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GENERATORS OF RINGS OF CONSTANTS OF DERIVATIONS

by Piotr J ↪edrzejewicz

Abstract. The aim of this paper is to summarize some motivations and
results concerning generators of rings of constants of derivations, especially
in the positive characteristic case.

1. Preliminaries. Let k be a field of characteristic p > 0. Denote by k[X]
the polynomial algebra k[x1, . . . , xn] and by k(X) the field of rational functions
k(x1, . . . , xn). A k-linear mapping d : k[X] → k[X] is called a k-derivation of
k[X] if

d(fg) = fd(g) + gd(f)

for all f, g ∈ k[X]. For any g1, . . . , gn ∈ k[X] there exists the unique k-
derivation d of k[X] such that

d(x1) = g1, . . . , d(xn) = gn.

This derivation is of the form

d = g1
∂

∂x1
+ . . . + gn

∂

∂xn
.

If d is a k-derivation of k[X], then, by k[X]d, we denote the ring of constants
of d:

k[X]d = {f ∈ k[X] : d(f) = 0}.

Denote, by k[Xp], the subalgebra k[xp
1, . . . , x

p
n] ⊆ k[X] and, by k(Xp), the

subfield k(xp
1, . . . , x

p
n) ⊆ k(X). In the case of p = 0 we put xp

i = 1, so k[Xp] = k
and k(Xp) = k. For every k-derivation of k[X] there is

k[Xp] ⊆ k[X]d,

so k[X]d is a k[Xp]-algebra.
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In [11] (see [9], 4.1) Nowicki obtained necessary and sufficient conditions
for rings of constants of derivations in the case of characteristic zero. Ana-
logical conditions in the case of positive characteristic are simpler (see [2],
Theorem 1.1).

2. Some general facts about the number of generators. Assume
first that char k = 0. We know that not all rings of constants of polynomial
derivations are finitely generated (Hilbert’s XIV Problem). Moreover, in the
case of n > 3, in [14] (see [9], 7.4), Nowicki and Strelcyn showed that every
nonnegative integer can be the minimal number of generators of a ring of
constants.

In the case of n = 2, in [13], Nowicki and Nagata showed that every
nonzero k-derivation of k[x, y] has the ring of constants of the form k[f ] for
some f ∈ k[x, y]. The properties of such rings were discussed in [10] (see [9],
5.2, 7.1, 7.2). Note also Miyanishi’s theorem ([8], see [1], p. 30) that every
nonzero locally nilpotent k-derivation of k[x, y, z] has the ring of constants of
the form k[f, g] for some algebraically independent f, g ∈ k[x, y, z].

Now assume that char k = p > 0. In this case all rings of constants
of polynomial derivations are finitely generated ([13]). In [13] Nowicki and
Nagata proved that if p = 2 and d is a nonzero k-derivation of k[x, y], then
k[x, y]d = k[xp, yp, f ] for some f ∈ k[x, y]. They also showed that if p > 2 and

d = x · ∂

∂x
+ y · ∂

∂y
,

then k[x, y]d 6= k[xp, yp, f ] for any f ∈ k[x, y]. In [7] Li proved that for this
derivation, the minimal number of generators of k[x, y]d, as a k[xp, yp]-algebra,
is equal to p− 1. In [6] Li proved that for every nonzero k-derivation of k[x, y]
the minimal number of generators is not greater than p− 1.

3. Example: linear derivations with rings of constants being gen-
erated by linear forms. Now k is a field of characteristic p > 0. A k-
derivation d : k[X] → k[X] such that

d(xj) = a1jx1 + . . . + anjxn for j = 1, . . . , n,

where aij ∈ k for i, j = 1, . . . , n, is called a linear derivation of k[X].
The motivation for studying rings of constants of linear derivations came

from the following results in the case of char k = 0:

– the well known description of linear derivations of k[X] with trivial ring of
constants, i.e., such that k[X]d = k,

– the description of linear derivations of k(X) with trivial field of constants,
i.e., such that k(X)d = k (Nowicki, [12]).
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General Questions:

1. When is k[X]d a polynomial k-algebra?
2. When is k(X)d a field of rational functions?

The answers to these questions are, in general, not known, so we can try
to find them in some special cases.

Specific Questions:

1. When is k[X]d = k[y1, . . . , yr, y
p
r+1, . . . , y

p
n] for some k-linear basis y1, . . . , yn

of kx1 + . . . + kxn (i.e., k[X]d = k[y1, . . . , yr] in the case of p = 0)?
2. When is k(X)d = k(y1, . . . , yr, y

p
r+1, . . . , y

p
n) for some k-linear basis y1, . . . , yn

of kx1 + . . . + kxn?

Theorem ([4]). Answer for Question 2: if and only if the matrix (aij) has
one of the following Jordan forms.

– In the case of p > 0:

ρ1 0
. . .

0 ρn

 ,



(
ρ1 1
0 ρ1

)
0

ρ2

. . .
0 ρn−1

 ,



ρ1 1 0
0 ρ1 1
0 0 ρ1

 0

ρ2

. . .
0 ρn−2


︸ ︷︷ ︸

only p = 2

,

where nonzero ρi are linearly independent over Fp (the prime subfield).
– In the case of p = 0:



J(ρ1) 0
. . .

J(ρm)
0

. . .
0 0


,



J(ρ1) 0
. . .

J(ρm) (
0 1
0 0

)
0

. . .
0 0


,

where ρ1, . . . , ρm 6= 0 are linearly independent over Z>0 and J(%i) is a Jordan
block with eigenvalue %i.

4. Example: monomial derivations in two variables with a single
generator of the ring of constants. When we think about effective methods
for computing rings of constants of derivations, then the main tool is van den
Essen’s [1] algorithm for computing generators for locally nilpotent derivations
in the case of p = 0, when the ring of constants is finitely generated. Okuda in
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[15] adapted this algorithm for arbitrary derivations in the case of p > 0. As
an example he computed generators for monomial derivations in two variables
in the cases of p = 2 and p = 3.

We here develop a different approach, because, for arbitrary p, we want to
find all monomial derivations with rings of constants generated by exactly one
element.

Let k be a field of characteristic p > 0. Let m, n, r, s be nonnegative
integers, m,n 6≡ −1 (mod p), and let α, β ∈ k \ {0}. Consider the following
examples:{

d1(x) = αxrp,
d1(y) = βysp,

k[x, y]d1 = k[xp, yp, βxysp − αxrpy],{
d2(x) = αx,
d2(y) = −αy,

k[x, y]d2 = k[xp, yp, xy],{
d3(x) = αyn,
d3(y) = βxm,

k[x, y]d3 = k[xp, yp, (n + 1)βxm+1 − (m + 1)αyn+1],{
d4(x) = αxrpyn,
d4(y) = β,

k[x, y]d4 = k[xp, yp, (n + 1)βx− αxrpyn+1],{
d5(x) = 0,
d5(y) = β,

k[x, y]d5 = k[xp, yp, x],{
d6(x) = α,
d6(y) = βxmysp,

k[x, y]d6 = k[xp, yp, βxm+1ysp − (m + 1)αy],{
d7(x) = α,
d7(y) = 0,

k[x, y]d7 = k[xp, yp, y].

Theorem ([3]). A k-derivation d of k[x, y] such that{
d(x) = αxtyu,
d(y) = βxvyw,

where α, β ∈ k, has the ring of contants of the form k[xp, yp, f ], where f ∈
k[x, y] \ k[xp, yp], if and only if d = xjyl · di, where j, l > 0, i ∈ {1, 2, . . . , 7}.

This theorem is a special case of a more general one, concerning deriva-
tions, which are homogeneous with respect to weights, because every monomial
derivation is homogeneous with respect to a suitable weight vector.

5. Derivations in positive characteristic, homogeneous with re-
spect to weights. Let γ = (γ1, . . . , γn) ∈ kn \ {(0, . . . , 0)}. For every r ∈ k

denote by k[X]γ(r) the k-linear span of all monomials xl1
1 . . . xln

n such that

l1γ1 + . . . + lnγn = r.
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A k-derivation d of k[X] will be called γ-homogeneous of degree s, where s ∈ k,
if d(k[X]γ(r)) ⊆ k[X]γ(r+s) for every r ∈ k.

Theorem ([3]). Let char k = p > 0, f ∈ k[x, y] \ k[xp, yp] and d be a
nonzero γ-homogeneous k-derivation of k[x, y]. Then k[x, y]d = k[xp, yp, f ] if
and only if

gcd (d(x), d(y))−1 · d = a · ∂f

∂y
· ∂

∂x
− a · ∂f

∂x
· ∂

∂y

for some a ∈ k \ {0}.

Note that γ-homogeneous polynomials of γ-degree 0 play a special role,
because if d(f) = 0 for some f ∈ k[x, y]γ(0)\k[xp, yp] and a nonzero k-derivation
d of k[x, y], then

k[x, y]d = k[x, y]γ(0).

The equality k[x, y]γ(0) = k[xp, yp, f ], where γ = (λ, µ), holds in the following
three cases only:

• λ + µ = 0, f = axy + g,
• λ = 0, f = ax + g,
• µ = 0, f = ay + g,

where a ∈ k \ {0} and g ∈ k[xp, yp].

6. More generators. If char k = p > 0 and d is a nonzero k-derivation
of k[X], then

k[X]d = k(xp
1, . . . , x

p
n, f1, . . . , fm) ∩ k[X] = k(Xp)[f1, . . . , fm] ∩ k[X]

for some f1, . . . , fm ∈ k[X], m < n.

Good Question: When is k[X]d = k[xp
1, . . . , x

p
n, f1, . . . , fm]?

Theorem ([5]). Let k be a field of characteristic p > 0 and f1, . . . , fm ∈
k[X] be eigenvectors of some k-derivation of k[X] with eigenvalues being lin-
early independent over Fp. Then:
a) k(Xp)[f1, . . . , fm] ∩ k[X] is a free k[xp

1, . . . , x
p
n]-module with a basis{

fα1
1 . . . fαm

m

gα
; 0 6 α1, . . . , αm < p

}
,

where gα is the least common multiple of all divisors of fα1
1 . . . fαm

m , belong-
ing to k[xp

1, . . . , x
p
n].

b) k(Xp)[f1, . . . , fm] ∩ k[X] = k[xp
1, . . . , x

p
n, f1, . . . , fm] if and only if f1, . . . ,

fm are pairwise coprime and have no multiple factors and no factors from
k[Xp] \ k.
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Let us conclude with some “effective methods” questions.

Specific Question: Given f1, . . . , fm ∈ k[X], p > 0. Can we compute
generators of the k[Xp]-algebra

k(Xp)[f1, . . . , fm] ∩ k[X]?

General Questions:

1. Given f1, . . . , fm ∈ k[X]. Can we compute generators of the k-algebra

k(f1, . . . , fm) ∩ k[X],

if it is finitely generated?
2. Can we prove that such algorithm does not exist?
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