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NOTES ON STRUCTURE OF COMPLETE DISCRETE
VALUATION RINGS

BY ToMASzZ GRYSZTAR

Abstract. This note shows how the structure of a complete discrete val-
uation ring can be derived from some ring of formal Laurent series and its
natural valuation. Later there are introduced infinite coordinate systems
on such ring, and some properties of the operations on those coordinates
are shown. In a special case of p-adic field there is shown how the sum of
two p-adic numbers can be approximated with the elementary operations
on the coordinates only.

1. Discrete valuations. Let K be any field. A discrete valuation on K
is a mapping v : K \ {0} — Z with additional value v(0) = oo such that for
any z,y € K:

v(z-y) =v(z) +v(y)
and
v(x +y) > min{v(z),v(y)},

with the rule that a < oo for any a € 7.

Given a field K with a valuation v, the set R, = {z € K : v(z) > 0} is
a ring with the unique maximal ideal M, = {x € K : v(z) > 0}. The R, is
called the valuation ring of v. The R,,/M, is a field, which is called the residue
field of the valuation ring R,,.

If we fix any a € (0,1) C R, then the valuation v induces a norm on K,
defined as || = ||= a*® for an € K\ {0} (with || 0 || set to be 0). The
metric induced by such norm makes K an ultrametric space and its topology
is independent of the choice of a. Thus we will refer to this topology directly in
the terms of v. For example, the sequence of elements zg, z1,... € K converges
to zero if and only if v(z,) — oco.
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We will call a sequence zg, x1, ... € K a Cauchy sequence iff for any M € 7,
there exists NV € N such that for all m,n > N:

V(T — Tp) > M.

This is equivalent to the fact that the sequence is a Cauchy sequence in any
metric induced by v. The field K with a discrete valuation v such that every
Cauchy sequence has a limit in the topology induced by v will be called a
complete discrete valuation field.

THEOREM 1.1. Let K be a complete discrete valuation field with valuation
v. For any sequence xq,x1,... € K, the series:

o0
>
n=0

converges if and only if x, — 0.

The proof of this fact may be found in [I] (chapter II, 1).

2. Structure of a complete discrete valuation field. Let K be a field
complete with respect to a valuation v : K — 7ZU{oo}, let R, and M, be the
valuation ring and its unique maximal ideal. Choose an m € K such that
v(m) = 1. Then M, = (m) and m is called a uniformizing element of R,.

Let A be any subring in the R, and A((X)) a ring of formal Laurent series
in one variable. Any element of A((X)) can be written in the form:

f — ZaanJ’_OrdX(f).

n=0

Now for such Laurent series we may define f(m) € K as the sum of the series:
[e.9]
Fm) =3 apmrorix(s),
n=0

which converges, since v(a,m" ")) — 0o (as v(a,) > 0 for each n). The
mapping
Um : A((X)) 5 f = f(m) € K

is a homomorphism of the rings. Our objective is to show that if A has
some additional property, then W,, is an epimorphism, K is isomorphic to
A((X))/ker¥,,, and the valuation v can be derived from ordx.

Let k be the residue field of R,. A set T' C R, is a set of representatives for
K if it is mapped bijectively on k under the canonical map R, — R,/M, = k.

Let T be a set of representatives for K and x = x¢ be any element of
R,. There exists exactly one a9 € T such that z9p — ag € M, (also note
that if zy ¢ M, then a9 ¢ M,). Inductively, if x,, € R,, then there exists
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exactly one a, € T such that z, = a, + xp+1m, where z,41 € R,, and
2o = ag+a1m + ...+ ap,m™ + x,ym" . From this follows:

[e.¢]
T = E anm™.
n=0

Now let y be any non-zero element of K. Let x = y-m ™", then v(z) = 0
and x can be written as the sum of series as the one above, with ag ¢ M,,.
Thus:

o0
y = Z anmn-"_’u(y)‘
n=0

THEOREM 2.1. Let K be a complete discrete valuation field, with valuation
v and the valuation ring R,. Let A be a subring in R, such that A contains a
set of representatives for K, and let m be a uniformizing element of R,. Then
the mapping
Uyt A(X) 2 f— f(m) e K
is an epimorphism such that v(z) = max{ordx(f) : f € ¥, (z)} for each
e K.

PrOOF. We already know that W,, is a homomorphism. Let T" C A be
a set of representatives for K. Then, as we have already seen, each non-zero
element z € K can be written as:

oo
x = g anm" @),
n=0

where qg is a unit in R,. Thus x = U,,,(f), where:
o0

fo(X) = Z aan—i-v(ﬂJ)’
n=0

and so Uy, is an epimorphism. Also, since ordx (f;) = v(z), then

v(z) < maz{ordx(f): f € ¥, (x)}.
Let g € A((X)) be a series such that ordx(g) > v(z). Then:

(f = 9)(X) = aoX"™) + 3" b, X"
n=1
with some b, € A. From this follows that v((f — g)(m)) = v(x), so f — g ¢
kerW,,, and thus g ¢ W, 1(x). Therefore, ordx(g) < v(x) for each g € ¥, 1(x)
and so:
v(z) = maz{ordx (f): f € U, (2)},
which completes the proof. ]
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From the formula for valuation v in the theorem above, for z € R, there
exists f € U 1(x) such that v(z) = ordx(f), and so f € A[[X]]. Conversely,
for any f € A[[X]]:

v(¥m(f)) = ordx(f) = 0.
Therefore, ¥,,(A[[X]]) = Ry, and for any = € R, holds:

v(x) = maz{ordx(f): f € ¥, (z) N A[[X]]}.

We will now apply this theorem to an example. Fix a prime p and let
K = Q, be the field of p-adic numbers and v = ord), the p-adic valuation
(their detailed description may be found in [1]). The R, = Z, is called the
ring of p-adic integers. The T'= {0,1,...,p — 1} is the set of representatives
for Q,, and so we can take A = 7, a minimal subring of 7, that contains 7T'.
The element p of the ring 7, is an uniformizing element of this ring, so we can
define ¥, that maps Z((X)) onto Q,,.

We know that any element = € Q, has a unique representation:

9]
T = Z anpn-i—ordp(az)’
n=0

with a, € T for all n. It means that x is the isomorphic image of the class of
equivalence for the series in 7((X)) with all the coefficients in 7. Therefore,
for any f € Z((X)) we may find such f, € Z((X)), that f — f, € ker¥, and
fp has all coefficients in 7. We will call such f, a base p reduction of f. For
example, if we take x = (p—1) + (p — 1)p, y = 1 and sum their corresponding
power series, the result is p + (p — 1) X. The reduction of such power series is
X2, obtained by the substraction p+ (p — 1) X — X? € ker¥,,.

3. Coordinate systems on discrete valuation rings. Let K, v, R,
and M, be as in the previous section. Let us choose m — an uniformizing
element of R, and T — a set of representatives for K.

We have seen that each element x € R, (including zero) may be obtained

as a sum:
o0

T = E apm',
n=0

where each a,, is an element of T" and a,, € M, for any n < v(z). Thusif 0 € T,
then a, = 0 for n < v(z), and if we represent = as in the proof of theorem
(with the assumption that z is non-zero):

T = i bym" V@)
n=0

then by, = a,,14(z), and so those two representations are equivalent.
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The choice of T and m such that m is an uniformizing element of R, and
T is a set of representatives for K such that 0 € T" will be called a coordinate
system on R,. We will call the set T' the set of coefficients for this system.
Each element x € R, is then uniquely determined by a sequence of elements

of a,, € T such that: ~
T = Z apm”.
n=0

We will call the coefficients a, the coordinates of x in the given coordinate
system.

Because each element a € T' corresponds to unique element [a] € k (where
k is the residue field of K), the system of coordinates gives us also a bijection
between elements of R, and k:

®:R, 3 apm” > ([ag),[a1],...) € V.

n=0

On kY we have a natural structure of a ring, with operations defined as:

(o, 1,...) + (Yo, ¥1,---) = (o + Yo, 21 +y1,...)
and
(960,961, .- -) : (yo,y1, .. -) = (300 “Y0,%1 "Y1, - - -),

where (zg,z1,...) and (yo,%1,...) are any elements of kY. Therefore, through
® we may define the additional operations on R, for any =,y € R, defined as:
Dy =0 (2(x) + 2(y))
and
2Oy =07 (0() - (y)).
The set R, with operations & and ® — induced by the chosen coordinate
system — forms a ring, with a characteristic equal to the characteristic of k.
The unit of this ring is the element T = ®~1(1,1,1,...). We are going to denote
a=®"1(a,a,a,...) for any a € k. It follows from the definitions that for any
a,bekthereisa+b=a®banda-b=a®b.

Since v has a simple interpretation in term of the coordinates, it is a
straightforward conclusion from the definitions, that v(z®y) > min(v(z),v(y))
and v(z ©y) > max(v(z),v(y)) for any =,y € R,.

If . =5 02 a,m™ then it is easy to verify that © ©® m™ = a,m". This
allows to recover the coordinates of a particular element of R, given the ®
operation, and any element z € R, may be represented in the following form:

oo
T = E zoOm".
n=0
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This example shows that operations induced by a coordinate system may
provide some insight into the algebraic structure of R, itself. Because of their
relatively easy computability, it may be interesting to find out whether it may
be possible to find formulas that would allow to compute the results of standard
operations on R, using only the elementary operations on the coordinates of
those values. This would not be possible if we exclusively considered & and
® as such elementary operations, since with those operations the result has
the coefficient at any given position dependent on the coefficients on the same
positions in the operands only. For this reason we are going to use one more
operation as an elementary one — the shift of coefficients.

Shifting the coefficients of any element = € R,, one position to the right is
exactly the same operation as multiplying (in the standard sense) this element
by m. For this reason we will use the mx symbol to represent z shifted one
position to the right, and m”z to represent the result of applying such shift n
times (which results in x shifted right by n positions).

To make some of later formulas simpler, we are going to give the @ and
® operator a priority over + and -, so z @y + z = (z ® y) + z. However, we
are going to use shift operator as having priority over & and ®, and to avoid
the resulting ambiguity we will always explicitly state the - operator when it
is used and is not a shift operation. So, for example, mx & y = (mzx) @ y, but
m-z®y=m-(zdYy).

Since both @& and ® break down to the operations on the coefficients on
parallel positions, and the shift just moves the coefficients one position to the
right, it is easy to see that mz @ my = m(z @ y) and mz ©@ my = m(zx ©y) for
any x,y € R,. Also, for any a € k, there is @ © mz = m(a © x).

4. Approximating the sum of p-adic numbers. Let us go back to the
example of the field of p-adic numbers. There is a canonical coordinate system
on 7, given by the set of coefficients T' = {0,1,...,p — 1} and uniformizing
element p, and we are going to use this coordinate system throughout this
section. We will also often call the coefficients of this system the p-adic digits.
The residue field of Z,, is F},, the field of numbers modulo p. We are also going
to denote the ring (Z,, ®, ®) with the symbol Z?’Q as opposed to simple 7,
meaning the ring (Zp, +,-) with @ and ® as additional operations.

In this section our goal is to provide formulas for calculating any given
number of digits of sum of two p-adic numbers, using the three elementary
operations: @, ® and the shift (multiplication by p) only.

First we are going to construct C' € Fp[X,Y], such a polynomial that
for any x,y € {0,1,...,p — 1} it has value C([z],[y]) = [1] if z +y > p and
C([z], [y]) = [0] otherwise. We start with defining for any a,b € {0,1,...,p—1}
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the polynomial:

D)= [ x+f)- ] v+

0<i<p—1 0<i<p—1

i#p—a i#p—b
Obviously, Dgp([z],[y]) = [0] for any z,y € {0,1,...,p — 1} unless z = a
and y = b. The value of D, ([a], [b]) is the product of two values, each being
the product of all non-zero values of Fj,. Since F), is a field, such product
has to be the unit, as for any element in the first product, there is exactly
one element in second product being the inverse element of the former. Thus
Da,b([a]7 [b]) = [1]

Now, in order to construct the required polynomial C' it is enough to sum

the polynomials D, for any a,b € {0,1,...,p — 1} such that a +b > p.
Therefore, we may define C' as:

p—1 4
C(X,Y) = Z Z Di,P—j(X’ Y).

i=1 j=1

For example, for p = 2, C(X,Y) = XY and for p = 3, C(X,Y) = X(X +
)Y (Y +[2]) + X (X +[2)Y (Y +[2])) + X (X +[2]))Y (Y + [1]), which upon the
reduction becomes C(X,Y) = 2] XY (X +Y + [1)).

Consider now the polynomial C € 72" ®[X,Y] being the polynomial C
transformed through the mapping which maps each coefficient a of polynomial
from F,[X,Y] into the coefficient @ of polynomial in 7 “[X,Y]. For instance,
forp=2,C(X,Y) = XOY,and forp = 3, C(X,Y) = 2]oX0Yo(XaY®[1]).

Directly from definitions it follows that for a,b € {0,1,...,p — 1} there is
C(a,b) = 0 when a + b < p and C(a,b) = 1 otherwise. Because polynomial
C has no constant term, and all of its coefficients are of the form [a] for some
a € Fj,, we may use the formulas given at the end of previous section to prove
that C(px,py) = pC(z,y) for any x,y € Z,. It is also true for all such z,y
that C(pOz,pey) = p©®C(x,y), since p@p = p and C has no constant term.

THEOREM 4.1. Let Z, be the ring of p-adic integers with operations &
and © induced by the canonical coordinate system, and the polynomial C €
729X, Y] defined as above. For any x,y € Zp there holds:

z+y=z®y+pC(z,y).

PRrROOF. For any given n, let us take z, = 2 O p" = an - p", yp = Yy ©
p" = by - p", where a,,b, € {0,1,...,p—1}. a, + b, = (¢, - p+ dy), with
0 <d, < p and ¢, being either zero when a,, + b,, < p, or 1 otherwise, which
gives ¢, = C(ap, by). In F,, then [ay] + [by] = [dy]; therefore, z,, Dy, = dy, - p™.
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Finally:
Tn +Yn = (cn -p+ dn) . pn =Tn®DYn+p- (pn : Cn) =ZTn® Yn +p(pn6(an7 bn))
=Zn D Yn +p€(pnan7pnbn) =2n DYn + pé(xnv yn)-

Now let us go back to the complete values of  and y:

x—i—yzZm@p —i—Zy@p Z(pr"+y®p”)

n=0
= Z(xn + yn) = Z(xn D yn + pé(mn, yn))
n=0 n=0
= Zmn S Yn + Zpé(xnayn)
n=0
=Y @op)eyop)+py Clop',yop®)
n=0 n=0

[ee]
Zm@y ) ©p" —i—pZC:cy p"
=0 n=0

=z@&y+pC(z,y).

All the operations on infinite sums performed above are allowed, since all
the series here converge, as in each one the elements are divisible by linearly
progressing powers of p with n rising. This completes the proof of the theorem.

O

The formula proved above gives us the first approximation of the sum x4y,
as it shows that v(z +y — 2 @ y) = v(pC(z,y)) > 1. This means that x @ y is
an approximation of at least one digit of x + y, which is an quite obvious fact.
However, since every term in the polynomial C is a multiple of both X and
Y, it is always true that v(C(x,y)) > v(y) and thus if we have any formula
of the form z +y = A, (z,y) + Ru(x,y) with v(R,(z,y)) > n, then by apply-
ing the formula from the theorem above once more to the right-hand side of
the equation, we get = +y = An(z,y) ® Rn(z,y) + pC(An(z,y), Rn(z,y)),
and v(pC(An(z,y), Ro(z,y))) > n+1. This allows us to recursively get
the approximation of any required accurateness. We start from A;(x,y) =
r @y and Ry(x,y) = pC(z,y), and continue inductively with A, 1(z,y) =
Aﬂ(mvy) D Rn(.l?,y) and Rn+1($,y) = pC(An(l’,y),Rn(.’E, y)) By inUCtiOH,
x+y = An(z,y) + Ry(x,y) and v(Ry(z,y)) > n for all n. Because A, (z,y)
is obtained solely through combinations of the & operation, polynomial C' and
shift, it fulfils the goal stated for this section.
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Ay (x,y) approaches = + y as n approaches infinity, and since

A”(x>y) =rDYD @Rl(xvy)7
=1

we may conclude that:

o0
r+y=20y®PRi(z,y).

i=1
We are now going to fix p = 2 and show how it works in this simple case.

As F5 is a boolean ring, so is the Zga,@; thus, x @z =z and x @& x = 0 for any
x € 7Zo.

THEOREM 4.2. Let Zso be the ring of 2-adic integers with operations ® and
® induced by the canonical coordinate system. For any x,y € Zo there holds:

o
r+y=20y® Ru(z,y),

n=1

where:
n—1
Ry(z,y) =2"(x0y) 0 (D2 (xdy).
i=1

ProoOF. Note that v(R,(z,y)) > n for any =,y € Z2. We are going to
prove that for any N:
N-1
(1) r+y=20y® P Rulz,y) + Bn(x,y)
n=1
and this will be enough to prove the theorem, as it shows that the difference
between the x + y and the partial sum of the series from the statement of the
theorem has the valuation at least N, and thus approaches zero.
Since in the case p = 2 the polynomial C has form C(X,Y) = X O Y,
applying Theorem we obtain the formula:

(2) r+y=z@y+2(x0y)

for any z,y € Zs. This formula is identical to (1) for the case of N = 1,
because Ri(z,y) = 2(z ®y). We will now prove (1) by induction for all other
values of V. Assume that we have established the formula:

N-2
r+y=20y® P Rulx,y) + Ry1(z,y)

n=1
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and let us apply formula to the right-hand side of this equation:

N-2
r+y=20y® P Rulz,y) ® Ry_1(z,y)
n=1
N-2
+2 <<:z: Dy D @ Rn(az,y)> @RN_l(a:,y)>
n=1
N-1
=2 ®y® P Ralz,y)
n=1 N—-2
+2((z@y) © Ry1(z,y) @2 @D Rulz,y) © By_a(2,y).
n=1
Now:
N-2
2((z@y) ©@ Ry_1(z,y)) =2 oy) 022V 1z oy) @@2 (2(z @ y))

=1

=2N@oy o (@2”1 x@y)m(az@y):m(m,y),

so in order to finish the proof, it suffices to show that:
N-2
@ Rn(fE, y) © RNfl(l',y) = 0.
n=1

Notice that for any =,y € Zo:
TOYOEdY) =20z0yYdr0yy=c20ydxoy=0.

Therefore, for any n and m such that m < n: .
e

2™z ©y) © Ru(w,y) =2" (2 0y) 02"z 0 y) © (D2(z&y) =0,
i=1
because 2 (x ® y) multiplies to zero with the 2¢(z @ y) for i = m. And thanks
to this, we obtain:

for any n and m such that m # n. This completes the proof. O
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