
UNIVERSITATIS IAGELLONICAE ACTA MATHEMATICA, FASCICULUS XXXIX
2001

NONLOCAL PROBLEM FOR THE HYPERBOLIC SYSTEM OF

DIFFERENTIAL EQUATION OF THE FIRST ORDER

by Lech Zaręba

Abstract. In the present paper we consider the nonlocal problem for the
system of hyperbolic equations of the first order in two independet variables
in the case when nonlinear functions satisfy Caratheodory assumptions.
Some conditions for uniqueness and existence of a solution are obtained.

Nonlocal problems for hyperbolic equations of the first order describe the
dynamic of population [1]–[3]. During the last thirty years the existence and
uniqueness of the solution of nonlocal problems for the system of hyperbolic
equations have been considered in a number of papers [4]–[8]. The authors as-
sumed that the nonlinear functions satisfy the Lipschitz condition with respect
to the unknown functions. In this paper we consider the nonlocal problem
for the system of hyperbolic equations of the first order in two independent
variables in the case when nonlinear functions satisfy Caratheodory conditions.

We shall consider the system of hyperbolic equation of the form

(1)

ut(x, t) + A(x)ux(x, t) + C(x, t)u(x, t) +

+ G(x, u) +

b∫
a

Q(ξ, t)u(ξ, t)dξ = F (x, t)

in the domain

ΩT = {(x, t) : 0 < x < c, 0 < t < T}, T < ∞,

For this system we put the following boundary and initial conditions:

(2) u(0, t) = Λu(c, t)

(3) u(x, 0) = Φ(x)
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where A,C, Q, Λ are square matrices of order n, and

u = (u1, ..., un)T , G = (g1, ..., gn)T ,

F = (f1, ..., fn)T , Φ = (φ1, ..., φn)T , 0 ≤ a < b ≤ c.

For equation (1), we consider the following conditions:

(A) A ∈ C1
n2([0, c]); det A(x) 6= 0, A(x) = At(x)

for every ξ ∈ Rn and x ∈ [0, c];
A(c)− ΛtA(0)Λ = 0.

(G) The function G is continous with respect to ξ for almost all
x ∈ (0, c) and measurable with respect to x for every ξ ∈ Rn

and satisfies the following inequalities:
(G(x, ξ)−G(x, µ), ξ − µ) ≥ G0|ξ − µ|p,
where 2 < p < ∞, G0 ≥ 0,

|gi(x, ξ1, ..., ξn)| ≤ G1

n∑
j=1

|ξj |p−1, G1 > 0

for i = 1, ..., n and for every ξ ∈ Rn and almost all x ∈ (0, c).
By (·, ·) we denote the scalar product in Rn.

Definition 1. We call a function u a solution of problem (1)–(3) if

u ∈ W 1,2
n ((0, T );L2(0, c)), ux ∈ L2

n(ΩT ) + Lq
n(ΩT ),

1
p

+
1
q

= 1

and u satisfies (1), (2), (3) for almost all (x, t) ∈ ΩT .

Denote
Q0 := sup

a<x<b,0<t<T
‖Q(x, t)‖

where ‖ · ‖ is the Euclidean norm of the matrix Q.

Theorem 1. If the conditions (A), (G) hold and C,Q ∈ L∞n2(ΩT ) then the
problem (1)–(3) has at most one solution.

Proof. To obtain a contradiction, suppose that there exist two solutions
u1, u2 of the problem (1)–(3) such that u1 6= u2. Denote u = u1−u2. It is easy
to show that for every τ ∈ (0, T ] the following equality is satisfied

(4)

∫
Ωτ

[
(ut(x, t), u(x, t)) + (A(x)ux(x, t), u(x, t)) +

+ (C(x, t)u(x, t), u(x, t)) + ((G(x, u1)−G(x, u2), u(x, t))+

+

b∫
a

(Q(ξ, t)u(ξ, t), u(x, t))dξ

]
e−λtdxdt = 0
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where λ > 0 and u(x, 0) = 0. Hence if we consider the respective components
of the last equality we will have

I1 =
∫
Ωτ

(ut(x, t), u(x, t))e−λtdxdt =

λ

2

∫
Ωτ

|u(x, t)|2e−λtdxdt +
1
2

c∫
0

|u(x, τ)|2e−λτdx.

and

I2 =
∫
Ωτ

(A(x)ux(x, t), u(x, t))e−λtdxdt =

=
1
2

∫
Ωτ

(A(x)u(x, t), u(x, t))xe−λtdxdt

− 1
2

∫
Ωτ

(Ax(x)u(x, t), u(x, t))e−λtdxdt.

From (A) we have

I2 ≥ −1
2
A1

∫
Ωτ

|u(x, t)|2e−λtdxdt,

where A1 = sup
[0,c]

‖Ax(x)‖. Since C ∈ L∞n2(ΩT ), we obtain

I3 =
∫
Ωτ

(C(x, t)u(x, t), u(x, t))e−λtdxdt ≥ c0

∫
Ωτ

|u(x, t)|2e−λtdxdt.

By (G)

I4 =
∫
Ωτ

(G(x, u1)−G(x, u2), u(x, t))e−λtdxdt ≥ 0,

and since Q ∈ L∞n2(ΩT ), we have

I5 =
∫
Ωτ

b∫
a

(Q(ξ, t)u(ξ, t), u(x, t))dξe−λtdxdt ≤

≤
∫
Ωτ

b∫
a

‖Q(ξ, t)‖|u(ξ, t)|dξ|u(x, t)|e−λtdxdt ≤

≤ 1
2
Q0(c(b− a) + 1)

∫
Ωτ

|u(x, t)|2e−λtdxdt.
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Thus we get the following inequality

(5)

c∫
0

|u(x, τ)|2e−λτdx +

+ (λ + 2c0 −A1 −Q0(c(b− a) + 1))
∫
Ωτ

|u(x, t)|2e−λtdxdt ≤ 0

for τ ∈ (0, T ]. We choose λ such that

λ + 2c0 −A1 −Q0(c(b− a) + 1) ≥ 0.

Then
c∫

0

|u(x, t)|2 ≤ 0, t ∈ (0, T ),

which means that u(x, t) = 0 for almost all (x, t) ∈ ΩT .
This completes the proof of Theorem 1.

Denote by J the Jacobian matrix of the function G(x, u)

J =
[
∂gi(x, u)

∂uj

]n

i,j=1

.

Let Ŵ 1,2
n be the closure of the function space C1

n([0, c]), satisfying (2) with
respect to the norm of the space W 1,2

n (0, c).

Theorem 2. Suppose that the conditions (A) and (G) hold and
C,Ct, Q,Qt ∈ L∞n2(ΩT ); F, Ft ∈ L2

n(ΩT ); Φ ∈ Ŵ 1,2
n (0, c). Moreover, assume

that

(6) (J(x, µ)ξ, ξ) ≥ 0

for every µ, ξ ∈ Rn and almost every x ∈ (0, c). Then there exists a solution of
the problem (1)–(3).

Proof. Consider the following problem for eigenfunctions:

(7) y′′ = λy,

(8) y(0) = Λy(c); y′(c) = ΛT y(0)

where y = (y1, ..., yn)T . Then there exists an orthogonal system of eigenfunc-
tions {wk(x)}, wk(x) = (wk

1(x), ..., wk
n(x))T , of the problem (7), (8), which is a

basis of the space L2
n(0, c). We consider a sequence of functions of the form

uN (x, t) =
N∑

k=1

CN
k (t)wk(x)
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for N = 1, 2, ... where the functions CN
1 , ..., CN

N constitute the solution of the
following Cauchy problem:

(9)

c∫
0

[
(uN

t (x, t), wk(x)) + (A(x)uN
x (x, t), wk(x)) +

+ (C(x, t)uN (x, t), wk(x)) + (G(x, uN ), wk(x))

+

b∫
a

(Q(ξ, t)uN (ξ, t), wk(x))dξ−

− (F (x, t), wk(x))
]
dx = 0 for k = 1, ..., N,

with

(10) CN
k (0) = φN

k for k = 1, ..., N,

where

ΦN (x) =
N∑

k=1

φN
k wk(x)

and

‖ΦN − Φ‖
Ŵ 2,1

n (0,c)
→ 0 if N →∞.

Observe that the assumptions of Theorem 2 guarantee the existence of the
solution of the problem (9), (10), which is differentiable in the interval (0, T ).
Multiplying (9) by the functions CN

k (t)e−λt, respectively, then summing by k
from 1 to N and integrating with respect to t from 0 to τ , τ ∈ (0, T ] we obtain

(11)

∫
Ωτ

[
(uN

t (x, t), uN (x, t)) + (A(x)uN
x (x, t), uN (x, t)) +

+ (C(x, t)uN (x, t), uN (x, t)) + (G(x, uN ), uN (x, t))+

+

b∫
a

(Q(ξ, t)uN (ξ, t), uN (x, t))dξ

− (F (x, t), uN (x, t))
]
e−λtdxdt = 0.
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As in the proof of Theorem 1 we obtain

I6 =
∫
Ωτ

[
(uN

t (x, t), uN (x, t)) + (A(x)uN
x (x, t), uN (x, t)) +

+ (C(x, t)uN (x, t), uN (x, t)) +

b∫
a

(Q(ξ, t)uN (ξ, t), uN (x, t))dξ

]
e−λtdx ≥

≥ 1
2

c∫
0

|uN (x, τ)|2e−λτdx− 1
2

c∫
0

|ΦN (x)|2dx+

+
1
2
(λ + 2c0 −A1 −Q0(c(b− a) + 1))

∫
Ωτ

|uN (x, t)|2e−λtdxdt.

Moreover, from (G) we have

I7 =
∫
Ωτ

(G(x, uN ), uN (x, t))e−λtdxdt ≥

≥ G0

∫
Ωτ

(|uN (x, t)|pe−λtdxdt

and

I8 =
∫
Ωτ

(F (x, t), uN (x, t))e−λtdxdt ≤

1
2

∫
Ωτ

|F (x, t)|2e−λtdxdt +
1
2

∫
Ωτ

|uN (x, t)|2e−λtdxdt.

If we choose now

λ = max{A1 + Q0(c(b− a) + 1) + 1− 2c0, 3}

then from the estimates of I6, I7, I8 and (11), for N large enough, we obtain the
following inequality

(12)

2G0

∫
Ωτ

|uN (x, t)|peλtdxdt +

c∫
0

|uN (x, τ)|2dxeλτ ≤

≤ eλτ

(
2

c∫
0

|Φ(x)|2dx +
∫
Ωτ

|F (x, t)|2dxdt

)
where τ ∈ [0, T ]. Differentiating (9) with respect to t, then multiplying by
functions CN

kt(t)e
−λt, respectively, summing by k from 1 to N and integrating
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by t from 0 to τ we obtain

(13)

∫
Ωτ

[
(uN

tt (x, t), uN
t (x, t)) + (A(x)uN

xt(x, t), uN
t (x, t)) +

+ (C(x, t)uN
t (x, t), uN

t (x, t)) +

b∫
a

(Q(ξ, t)uN
t (ξ, t), uN

t (ξ, t))dξ−

− (F (x, t), uN
t (x, t)) + (Ct(x, t)uN (x, t), uN

t (x, t))+
+ (J(x, uN )uN

t (x, t), uN
t (x, t))

+

b∫
a

(Qt(ξ, t)uN (ξ, t), uN
t (x, t))dξ

]
e−λtdxdt = 0.

Again, it is easy to estimate

I9 =
∫
Ωτ

[
(uN

tt (x, t), uN
t (x, t)) + (A(x)uN

xt(x, t), uN
t (x, t)) +

+(C(x, t)uN
t (x, t), uN

t (x, t)) +

b∫
a

(Q(ξ, t)uN
t (ξ, t), uN

t (x, t))dξ −

−(Ft(x, t), uN
t (x, t))

]
e−λtdxdt ≥

≥ 1
2

c∫
0

|uN
t (x, τ)|2e−λτdx− 1

2

c∫
0

|uN
t (x, 0)|2dx−

−1
2

∫
Ωτ

|Ft(x, t)|2e−λtdxdt +
1
2
(λ + 2c0 −A1 − 1−

−Q0(c(b− a) + 1))
∫
Ωτ

|uN
t (x, t)|2e−λtdxdt.

Next, from the assumptions of Theorem 2 we have

I10 =
∫
Ωτ

(Ct(x, t)uN (x, t), uN
t (x, t))e−λtdxdt ≤

≤ 1
2

∫
Ωτ

(|uN
t (x, t)|2 + sup

QT

‖Ct(x, t)‖2|uN (x, t)|2)e−λtdxdt,
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I11 =
∫
Ωτ

(J(x, uN )uN
t (x, t), uN

t (x, t))dxdt ≥ 0

and

I12 =
∫
Ωτ

b∫
a

(Qt(ξ, t)uN (ξ, t), uN
t (x, t))dξdxdt ≤ 1

2

∫
Ωτ

[|uN
t (x, t)|2 +

+ sup
a<x<b,0<t<T

‖Qt(x, t)‖2(c(b− a) + 1)|uN (x, t)|2e−λtdxdt.

To estimate the integral
c∫

0

|uN
t |2dx

we again use (9). Hence we obtain

(14)

c∫
0

[
|uN

t (x, 0)|2 + (A(x)uN
x (x, 0), uN

t (x, 0)) +

+ (G(x, uN ), uN
t (x, 0)) +

b∫
a

(Q(ξ, 0)uN (ξ, 0), uN
t (x, 0))dξ+

+ (C(x, 0)uN (x, 0), uN
t (x, 0))− (F (x, 0), uN

t (x, 0))
]
dx = 0.

Thus

I13 =

c∫
0

[
(A(x)uN

x (x, 0), uN
t (x, 0)) + (C(x, 0)uN (x, 0), uN

t (x, 0)) +

+ (G(x, uN ), uN
t (x, 0)) +

b∫
a

(Q(ξ, 0)uN (ξ, 0), uN
t (x, 0))dξ−

− (F (x, 0), uN
t (x, 0))

]
dx ≤ 1

2

c∫
0

|uN
t (x, 0)|2dx+

+
µ1

2

c∫
0

(|Φ(x)|2 + |Φx(x)|2)dx,
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where the constant µ1 depends on matrices A, C, Q, the function F (x, 0) and
constants G1, n, p. From (14) we obtain the following estimation

(15)
c∫

0

|uN
t (x, 0)|2dx ≤ µ1

c∫
0

(|Φ(x)|2 + |Φx(x)|2)dx.

From the estimates of the integrals I9, I10, I11, I12 and from (12), (15) we obtain
the inequality

(16)

c∫
0

|uN
t (x, τ)|2dx ≤ µ2

[ c∫
0

(|Φ(x)|2 + |Φx(x)|2)dx +

+
∫
Ωτ

(|F (x, t)|2 + |Ft(x, t)|2)dxdt

]

for τ ∈ (0, T ], where the constanst µ2 does not depend on N . Moreover, from
the assumptions (G) and (12)

(17)

∫
Ωτ

|gi(x, uN )|qdxdt ≤
∫
Ωτ

(G1

n∑
i=1

|uN
i |p−1)qdxdt ≤

≤ µ3

∫
Ωτ

(|uN (x, t)|pdxdt ≤ µ4

for τ ∈ (0, T ], i = 1, ..., n. By inequalities (12), (15), (17) there exists a
subsequence {um(x, t)} of the sequence {uN (x, t)} such that

um → u weakly in L2
n(ΩT )

um
t → ut weakly in L2

n(ΩT )

G(x, um) → ω weakly in Lq
n(ΩT )

when m →∞.



308

Now we consider a sequence {ym} defined by the formula

0 ≤ ym =
∫

ΩT

e−λt(G(x, um)−G(x, v), um(x, t)− v(x, t))dxdt +

+
∫

ΩT

e−λt(G(x, v), um(x, t)− v(x, t))dxdt−

−
∫

ΩT

e−λt(G(x, um), v(x, t))dxdt +

+
∫

ΩT

e−λt(G(x, um), um(x, t))dxdt =
∫
Ωτ

e−λt

[
(F (x, t), um(x, t)) +

+
1
2
(Ax(x)um(x, t), um(x, t))− (C(x, t)um(x, t), um(x, t))−

−(um
t (x, t), um(x, t))−

b∫
a

(Q(ξ, t)um(ξ, t), um(x, t))dξ

]
dxdt−

−
∫

ΩT

e−λt[(G(x, v), um(x, t)− v(x, t)) + (G(x, um), v(x, t))]dxdt,

where v is an arbitrary function in Lp
n(ΩT ). It is easy to prove that for the

same λ the following inequality holds

(18)

0 ≤ ym ≤
∫

ΩT

e−λt

[
(F (x, t), u(x, t)) +

1
2
(Ax(x)u(x, t), u(x, t))−

− λ

2
(u(x, t), u(x, t))− (C(x, t)u(x, t), u(x, t))−

b∫
a

(Q(ξ, t)u(ξ, t), u(x, t))dξ

]
dxdt +

1
2

c∫
0

|Φ(x)|2dx−

−
∫
Ωτ

e−λt[(ω, v) + (G(x, v), u(x, t)− v(x, t))]dxdt

− 1
2

c∫
0

e−λτ |u(x, τ)|2dx.
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On the other hand, from (9) we obtain that for every v ∈ Ŵ 2,1
n (ΩT ) the follow-

ing equality holds∫
ΩT

e−λt

[
(ut(x, t), u(x, t))− (Ax(x)u(x, t), v(x, t))−

− (A(x)u(x, t), vx(x, t)) + (C(x, t)u(x, t), v(x, t))−(19)

−
b∫

a

(Q(ξ, t)u(ξ, t), v(x, t))dξ + (ω, v(x, t))− (F (x, t), v(x, t))
]
dxdt = 0.

Using (A) and (19) we find that ux ∈ L2
n(ΩT ) + Lq

n(ΩT ). Thus u ∈ L∞n (ΩT ).
Then if we put the function u instead of the function v in (19) we obtain

(20)

∫
ΩT

e−λt

[
λ

2
(u(x, t), u(x, t))− 1

2
(Ax(x)u(x, t), u(x, t)) +

+ (C(x, t)u(x, t), u(x, t))−
b∫

a

(Q(ξ, t)u(x, t), u(x, t))dξ

+ (ω, u(x, t))− (F (x, t), u(x, t))
]
dxdt+

+
1
2

c∫
0

e−λT |u(x, T )|2dx− 1
2

c∫
0

|Φ(x)|2dx = 0.

Adding (19) and (20) we get

(21)
∫

ΩT

(ω −G(x, v), u(x, t)− v(x, t))e−λtdxdt ≥ 0.

Let v = u− αw, α > 0, w ∈ Ŵ 2,1
n (ΩT ). Then∫

ΩT

(ω −G(x, u), w)e−λtdxdt = 0

for every w ∈ Lp
n(ΩT ), which means that

ω = G(x, u).

From (20) we obtain that u is the solution of the problem (1)–(3), which com-
pletes the proof of Theorem 2.
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