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Abstract We study the algebraic property of the representation of the
mapping class group of a closed oriented surface of genus 2 constructed by
VFR Jones [9]. It arises from the Iwahori{Hecke algebra representations
of Artin’s braid group of 6 strings, and is de ned over integral Laurent
polynomials Z[t;t~1]. We substitute the parameter t with —e", and then
expand the powers e" in their Taylor series. This expansion naturally
induces a Itration on the Torelli group which is coarser than its lower
central series. We present some results on the structure of the associated
graded quotients, which include that the second Johnson homomorphism
factors through the representation. As an application, we also discuss the
relation with the Casson invariant of homology 3{spheres.
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1 Introduction

Let . be aclosed oriented surface of genus 2, and let M, be its mapping class
group. In [9], V F R Jones constructed a nite dimensional linear representation
of My. We call this the Jones representation of genus 2, and denote it by
(see section 2.3 for the precise de nition). The Jones representation is de ned
over integral Laurent polynomials Z[t;t™1]. The construction of is based on
the lwahori{Hecke algebra representations of Artin’s braid group of 6 strings as
well as the Birman{Hilden presentation of M. The representation has been
given attention as a candidate for the faithful linear representation of M, ([3]).
However, it seems that there are few results concerning , with exceptions of a
work of Humphries [8] and the author’s previous result [10], both of which deal
with specializations at roots of unity.

Let I, denote the Torelli group of genus 2. It is de ned as the kernel of
the classical symplectic representation M, ¥ Sp(4;Z) which is induced by

€ Gedmetry & Topology Publications



40 Yasushi Kasahara

the natural action of M on the rst integral homology group Hi( 2;7Z) of

2. Here, Sp(4;Z) denotes the Siegel modular group. In view of the explicit
computation of given by Jones, it is easy to see that there are several special
values of t at which  becomes trivial on 1,. Such specializations include
t = 1. Itis natural to consider perturbations of t at such special values to
extract any information of 1, in

In this paper, we consider the perturbation at t = —1. More precisely, let >
be the expansion of  obtained by setting t = —e and then expanding the
powers e" in their Taylor series. We then introduce a descending Itration of
the Torelli group 1, by using *, and present some results on the associated
graded quotients. Our results should be considered as new properties of . Our
approach is based on Jones’ explicit computation mentioned above.

Now we state our main results. We set

Fk = 12 \Tf 2 M; *(f) identity modulo terms of degrees higher than kg:

It will turn out that F; coincides with I, so that we have a Itration
lo=F1 F2 Fk

A general result by Lazard in [11] can be used to deduce that (a) for each k 1,
the graded quotient GxF = Fy=Fy+1 is a free Z{module of nite rank; (b) the

Itration fFyg is central so that the associated graded sum GF = | 1GkF
naturally forms a graded Lie algebra over Z. Furthermore, it turns out that
GkFq = GkF [CQlhas a natural structure of a rational Sp(4; Q){module where
Sp denotes the symplectic group. This enables us to use classical symplectic
representation theory to study the structure of GF.

Let I, denote the irreducible rational representation of Sp(4; Q) with highest
weight aL; +b(Lj + L) (cf section 4.1). We understand that the same symbol
also denotes the representation space over Q in the obvious manner. Our rst
result is:

Theorem 1.1 Let k = 1. Then the following isomorphism of Sp(4; Q){
modules holds:

GlFQ == |2=F2 m@: ro;z

The appearance of the module My.» is suggestive since it also appears as the
image of the second Johnson homomorphism >(2) which is de ned on 1, (see
[16] as well as for the de nition). In fact, we can show:
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The Jones representation 41

Corollary 1.2 The kernel of the second Johnson homomorphism ,(2) coin-
cides with F,. In particular, ,(2) factors through the Jones representation

Recall that Morita [13] has described the Casson invariant of homology 3{
spheres in terms of mapping class groups of surfaces. In particular, he has
related the second Johnson homomorphism with the Casson invariant. In view
of this, Corollary 1.2 raises a problem whether the Jones representation con-
tains the full information of the Casson invariant in the case of genus 2. This
problem will be reduced to the detection of a certain homomorphism of I,
which arises from Morita’s theory of secondary characteristic classes of surface
bundles [15], [16]. We will discuss this later in section 6.

As for the module GxFq for general k, we have the following.

Theorem 1.3 For each k 2, the following holds:
(1) If k is even, then GkFg .

(2) If k is odd, then GyFqg To:2.
Our expansion t = —e" was motivated by the fact that a similar expansion
decomposes the Jones polynomial of links, which can be also de ned by the
Iwahori{Hecke algebra representations of braid groups, into a series of Vassiliev
invariants (see [2], [6], [4]). The reader may consider that an expansion t = e"
would be more natural. In this case, however, the graded quotients associated
with the induced Itration have structures of Sp(4; Z=27Z){modules, rather than
Sp(4; Q){modules. Thus the induced Itration does not seem to t the context
of the Torelli group. This phenomenon is due to the well known fact that the
Iwahori{Hecke algebras (of type A) serve as deformations of group algebras of
symmetric groups. We would like to study this aspect in detail elsewhere.

The organization of the present paper is as follows. In section 2, we recall some
basic material concerned with the Jones representation . We also determine
the specialization of at t = —1, which will be the degree 0 part of the ex-
panded representation . In section 3, we describe the Itration fF,g in a more
convenient manner and establish its basic properties. In particular, we will see
that each graded quotient GgxF is naturally embedded into an Sp(4; Z){module
which will be denoted by G¢R. In section 4, we show that G¢R is actually
a rational Sp(4; Q){module, and then we apply the symplectic representation
theory to decompose GkR into weight spaces. In section 5, we complete the
proofs of our main results. Finally in section 6, we discuss a possible relation
with the Casson invariant.
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42 Yasushi Kasahara

2 Preliminaries

2.1 Jones’ construction

We start with recalling the general construction by Jones concerning . We
refer to [9] for further details. Let ¢ be a closed oriented surface of genus
g and let My be its mapping class group. The hyperelliptic mapping class
group Hg is de ned as the subgroup of My consisting of those elements which
commute with the class of a xed hyperelliptic involution. For i =1, 2, :::,
(29 + 1), let ; be the Dehn twist along the simple closed curve Cj on 4
depicted in Figure 1. Under an obvious choice of the hyperelliptic involution,

L A - ng+1
Cayq
Figure 1
each  lies in Hy. According to the presentation of Hy due to Birman and
Hilden [5], Hy is generated by 1, 2, :::, 2g+1, and these generators satisfy

the de ning relations of Byg+2, Artin’s braid group of (2g + 2) strings. We
thus have a natural projection p: Byg+> ¥ Hg. Recall that the irreducible
representations of Byg+> Which arise from the Iwahori{Hecke algebra of type
Azg+1 are in one-to-one correspondence with the Young diagrams of (2g + 2)
boxes [9]. Jones considered which of such representations of Byg+> can yield
a representation of Hy via p. Let Y be a Young diagram of (2g + 2) boxes,
and let y denote the corresponding representation of Byg+o. Jones proved
that v de nes, via p, a projective linear representation of Hy if and only if
Y is rectangular. Furthermore, he proved that every projective representation
of Hy so obtained lifts to an actual linear representation of Hg by determining
the correcting scalar factor explicitly. Let us call this type of representation the
Jones representation of genus g. For example the 1 (2g+2) rectangular Young
diagram gives the one dimensional trivial representation, and the (2g +2) 1
one gives a one dimensional representation given by the correspondence ; A
(—1) identity. For later use, we denote the latter representation by sgn. We
will also denote suitable scalar extensions of sgn by the same symbol.
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The Jones representation 43

2.2 The column-row symmetry

For a Young diagram Y with (2g + 2) boxes, let Y denote the Young diagram
obtained by interchanging rows and columns in Y. There exists an algebra
involution on the Iwahori{Hecke algebra of type Ayg+1 Which describes the
transition from each Y to Y at the representation level (see [9, Note 4.6]).
We can combine this involution with Jones’ construction above to obtain the
relation between the two Jones representations corresponding to rectangular
Young diagrams Y and Y, denoted by v and yo, respectively:

vi()==v(;"
fori=1,:::, (20 +1). Note that the correspondence ; A i_l de nes an au-
tomorphism  of Hg, which can be realized by the conjugation by an orientation
reversing involution on 4. Thus we have an equality of representations:

vo=(y ) Lsgh (2.1)

for every rectangular Young diagram Y with (2g + 2) boxes.

2.3 The genus 2 case

In general, Hg is a proper subgroup of My and it is not obvious whether Jones
representations of genus g extend to My or not. However, in the case of g = 2,
it is classically known that H, = M5 so that all the Jones representations of
genus 2 are de ned on My for a trivial reason. Furthermore, in view of (2.1),
the non-trivial Jones representation of genus 2 is essentially unique. This unique
representation, which corresponds to the 3 2 rectangular Young diagram, is
the main object of this paper, and is denoted by

As was mentioned above, M is generated by 1, :::, 5. Jones has explic-
itly computed the images of these generators under , which can be taken
as the de nition of . Instead of ;’s, we use another set of generators of

M which is more convenient for our computation. Let us take an element
= 19 5 2 My which is a periodic automorphism of order 6. It is easy

tosee that 41 = L fori=1,2,:::, 4. Thus we can choose ; and
to be generators of M,. Now, due to the computation by Jones, the Jones

representation : My !OGL(S; Z[t;t71]) can be de ned b)éLthe following:

—-1=t> 0 0 0o
0 —1=t? 1=t? 0 0
(1) =g 0 0 t3 0 og;
0 0 1=t? —1=t? 0
0 0 0 0o
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and
C)O 010 O1
0 00O01
()=§10000 :
01000
00010

Here our parameter t corresponds to the formal power g*= in [9].

Recall that the Torelli group of genus 2, denoted by 1,, is the kernel of the
symplectic representation M, ¥ Sp(4;Z). Due to Powell [17], I, is the normal
closure in M, of the single Dehn twist ¢ along the separating simple closed
curve Co on , depicted in Figure 2. The image of ( under has also been

Co
Figure 2
computed by Jones. In our notation,
()= (122'=t° Id
(@) 1
0 0 0 0 0
t15 +1 0 0 0 0 0
+ —@i 0 0 0 0 0 (2.2)
th -1 _th + t5 th -1 _tl5 +1 _th + t5
0 0 0 0 0

where 1d denotes the identity matrix. In particular, this shows that does not
factor through the symplectic representation. On the other hand, it is easy to
see that there exist several special values of at which  becomes trivial on
I,. Such special values include t= 1.

We now determine the specialization of at t = —1. This will play a fun-
damental role in our investigation as the degree 0 part of our expansion of

Let H denote the rst integral homology group Hi( 2;Z) of 5, and let 2H
denote the second exterior product of H. The symplectic class ! 2 2H is
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de ned as x; Ny; +Xxo Ny, for any symplectic basis X, yi (i =1, 2) of H with
respect to the algebraic intersection pairing.

Lemma 2.1 The specialization of at t = —1 descends to a linear represen-
tation of Sp(4;Z) via the symplectic representation. Furthermore, this special-
ization is equivalent to ( ?H=! Z) [sgh.

For later use, we x a symplectic basis of H and a basis of 2H=1 Z. Let
X1, X2, Y1, Y2 be the symplectic basis of H depicted in Figure 2. We choose a
basis ftj;i = 1;::: ;59 of 2H=1 Z as follows:

t1 = [x1 ™M Xz to = [y1 ™ yal; t3 = [X1 My1l; (2.3)
ty = [X1 Ny2l; ts = [X2 " y1]

where [ ] denotes the corresponding class in  2H=17Z.

Proof of Lemma 2.1 As was mentioned above, the former part of the lemma
is a direct consequence of (2.2). For the latter part, let P denote the special-
ization of obtained by putting t = —1. Note that P is de ned over Z so
that its representation space is Z°. Let Z and X denote the matrix form of
the action of ; and , respectively, on 2H=17Z with respect to the basis ft;g
above. Then the assertion follows from the existence of F 2 GL(5;Z) such
that P( 1)F = —FZ and P( )F = —F X. A direct calculation shows that the

following matrix gives a solution:
O 1

0-100 0
0 0 00 —1

Fzgl 0 00 og (2.4)
0 0 1 1 —1
00 01 0 -

3 The Itration fF.g

3.1 The description of Fy

As in Introduction, we obtain the representation
7: My TR

from by putting t = —e and then expanding the powers e" in their Taylor
series. Here R denotes the algebra M (5; Q[[h]]) of 5 5 matrices over rational
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formal power series in a variable h, and  denotes the group of invertible
elements of an algebra. Hereafter, the identity of an algebra will be denoted by
1.

For k 0, let R[K] be the principal ideal of R generated by hk 1. The ideal
RI[K] consists of those elements in R the minimal degrees of whose terms are at
least k. Thus we have a Itration of R:

R=R[0] R[] R[]

Note that R[k] R[I] = R[k+1]. Let GkR be the graded quotient R[k]=R[k + 1]
and let GR = | oGkR be the associated graded algebra. The standard bracket
[X;Y]= XY —Y X in R induces a structure of a graded Lie algebra over Q
on GR.

Let ®: M, ¥ (R=R[k + 1]) be the composition of > with the natural
projection R ¥ (R=R[k +1]) . Now the Itration fFyg can be described as
Fr = I\ Ker >&=D for k 1. Obviously, @ is equivalent to the special-
ization of at t = —1. Thus we have F; = 1, by Lemma 2.1. As before, we
write GyF for F=Fk+1, and GF for ( 1GkF.

3.2 The graded Lie algebra GF

We de ne a mapping : I, ¥* Rby ()= "~"()—1. Itis obvious that
(Fk) R[K]. Foreach k 1, let y be the composition of restricted to
Fx with the obvious projection R[k] ¥ GxR. The following proposition can be
deduced from a general result of Lazard [11] (see also [12]).

Proposition 3.1 Each  induces an embedding of the module GxF into GkR.
Furthermore, the commutator operation [x;y] = xyx~ty~! induces a structure
of a graded Lie algebra on GF, and ¢ gives an embedding of a graded Lie
algebra GF ¥ GR.

Remark 3.2 The quotient module GkR has a natural structure of a nite
dimensional vector space over Q. Thus the proposition implies that each GcF
is a free abelian group of nite rank.

We give a direct proof of Proposition 3.1 for completeness.

Lemma 3.3 For k 1, the mapping k: Fx ¥ GkR = R[K]=R[k + 1] is a
group homomorphism.
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Proof If 1, 22Fy,thenwehave ( 1) ( 2) 2R[2k] R[k+1]. Thus the
lemma follows immediately from the following equality:

(12= ()+ (2+ (1) (2 O

Clearly Ker ¢ = Fy+1. Thus | gives an embedding of a group
GkF ¥ CkR;
which will be denoted by the same symbol .

Now let G denote 1 x: GF ¥ GR. To prove the latter part of the propo-
sition, we have to see that ImG is a Lie subalgebra of GR, and that the Lie
bracket on GF induced by G corresponds to the commutator in 1,. These
follow from the next lemma.

Lemma 3.4 Let x 2 Fx and y 2 Fy. Then [X;y] 2 Fys1, and the following
equality holds:

k+1(PGYD = k() 1Y) = 1Y) (O

Proof A direct computation implies the following equality in R:

OyD =) ) — ) )7 (xy™) (3.1)

This implies immediately that [X;y] 2 Fx+;. Furthermore, in view of the fact
that ~© the degree 0 part of ”, is trivial on I, (Lemma 2.1), we obtain the
required equality by taking (3.1) modulo Fy4j+1. O

This completes the proof of Proposition 3.1.

3.3 Sp(4;7Z){actions

For each k, GgF naturally has a structure of an Sp(4;Z){module in the fol-
lowing manner. The Torelli group 1, = F; is acted on by M5 via conjugation.
The Itration fFyg is preserved by this action of M so that GcF is an M»{
module. Since [I2; Fg] Fr+1 by Lemma 3.4, the action of I, on GkF is
trivial. Hence the above action of M descends to that of Sp(4;7Z).

Next we consider the natural action of Sp(4;Z) on G¢R for each k 0. Recall
that () denotes the composition of the expanded Jones representation * with
the projection R ¥ (R=R[k+1]) . Foreach 2 M, the correspondence x A

x = > )x>®( ~1) induces a structure of an M,{module on R=R[k + 1].
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Thus GkR R=R[k + 1] is an My{submodule. It is easy to see that the
following formula holds

x="O0) x *OC (3.2)

for 2 M, and x 2 G¢R. Here the multiplication in the right hand side is
meant by the one in the graded algebra GR. Now the triviality of >© on I,
(Lemma 2.1) implies that the action of M, on G¢R factors through Sp(4;Z).

Proposition 3.5 The embedding of Lie algebra G : GF ¥ GR is Sp(4;7Z){
equivariant.

Proof Itsu cestoshowthat ( D= ()for 2M,y, 2F. By
de nition,we have ( ~1)="7() ( )?( 71). Thus taking the mod R[k +1]
classes, we have ( ) =7OC) () O aselements of GR. In
view of (3.2), this is nothing but  ( ). O

4 The structure of GyR

4.1 Irreducible representations of Sp(4; Q)

Now we recall the description of irreducible representations of the algebraic
group Sp(4; Q). We follow the book of Fulton and Harris [7]. Let sp(4; C) be
the Lie algebra of the symplectic Lie group Sp(4;C), and let h be its Cartan
subalgebra consisting of diagonal matrices. Choose a system of fundamental
weights Ly and Lp: h ¥ C as in [7]. Then for each pair (a;b) of non-negative
integers, there exists a unique irreducible representation of Sp(4; C) with high-
est weight alL; + b(L; + Ly). We denote this representation by 5., following
[7]. These are all rational representations de ned over Q so that we can con-
sider them as irreducible representations of Sp(4; Q). We will understand that
the same notation 5, also denotes the representation space over Q of the
corresponding representation in the obvious manner. For example the trivial
representation Q = Np;p, Hg = H1( 2;Q) = IN1;p and 2H@=!Q = Ip;1 Where
I denotes the symplectic class.

4.2 The action of Sp(4; Q) on GkR

For an Sp(4; Z){module V , let Vg denote V L[ In view of (3.2), it is easy to
see that the Sp(4;Z){module GkR is isomorphic to (*© (1@) )q where
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denotes the dual of a representation. By Lemma 2.1, we have ’g) = Tlp.1 [sgh,
which is only an Sp(4;Z){module. However, the triviality of sgn [sgh =

sgn [Csgh implies that

(@ 1) )g =To1 [T3; =Tox [T
so that GxR can be naturally considered as an Sp(4; Q){module. Here we have
used the self-duality for general symplectic modules to deduce the last equality.

Furthermore, the decomposition of p.; [Td.41 into irreducible modules is well
known (eg [7, section 16.2]), which implies the equality

GkR = ro;z rg;o ro;ol (4.1)

4.3 Weight spaces of GxR

Now we explicitly describe the decomposition of GkR = INp;; [T, into weight
spaces and determine the submodule o2 in terms of weight spaces. Recall
that we have xed the basis ftj;i = 1;::: ;59 of 2H=1Z in (2.3). The ftg
also serves as a basis of Moy = ( 2H=1Z) [CQ in the obvious manner. All
the members t;’s are weight vectors in Np.; and the corresponding weights are:
(L; +L2), —(L; +Ly), 0, (L1 —Lp) and (—L; + L) fori =1, :::, 5,
respectively. These can be deduced from the description of the weight spaces
for the fundamental representation Hg = Hi( 2;Q).

Now let ft; g denote the dual basis of ftjg, and let e;;; denote t; Ith__IZ Mo:1 [l .
Then fe;j;jg forms a basis of ;3 [Tl; . Furthermore, each e;;j is a weight vector
and its weight is given by the weight of t; minus that of t;. Consequently, we
can obtain the decomposition of I'p;; [T, into weight spaces as given by Table
1. Each row of Table 1 consists of a weight appearing in I'p;; [T, and a basis
for the corresponding weight space. The identi cation of g3 [Tl; = End (IMo;1)
with GR is given as follows. Let Ejj 2 M(5;Q) denote the matrix form of
ei;j 2 End (p;1) with respect to the basis ftjg. As was observed in the proof of
Lemma 2.1, o is identi ed with >© [sgh via the matrix F given by (2.4).
Then the desired identi cation is given by the correspondence

ei;j @ hFEijF ™ mod R[k + 1]: (4.2)

Next we describe the weight spaces of p-». Note that Np.» is the highest weight
submodule of Mp;; [T, . Recall from the general representation theory that the
highest weight submodule is generated by the images of a highest weight vector,
which are also weight vectors, under successive applications of the negative root
spaces of the Lie algebra. Due to this fact, we can obtain the weight spaces of
o:2 starting with a highest weight vector e;.,. The result is given by Table 2.
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Table 1: The weight spaces of ;3 [T

Weight | A basis for the weight space

2(L1 + L2) fel;zg

L1+ Ly | fers;esg

2L | fey;s;es;20

2L, | feys;es;20
2(L1 — L) | fess0

L1 — L, | fess;ea3g

0| feiisi=1;:::,;5¢9

—L1+ L2 | fes es;30
2(—L1 +L2) | fesug

—2L, | fey;s; €410

—2L1 | feyas;es;10

—(Ly +Lp) | fexs;es0
—Z(Ll + L2) fEQ;lg

Table 2: The weight spaces of p:2

Yasushi Kasahara

Weight | A basis for the weight space
2(L1 + L2) fel;zg
L+ Lo fel;g + 263;29

2L, fe1;5 + €4:20
2L, fe1;4 + €s5:20
2(L1 —L2) | Tessg
L1 — Lo f64;3 + 283;59

0 | f(ew1 +e2;2) — (a4 +€5;5); 2€3:3 — (1,1 + €2:2)0

L, — Ly | f2e3.4 +e5:30
2(L2 - Ll) fe5;4g
—2L | feps +e€4:10
—2L, | fezs +e5:19
—(L1 +L2) | fexz +2e3.49
—Z(Ll + L2) er;lg

5 Proofs of Theorems

First of all, by virtue of the following general proposition, the action of Sp(4; Z)
on GkF described in section 3.3 can be extended to an action of Sp(4;Q) on
GkFg = GkF [ so that G [Qlis an Sp(4; Q){equivariant homomorphism
between graded Lie algebras over Q.
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Proposition 5.1 (Asada{Nakamura [1, (2.2.8)]) Let g 1. If L isa Z{
submodule of a rational nite dimensional Sp(2g; Q){module V which is stable
under the action of Sp(2g;7Z), then L LQI V is also stable under the action

of Sp(29; Q).

5.1 Proof of Theorem 1.1

In view of (4.1), it su ces to show that 1(F1)g = lNo2 G1R. As was
explained in section 2.3, F; = I, is the normal closure of ¢, the Dehn twist
along the separating simple closed curve Cy. Thus 1(F3) is the minimal Z{
submodule of G1R which contains 1( ) and is invariant under the action of
Sp(4;Z). A direct computation shows that

o 1
6h 0 0 0 O

0 6h 0 0 O
(o) F BO 0 —2sh 0 0% F! modR[2]

0 0 0 ©6h O
0 0 0 0 6h

where the matrix F is the one given in (2.4). This corresponds, under the
identi cation (4.2), to

—12(2e3;3 — (1,1 + €2;2)) — 6((e1;1 + €2;2) — (€44 +€55)) 2 o1 [Td4:

In view of Table 2, this is a weight vector of o, o1 [T°d; with weight 0.
Thus we have 31(F1) To.2. Now we can apply Proposition 5.1 to conclude
that 1(F1)Q = ro;z. O

5.2 Proof of Corollary 1.2

We freely use the notation of [16, section 5] for Johnson homomorphisms. To
prove Corollary 1.2, we have only to prove that there exists an Sp(4;Q){
equivariant isomorphism f: 1(I2)g ¥ 2(2)(12)o = 2(2)(12) C@Q@such that

f 1 0)= 220( 0): (6.1

As mentioned in Introduction, it is well known that >(2)(l12)q is isomorphic
to lNo.2, and hence there exists an essentially unique Sp(4;Q){isomorphism
between 1(I2)g and 2(2)(12)g. However, the existence of f satisfying the
condition (5.1) does not follow from this fact directly. We need an analysis of
the images of o under both 1 and >(2) in terms of highest weight vectors.
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Recall that 1(12)q is generated by the images of its highest weight vector under
the action of the universal enveloping algebra U of sp(4;Q). Thus 1( o) can
be expressed as Z ej., for some xed element Z 2 U.

On the other hand, an explicit computation of 4:1(2), a relative version of ¢(2),
has been given by Morita [13]. We can combine this result with the relationship
between 4:1(2) and 4(2) explained in [16] to obtain the description of ¢(2).
More precisely, we can describe (a) the decomposition of »(2)(l2)q into weight
spaces together with the action of sp(4;Q); (b) an expression of 2(2)( o) in
terms of weight vectors. As a result, we can choose a highest weight vector
vo of 2(2)(12)q such that ,(2)( o) = Z vo. If we take T to be the unique
Sp(4; Q){equivariant isomorphism which sends ej., to vg, then it satis es the
condition (5.1). This completes the proof of Corollary 1.2. O

5.3 Proof of Theorem 1.3

We show that the desired submodules come from the lower central series of the
Torelli group fl[k]g where 1[1] = 1, and 1[k+1] is de ned recursively by 1[k+
1] = [lI2; 1[K]] for kK 1. More precisely, let GDg denote the Lie subalgebra
of GFg generated by GiFg. We write GyDg for its homogeneous component
of degree k so that we have G1Dg = G1Fg and Gx+1Dg = [G1Dgq; GkDg]
Gk+1Fq for k 1. Itis obvious that GyDg = k(I[k]=1[k+1]) CQ1 We assert
that
2.0 for k even

o2 for k odd

as a submodule of End (I"p:1) under the identi cation of (4.2). Under the same
identi cation, the Lie bracket [ ; ]: GkR [CGR ¥ Gg+ R corresponds to the
standard Lie bracket in End (I"o:1) given by [A; B] = AB —BA. Since we have
already seen that G1Dg = g2, the assertion above follows from the next two
equalities in End (Ip:1):

GkDQ =

[Fo:2; To;2] = M20
[Co:2; M2:0] = o2
These equalities can be checked as follows. First we can easily see that the

Lie bracket is Sp(4; Q){equivariant so that both the left hand sides above are
direct sums of some of g2, 2.0 and Mpp.

Next, we can use Table 2 to compute the dimensions of weight spaces in
[[Co:2; To:2] with weights 2(L; + Ly), 2L; and O, respectively. The results are
0, 1 and 2, respectively. Thus the highest weight of [["o.2; o:2] is 2L1, which
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implies that o2 6 [[o:2;T0:2] and M0 [[o:2;Mo:2]. Finally we can see that
lMo:0 6 [Mo:2; Mo:2] by comparing the dimension of the weight space of weight 0
in [[o:2; Fo:2] with that in My,o (cf [7]). This concludes the rst equality.

Now with the assistance of the rst equality, we can easily describe the whole
weight spaces of 2.0 = [[0:2;T0:2]. Then the second equality follows from a
similar argument. This completes the proof of Theorem 1.3. O

6 The relation with the Casson invariant

In this section, motivated by Corollary 1.2, we discuss a possible relation be-
tween the Jones representation  and the Casson invariant of homology 3{
spheres, and pose a related problem.

We rst recall the description of the Casson invariant, denoted by , in terms
of mapping class groups of surfaces by Morita. We refer to [13], [14] for further
details. As before, let 4 be a closed oriented surface of genus g 2, and let
My be its mapping class group. Also, let Ky be the subgroup of Mgy generated
by all the Dehn twists along separating simple closed curves on 4. Given a
homology 3{sphere M together with an embedding f: 4 ¥ M, the Casson
invariant gives rise to a homomorphism ¢: Kg ¥ Z. Roughly, ¢ is de ned
by ()= (M )— (M) for 2Ky where M is the homology 3{sphere
obtained from M by rst cutting along f( 4) and then regluing by . Fur-
thermore, ¢ can be decomposed as a sum of two Q{valued homomorphisms:

1
= ——d; +0f:
f o2 %1 gr

Here the homomorphism d; coincides with a secondary invariant which arises
from Morita’s theory of secondary characteristic classes of surface bundles ([13],
[15], [16]). In particular, d; is independent of the choice of the pair (M;T),
and is invariant under the conjugation action of Mgy on Ky. It is known that
such a Q{valued homomorphism of Ky is unique up to nonzero scalars ([14,
Theorem 5.7]).

On the other hand, the homomorphism q¢ factors through ¢(2) and depends
on the choice of (M;f).

Now we assume that g = 2. Note that K, = I, as mentioned before. In view
of Corollary 1.2, we see that gf factors through . Thus we may say that
contains the full information of , in the case of g =2, if and only if contains
the information of d;.
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Now we set Z = I,=Kerd;, and Z = (1,)= (Kerd;) for an arbitrary homo-
morphism  of 1,. Note that Z is isomorphic to the in nite cyclic group Z and
Z is a quotient of Z. Under these notation, the information of d; contained
in  concentrates on the cyclic group Z . On the other hand, we can easily see
that Kerd; = [M5; 1,]. We thus have the following:

Proposition 6.1 The homomorphism d; factors through the Jones represen-
tation if and only if

Z = (I2)= ((Mz; 12]) = Z: (6.1)
At the moment, we do not know whether the equality (6.1) is true or not.
Problem 6.2 Determine the order of the cyclic group Z .

Remark 6.3 (1) If the order of Z is nite, then it implies that is not
faithful on 1.

(2) Our previous result [10] implies that the order of Z is at least 10.

(3) For any reduction r of , the computation of Z, would be helpful in
estimating the order of Z . With such an expectation, we considered the
cases r = W and r = *@ . As a result, we obtained the isomorphisms

Z-y =2 22) = 7=10; Z-. = 7=10

by computer calculations.

In view of the above, it remains possible that the order of Z is exactly 10.
In any case, it might be interesting to note that Z=10 is isomorphic to the
abelianization of M.

References
[1] M Asada, H Nakamura, On graded quotient modules of mapping class groups
of surfaces, Israel J. Math. 90 (1995) 93{113
[2] D Bar-Natan, On the Vassiliev knot invariants, Topology, 34 (1995) 423{472

[3] IS Birman, Mapping class groups of surfaces, AMS Contemporary Mathe-
matics 78 (1988) 13{43

[4] JS Birman, New points of view in knot theory, Bull. Amer. Math. Soc. (N.S.)
28 (1993) 253{287

Algebraic & Geometric Topology, Volume 1 (2001)



The Jones representation 55

5]
6]
[7
]
9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

JS Birman, H Hilden, Isotopies of homeomorphisms of Riemann surfaces
and a theorem about Artin’s braid group, Annals of Math. 97 (1973) 424{439

JS Birman, XS Lin, Knot polynomials and Vassiliev’s invariants, Invent.
Math. 111 (1993) 225{270

W Fulton, J Harris, Representation Theory, Graduate Texts in Math. 129,
Springer{\Verlag (1991)

S P Humphries, Normal closures of powers of Dehn twists in mapping class
groups, Glasgow J. Math. 34 (1992) 313{317

V F R Jones, Hecke algebra representations of braid groups and link polynomi-
als, Annals of Math. 126 (1987) 335{388

Y Kasahara, The Jones representation of genus 2 at the 4-th root of unity
and the Torelli group, preprint

M Lazard, Sur les groupes nilpotents et les anneaux de Lie, Ann. Sci. Ecole
Norm. Sup. (3) 71 (1954) 101{190

W Magnus, A Karrass, D Solitar, Combinatorial Group Theory, Inter-
science Publ. (1966)

S Morita, Casson’s invariant for homology 3-spheres and characteristic classes
of surface bundles I, Topology, 28 (1989) 305{323

S Morita, On the structure of the Torelli group and the Casson invariant,
Topology, 30 (1991) 603{621

S Morita, Casson invariant, signature defect of framed manifolds and the sec-
ondary characteristic classes of surface bundles, J. Di erential Geometry 47
(1997) 560{599

S Morita, Structure of the mapping class groups of surfaces: a survey and a
prospect, from: \Proceedings of the Kirbyfest", Geometry and Topology Mono-
graphs, Vol. 2 (1999) 349{406

J Powell, Two theorems on the mapping class group of surfaces, Proc. Amer.
Math. Soc. 68 (1978) 347{350

Department of Electronic and Photonic System Engineering, Kochi University of
Technology, Tosayamada-cho, Kagami-gun, Kochi, 782{8502 Japan

Email: kasahara@ele._kochi-tech.ac.jp

Received: 18 October 2000

Algebraic & Geometric Topology, Volume 1 (2001)



