l1. Differential modules.

Let A and B becommutativeringssuchthat B isan A-algebra. We define Q}B/A
to be the B-module of regular differentials over A. By definition, this B-module
QlB /A is a unique B-module which has the following property. For a B-module
M we denote by Der,(B, M) the set of all A-derivations (an A-homomorphism
p:B — M iscaled an A-derivation if p(zy) = xp(y) + ye(x) and p(x) = 0 for
any x € A). Then, ¢ induces g‘a:QlB/A — M (¢ =@ od where d isthe canonical

derivation d: B — Q}B/A), and ¢ — @ yields anisomorphism
Dera(B, M) = Homp(QF, 4, M).

In other words, Q1 /4 isthe B-module defined by the following
generators. dx forany = € B
and relations:

d(zy) = zdy + ydx
dr=0 forany z € A.
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32 M. Kurihara and |. Fesenko

If A =27, wesimply denote QlB/Z by Q.
When we consider Q% for alocal ring A, thefollowing lemmais very useful.

Lemma. If A isalocal ring, we have a surjective homomor phism
Ay A* — QY

a®bl—>ad|0gb=a%b.

The kernel of this map is generated by elements of the form

k l

D (ai®a) =Y (b @b;)

i=1 i=1
for a;, b; € A* suchthat £ a;, = =!_b;.
Proof. First, we show the surjectivity. It isenough to show that xdy isinthe image of
theabovemap for =, y € A. If y isin A*, zdy istheimageof xy ® y. If y isnot
in A*, y isinthe maximal ideal of A, and 1+ y isin A*. Since xzdy = zd(1+ y),
xdy istheimageof z(1+y) ® (1+v).

Let J bethe subgroup of A ® A* generated by the elements

k !
D (ai®a) =Y (b @b;)
i=1 i=1
for a;, b; € A* suchthat =% a; = =\_,b;. Put M = (A ®z A*)/J. Sinceitisclear
that J isinthe kernel of the map in the lemma, a« ® b — adlogb induces a surjective
homomorphism M — Q% , whose injectivity we have to show.

Weregard A ® A* asan A-modulevia a(z ® y) = ar ® y. We will show that .J
isasub A-moduleof A ® A*. Toseethis, it isenough to show

k l

Z(xai (= ai) — Z(.’L‘bz (=) bz) cJ

i=1 i=1
forany z € A. If x ¢ A*, = canbewrittenas x =y + z for some y, z € A*, sowe
may assumethat = € A*. Then,

K !
Z(mai ® a;) — Z(xbz ® b;)
i=1 i=1

k I
= Z(mai ® xra; — ra; @ x) — Z(mbi ® xb; — xb; ® x)

=1 =1
k l

= Z(xaz ® ra;) — Z((EbL ® xb;) € J.
=1 =1
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Thus, J isan A-module, and M = (A ® A*)/J isalsoan A-module.
In order to show the bijectivity of M — QL we construct the inverse map
QY — M. By definition of the differential module (see the property after the defini-
tion), it is enough to check that the map
p:A— M r—rr (fzeAY)
r— l+x)® Q+x) (fxgAY)
isa Z-derivation. So, it isenoughto check p(zy) = zp(y) + yp(x). Wewill show this

in the case where both  and y are in the maximal ideal of A. The remaining cases
are easier, and are |eft to the reader. By definition, zp(y) + yp(x) isthe class of

r(l+y)@(Q+y)+y(l+2) @ (L+2)

=(l+2)l+y)l+y) - L+y)(1+y)
+(1+y)(l+2)@ (1+2) - (L+7)®(1+1)

=(l+)l+y)@Q+)1+y) —(1+z) @ (1 +2)

—A+y) @0 +y).
But the class of thiselementin M isthesameastheclassof (1+xy)® (1+xy). Thus,
© isaderivation. This completes the proof of the lemma. O

By this lemma, we can regard QY asagroup defined by the following
generators: symbols [a,b} for a € A and b € A*
and relations:

[a1 + a2, b} = [a1,b} + [ap, b}
[a,b1bo} = [a, b1} +[az, ba}
k ! k 1
Z[ai, CLZ‘} = Z[b“ bz} wherea;’'sand b;'s satlsfy Z a; = Z b;.
=1 =1 i=1 i=1
Al.2. n-thdifferential forms.

Let A and B be commutative rings such that B isan A-algebra. For a positive
integer n > 0, wedefine Q7 , by

%/A = /\ QlB/A'
B

Then, d naturally defines an A-homomorphism d: Q% , — Qg‘}h, and we have a
complex
n—1 n n
T QB/A — Qp/q — QB+/];4 — .

which we call the de Rham complex.
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For a commutative ring A, which we regard as a Z-module, we simply write Q"
for Q7 /7. For alocal ring A, by Lemma Al.1, we have Q% = A", (A @ A*)/J),
where J isthe group asin the proof of LemmaA1l.1. Thereforewe obtain

Lemma. If A isalocal ring, we have a surjective homomor phism
A® (A" — QF
db db,,
GaRbL® ... by, > a—T A A
by by
The kernel of this map is generated by elements of the form

k l

D (i®a @b ®..@bi_1) =Y (bi©b @b ... ®by_1)
i=1 =1
and
a®b®..00b, with b; =b; for some i 7 j.

A1.3. Galois cohomology of Z/p"(r) for afield of characteristic p > 0.

Let F beafield of characteristic p > 0. Wedenote by F5 the separable closure
of F' inanalgebraic closureof F.

We consider Galois cohomology groups H4(F, —) := H4(Ga(F*P/F), —). For an
integer » > 0, we define

HUF,Z/p(r)) = H"(GaA(F®/F), Qs og)
where Qs jog is the logarithmic part of Q%.«, Namely the subgroup generated by

dlogai A ... Adloga, foral a; € (F=P)*.
We have an exact sequence (cf. [I, p.579])

0 — Qpsp jog — Qs —— Qpap /A — O
where F isthe map

dby db,
Fla— A ... =
(a b A A b'r) a

Since QY«p isan F-vector space, we have
H"(F,Qlhep) =0
forany n > 0 and r» > 0. Hence, we aso have
H"(F, Qs /dQjs) = 0
for n > 0. Taking the cohomology of the above exact sequence, we abtain
H"™(F, Qjsp jog) = 0

dby db,.
P—= A A .
b1 b,
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for any n > 2. Further, we have an isomorphism

HY(F, Qe jog) = cOker(Qy =5 Q1 /dQ )
and

HO(F, Qo og) = keN(Q —— Qp /A0 ).
Lemma. For afield F' of characteristic p > 0 and n > 0, we have

H™Y(F, Z,/p (n)) = coker(Qp ~—% Q. /dQ )
and
H"(F,Z/p(n)) = ker(Qp —— Q7. /dQY).

Furthermore, H"(F,Z/p (n — 1)) isisomorphic to the group which has the following
generators. symbols [a, by, ...,b,,_1} Where a € F, and bq,...,b,_1 € F*
and relations:

[ar +ap, by, ..., bnfl} =lay,bs, ..., bn,l} +[az, b1, ..., bn,l}

[a, b1,...., blb;, -~-bn—1} = [a, by, ..., b;, ...bn_l} + [a, b1,...., b;, -~-bn—1}
[a,a,bp,....;0,_1} =0

[ap — a,bl,bz, ceeny bn—l} =0

[a,b1,....,0,—1} =0 whereb; = b; for somei 7 j.

Proof. The first half of the lemma follows from the computation of H" (F, Qfsp |0g)
above and the definition of HY(F,Z/p (r)). Using

H™F,Z/p(n — 1)) = coker(Q 1 Z=% Qn-1/dqQn?)
and Lemma A 1.2 we obtain the explicit description of H"(F,Z/p (n — 1)). 0

We sometimes use the notation H}(F') which is defined by
Hp(F)=H"(F,Z/p(n —1)).

Moreover, for any i > 1, we can define Z/p' (r) by using the de Rham-Witt
complexes instead of the de Rham complex. For a positive integer ¢ > 0, following
Ilusie[1], define HY(F, Z/p'(r)) by

HYE,Z/p"(r)) = HT™" (F, WiQfsn jog)

where W; Qe |4 1S the logarithmic part of W; Qe .
Though we do not give here the proof, we have the following explicit description of
H"™(F,Z/p' (n — 1)) using the same method asin the case of i = 1.

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



36 M. Kurihara and |. Fesenko

Lemma. For a field F' of characteristic p > O let W;(F") denote the ring of Wtt
vectors of length ¢, andlet F: W;(F) — W,;(F) denote the Frobenius endomorphism.
Forany n >0 and i > 0, H"(F,Z/p" (n — 1)) isisomorphic to the group which has
the following
generators. symbols [a, b1, ...,b,_1} where a € W;(F), and b1,...,b,,_1 € F*
and relations:
a1 +az,b1,..., b1} =[a1,b1,...,b 1} +[az,b1, ..., 01}
[a, b, ...., bjb;», ...bn_l} =Ja,b,...., bj, ...bn_]_} +[a, by, ...., b;», ...bn_l}
[©,...,0,a,0,...,0),a,bs,....b,_1} =0
[F(CL) —a, bl? b27 ceeey bn,l} = 0
[a,b1,....,0,_1} =0 whereb; = b, for somej 7 k.
We sometimes use the notation

H.(F)= H"(F,Z/p' (n — 1)).

A2. Bloch-Kato-Gabber’'stheorem (by I. Fesenko)

For afield k of characteristic p denote
v = (k) = H™(k, Z/p (n)) = ker(p: Qf — Qp /dQ ™),

dby db,, dby dby, ~1
=F -1 (aga—= N —2 p_ - AN —E QR
P (abl/\ /\bn)»—>(a a)bl/\ /\bn dQy;
Clearly, the image of the differential symbol
di: K, (k)/p — QF, {at, ...,an} — —daal A ---/\—daan
1 n

isinside v, (k). We shall sketch the proof of Bloch—-Kato—Gabber’s theorem which
statesthat dj, isanisomorphism between K, (k)/p and v, (k).
A2.1. Surjectivity of thedifferential symbol dy: K,,(k)/p — v, (k).
It seems impossible to suggest a shorter proof than original Kato's proof in [K, §1].
We can argue by induction on n; the case of n =1 isobvious, so assume n > 1.

Definitions—Properties.

(1) Let {b;}ics bea p-baseof k (I isanorderedset). Let S betheset of al strictly
increasing maps
si{1,...,n} — 1.
For two maps s,t:{1,...,n} — I write s < t if s(i) < (i) for al 7 and
s(2) # t(7) for some 1.
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(2) Denote dlog a := a~tda. Put
ws =dlog by A -+ Adlog by.

Then {w; : s € S} isabasisof Q} over k.
(3) Foramap #:1 — {0,1,...,p— 1} suchthat 6(i) =0 for aimost all i set

be = [ [ 7.
Then {byw,} isabasisof Q) over kP.

(4) Denote by Q7 (6) the kP-vector space generated by byws,s € S. Then Q7 (0) N
dQZ‘1 = 0. For an extension [ of k, suchthat £ > [P, denote by Ql”/k the
module of relative differentials. Let {b;};,c; be a p-base of [ over k. Define
Q?/k(e) foramap 6:1 — {0,1, ...,p — 1} similarly to the previous definition.
The cohomology group of the complex

Q.H0) — Q7Y (0) — Q5H0)

iszeroif 6 Z0 andis Ql”/k(O) if 6=0.
Weshall use Cartier’ stheorem(which can be moreor lesseasily proved by induction
on |l : k|): the sequence
0— I"/k* — Qfy, — Q. /dl
is exact, where the second map isdefined as b mod k* — dlog b and the third map is
themap adlog b — (a? — a)dlog b +dl.

Proposition. Let Q}(<s) bethe k-subspaceof Q) generatedbyall w, for s >t € S.
Let k1 =k andlet « beanon-zero element of k. Let I befinite. Suppose that

(@ — a)w,s € QP(<s) +dQr L.
Thenthereare v € Q}(<s) and
x; € kP({b; 1 j <s(i)}) for 1<i<n
such that
aws =v+dlog xqa A--- Adlog x,.

Proof of the surjectivity of the differential symbol. First, suppose that k»~* = k& and
I isfinite. Let S = {s1,...,8,} With sg > --- > s,,,. Let s0:{1,...,n} — I
be a map such that so > s1. Denote by A the subgroup of Q) generated by
dlogxqy A --- ANdlog x,. Then A C v,. By inductionon 0 < 5 < m using the
proposition it is straightforward to show that v,, C A + Q}'(<s;), and hence v,, = A.

To treat the general case put c(k) = coker(k.,,(k) — v,(k)). Since every fieldisthe

direct limit of finitely generated fields and the functor ¢ commutes with direct limits, it
is sufficient to show that ¢(k) = O for afinitely generated field k. In particular, we may
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assumethat k& hasafinite p-base. For afinite extension k' of k thereisacommutative
diagram
kn(K) —— vp(K)

Nk//kl Trk.//kl

kn(k) —— (k).

Hencethecomposite c¢(k) — c(k') M c(k) ismultiplicationby |k’ : k|. Therefore,
if |k : k| isprimeto p then c¢(k) — (k") isinjective.

Now pass from k to afield [ which is the compositum of al [; where ;41 =
L("Y1,_1), lo=k. Then 1 =1*~1, Since l/k isseparable, | hasafinite p-baseand
by the first paragraph of this proof c¢(l) = 0. The degree of every finite subextension in
l/k isprimeto p, and by the second paragraph of this proof we conclude ¢(k) =0, as
required. 0

Proof of Proposition. First we prove the following lemmawhich will help uslater for
fields satisfying k?~1 = k to choose a specific p-baseof k.

Lemma. Let [ bea purely inseparable extension of & of degree p and let kP—1 = k.
Let f:1 — k bea k-linear map. Then thereisa non-zero ¢ € [ suchthat f(c!) =0
forall 1<i<p—1.

Proof of Lemma. The [-spaceof k-linear mapsfrom [ to k& isone-dimensional, hence
f =ag forsome a € [, where g:1 = k(b) — Q}/k/dl Sk, x— xdlog b mod dl for
every ¢ € [. Let a = gdlog b generate the one-dimensional space Qll/k/dl over k.
Thenthereis h € k suchthat gPdlog b — ha € di. Let z € k besuchthat z?~1 = h,
Then ((g/2)? —g/z)dlog b € dl and by Cartier’ stheorem we deducethat thereis w € [
suchthat (g/z)dlog b =dlog w. Hence a = zdlog w and Qll/k =dlUkdlog .

If (1) =adlogb#0,then f(1) = gdlog c with g € k,c € I* andhence f(c!) =0
foral 1<i<p—1. O

Now for s: {1, ...,n} — I asin the statement of the Proposition denote
ko= kP({bi 10 <s(D)}), k1= kP({bi i < s())), ko= kP({bi 10 < s())).

Let |k : k1| =p".

Let a =3 ,ahbg. Assumethat a & kp. Thenlet 0, besuchthat j > s(n) isthe
maximal index for which 6(j) #0 and x4 # 0.

Q7 (8)-projection of (a” — a)w, isequa to —ahbyw, € QP(<s)(0) + dQr~1(H).
Log differentiating, we get

—ab (> 0(i)dlog b;)by A w, € dQR(<s)(0)

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



Part |. Appendix to Section 2. 39

which contradicts —z40(j)bed l0g b; A w, & dQ(<s)(0). Thus, a € k».
Let m(1) < --- < m(r — n) be integers such that the union of m’sand s’sis
equa to [s(1), s(n)] N Z. Apply the Lemmacto the linear map

Frk1— Oy jro /A9 = ko, b bawy A d10g by A+ -+ A d10g byn(r—n).
Then thereisanon-zero ¢ € k1 such that
daws A d10g by A -+ Ad10g by —ny € dQ L for 1<i<p—1.

Hence Q; . (0)-projection of c'aws A d10g by A -+ A d10g byir—py fOr 1 < i <
p — 1 iszero.
If ¢ € ko then Q’l;z/ko(O)—projection of aws A dlog by, A -+ Adlog by,—n) IS
zero. Dueto the definition of kg we get
= (a? — a)ws A d10Q b1y A -+ A d10g byy(r—p) € koz/ko
Then Q) »/ko (0)-projection of 3 iszero, andsois Q) ko /o (0)-projection of
aPws A d1og b1y A -+ - A d10g bpy(r—n),

acontradiction. Thus, ¢ & ko.
From dkg C Zi<s(l) kPdb; we deduce dkq /\ Q"‘1 C Qi (<s). Since ko(c) =

ko(bs()), thereare a; € ko suchthat by = ZZ —o a;c'. Then
adlog bygy A+ Adlog by(ny = a’dlog by - -- Adlog b,y Adlog ¢ mod Qf(<s).
Define s: {1, ...,n — 1} — I by s'(j) =s(j +1). Then
aws = vy +ad'wy Adlog ¢ with vy € QP (<s)
and c'a'wy A dlog e Adlog by A -+ Adl0g byyr—n) € ko Jikye Theset
I'={c} U{b;: s(1) < i< s(n)}
isa p-base of kp/ko. Since c'a’ for 1 < i < p — 1 have zero k(0)-projection with
respect to I’, there are aj € ko, aj € @gzokaby With by = [T 1) icyn bi such
that o’ = ag + af.

The image of aw, A d1og by,,) A -+ A d10g by, (r—rn) With respect to the Artin-
Schreier map belongsto Q; , andsois

(@' —a)dlog e Awg A d10g by A -+ A d10g byyge—n)
which is the image of
a'dlog c Awg A dlog by A -+ A d10g byyr—n)-
Then a'” — ag, as ko(0)-projection of a’” —a’, iszero. So o’ — a’” = aj.
Notethat d(ajwy) A dlog ¢ € dQj . (<s) = dQ} 7,1 (<s) Adlog c.
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Hence d(ajws) € ng/k1 (<s)+dlog cA ko/k Therefore d(ajwy) € ko/k (<s)
and ajwy = o+ 3 with a € Qk/k (<s), B € ker(d Qg/kl — Q7).

Since k(0)-projection of a} is zero, Q' Ik 1 (0)-projection of ajwy iszero. Then
we deduce that 5(0) = >°, c, 1< zhwy, S0 djwy = a+ B(0) + (8 — £(0)). Then
B—3(0) € ker(d: Q;; /,j — Q) S0 —P(0) € dQ}! /,3 Hence (¢ —a'")wy = djwy
belongs to Q}\7% (< ') + dQ}~ 2, By induction on n, there are v/ € Q} (<),

x; € kP{b; : ] < s(@)} such that ¢’'wy = v" +dlog za A --- A dlog x,,. Thus,
aws=vlidlogc/\v’idlogc/\dlong/\‘--/\dlogxn. O

A2.2. Injectivity of the differential symbol.

We can assumethat k is afinitely generated field over IF,,. Then thereisafinitely
generated algebraover IF,, with alocal ring being adiscrete valuation ring O such that
O/M isisomorphic to & and the field of fractions E of O is purely transcendental
over [F,.

Using standard resultson K, (I(t)) and Qﬁt) one can show that theinjectivity of d,
implies the injectivity of d;;). Since d, isinjective, sois dg.

Define k,(0) = ker(k,(FE) — k,(k)). Then k,(O) is generated by symbols and
there is a homomorphism

k’n(O) - kn(k)a {ala ---aan} - {a_].7 "'7%}7
where @ istheresidueof a. Let k,,(O, M) beitskernel.
Define v,(0) = ker(Qf — QF /ngfl), vn (0, M) = ker(v,(0) — v, (k)). There
is ahomomorphism &, (0) — v,(0) such that
{a1, ...,an} — dlog ag A --- Adlog a,.
So thereis a commuitative diagram
0 —— kn(O,M) - kn(o) - kn(k) — 0

A

0 —— (O, M) —— v, (0) —— (k)

Similarly to A2.1 one can show that ¢ is surjective [BK, Prop. 2.4]. Thus, d;, is
injective. 0
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