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AN EXTENSION OF MARKOV PARTITIONS FOR A CERTAIN
TORAL ENDOMORPHISM

BY KINGA STOLOT

Abstract. We define and construct Markov partition for a certain toral
endomorphism and then we use it to obtain a symbolic representation of
the semidynamical system induced by the endomorphism.

1. Introduction. The increasing interest in the theory of symbolic dy-
namics is stimulated by the need of a simple tool for investigating complicated
dynamical systems. Quite often it is much easier to prove that a given subshift
of finite type has some dynamical property, than to show it directly for the
considered dynamical system. By finding a semi-conjugacy between an appro-
priate subshift of finite type and a given dynamical system we often can draw
conclusions about dynamical properties of the latter.

Markov partitions provide a way of constructing such semi-conjugaces. The
method is based on a division of a space into a finite number of parts. As long
as the partition is properly chosen it establishes a correspondence between an
orbit and its itinerary, which records the parts visited by the successive points of
the orbit. To construct an appropriate partition, stable and unstable manifolds
are used to indicate the boundaries of these parts.

Markov partitions were first introduced by Adler and Weiss [2] for the
hyperbolic automorphisms of the two-dimensional torus and the obtained sym-
bolic model was used to investigate some measure theory problems.

The aim of this paper is to generalize the concept of Markov partitions for
certain toral endomorphism. We search for the partition that gives a symbolic
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representation of the discrete semi-dynamical system induced by the endomor-
phism on a torus. It is natural to expect our representation to be a one-sided
subshift of finite type, because in the case of the toral automorphism it is a
subshift of finite type. Unfortunately the construction of Adler and Weiss does
not apply in the non-invertible case. It is impossible to obtain in this way any
symbolic representation, which will be explained in Chapter

Our result is a construction of an extended Markov partition for the given
toral endomorphism, which raises the expected symbolic representation of the
semi-dynamical system of interest.

To reach our aim we generalize the concept of the good intersection prop-
erty (Definition [3.6]), which has so far been described (in a restricted way)
geometrically only with pictures (compare Lind, Marcus [14]).

This provides a new method of obtaining the transition rule (Section ,
what is significant for the definition of the extended Markov matrix (Definition
and the extended Markov partition (Definition [3.10)).

One of the most interesting problems which we approach is finding two suit-
able partitions such that there is a factor map between the one-sided subshifts
of finite type associated with them.

Finally we would like to mention other generalizations of Markov partitions.
Adler and Weiss’s construction was first extended by Sinai [21], [22] for the
Anosov diffeomorphisms. Then Bowen [5] constructed Markov partitions for
Axiom A diffeomorphisms, using Smale’s Spectral Decomposition Theorem.
The detailed description of Bowen’s construction is given by Shub [19] under
slightly more general assumptions.

The recent generalizations of Markov condition is the weak local Markov
condition (Blank [4], 1997).

Bowen’s method, although applicable to a broaden class of maps, does not
provide any useful information when an explicit dynamical system is considered.

Firstly, the rectangles that form the space division are too small and there-
fore the subshift of finite type which we obtain as a symbolic model for the
considered dynamical system, acts on a very large number of symbols.

Secondly, at no boundary point of the rectangles is there a tangent space, so
they have a fractal structure, [7] and it causes serious difficulties in constructing
these sets in the higher-dimensional spaces (significant problems appear already
in dimension three).

One can find more information on the topic in [1].

In spite of the fact that Markov partitions were created for the hyperbolic
systems, similar methods are used for the systems that lack this property, [13].
It is worth mentioning that there are also some attempts to construct Markov
partitions with the use of computer methods [9].
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3. Definition of the extended Markov partition. Let us consider the
toral endomorphism given by the matrix

31
-y
All the definitions and results are stated for this matrix A.
Matrix A induces a map on T?, because it has integer entries, but it is not
invertible because det A = 2. We will denote a map induced on the torus with

A, too.
Matrix A has the following eigenvalues and corresponding eigenvectors

A =2+V2, A\ =2-V2,
T, = [14+V2,1],
zs = [1—v2,1].

It is a hyperbolic matrix, because its eigenvalues are not on the unit circle.
Let E" be a linear subspace of R? spanned by the vector z,, and E® respectively
— by the vector x,.

Let us denote by W¢ and W* projections of E® and E" respectively, onto
the torus. By W#*(z) and W"(z) we mean projections of the subspaces = + E*

and x + E" on the torus.
Let us introduce some preliminary definitions.

DEFINITION 3.1. By the interval in T? we mean the projection of an interval
in R?.

DEFINITION 3.2. By the rectangle in T? we mean the projection of a rec-
tangle in R2.

We consider only such rectangles whose sides are parallel to the stable and
unstable direction.
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OBSERVATION 3.3. Let R be a rectangle on T2. Then A(R) is also a
rectangle and A~1(R) is a union of two congruent rectangles P and @, such

that P =Q +[3, 3].

DEFINITION 3.4. An interval J% is called an unstable section of the rectan-

gle P, if there exists an x € J“, such that J* is the maximal interval included
in W*(z)N P.

By the partition of the torus we mean a finite set of open disjoint rectangles
(with the sides parallel to the stable and unstable directions), such that the
closure of their union is the whole torus.

Let us now define the notion of good intersections for a toral automorphism
M, that captures the idea illustrated in the pictures in [14].

DEFINITION 3.5. Let P and R be two open rectangles in 7% with the sides
parallel to the stable and unstable directions (these sides are denoted respec-
tively by 0°(R), 0°(P) and 0“(R), 0“(P)). We say that P and M (R) satisfy
the good intersection property if M(R) NP = () or M(R) N P is a rectangle
and M(R)N9“(P) =0 and 0°(M(R))NP = 0.

Unfortunately, following Adler and Weiss’s method in the case of the en-
domorphism we obtain a partition which lacks the good intersection property
(Section [3)).

As we said in the introduction, we want to generalize the concept of the
good intersection property in such a way that it would lead us to a partition
which satisfies transition rule (Definition , because only such partitions can
give a symbolic representation.

Let us define a new notion of a good intersection property, which uses
preimages instead of images of rectangles and therefore it is suitable for our
purpose.

DEFINITION 3.6. Let R be a partition of the torus. We say that rectangles
P € R and A71(R), where R € R, satisfy the good intersection property if for
any unstable section J% of the rectangle P the set J* N A7(R) is an interval
or for any unstable section J% of the rectangle P we have J* N A~Y(R) = 0.

Definition 3.6 is correct by virtue of Observation [3.3]

DEFINITION 3.7. Let R be a partition of the torus. We say that R satisfies a
good intersection property for the preimages if for any two rectangles P, R € R,
the sets P and A~!(R) satisfy the good intersection property in the meaning
of Definition [3.6]

One can easily check that the partition P constructed in Section [5] satis-
fies Definition [3.7, but does not satisfy Definition [3.5] which proves that the



267

generalization is substantial and therefore gives a new method of obtaining the
transition rule (the appropriate theorem is stated in Section .
Let us generalize the concept of the transition rule, [I].

DEFINITION 3.8. Let R = {R; : 1 < i < n} be a partition of the torus.
We say that R satisfies the transition rule for A if for any m € N, m > 3, the
following condition is satisfied:

Royy NA ™ (Ray, ) #0,0<k<m—1 =y A*(Rq,) #0

for any Ry, € R, 0 <k <m.

Let us generalize the concept of a Markov matrix, corresponding to the new
notion of a good intersection property. By ST we denote the transpose of a
matrix S.

DEFINITION 3.9. Let P = {P1, P»,...,P,} be a partition of the torus,
satisfying a good intersection property for the preimages.

Let us define a matrix 7 = ST, where S = [sijlij=1s sij = 1 if A7Y(P)N
J" # () for all J* unstable sections of the rectangle P;, 1 <4,j < n and s;; =0
otherwise. The matrix T is called the extended Markov matrix.

Let us remind that the topological Cantor set is a topological space home-
omorphic to the classic Cantor set.

DEFINITION 3.10. An extended Markov partition for the endomorphism A
is a pair of the partitions of the torus (P, R) satisfying the following conditions

1. Partition P satisfies the transition rule.
2. Partition R satisfies the following condition

“+o00
() Vlan)nz0 € 5+ () A7 (Ray) = Ia,) X C,
n=0

where I(o,) C W*(x) N Ry, for some = € T2, C is a topological Cantor
set, and 7" is the extended Markov matrix associated with the partition
R.

3. There exists a factor map F : &1, — EJTF, where 7" and T are extended
Markov matrices associated with the partitions R and P respectively.

4. Main results. Let A : T? — T? be an endomorphism of the torus
induced by the matrix
31
A= [1 1].

THEOREM 4.1. There exists an extended Markov partition for the endomor-
phism A.
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THEOREM 4.2. There exists a one-sided subshift of finite type E} and a
factor map ® : T?\ B — E} such that the following diagram commutes

+ or +
YXp —— Xr

g [o

T2\ B —— T?\ B
B={z€T?: A"z € OR for some n > 0}.

5. Proof of the existence of the extended Markov partition.
CONSTRUCTION:

STEP 1.
We start by repeating the first step of Adler and Weiss’s construction (compare
[2]), which gives us two rectangles. Let us denote the larger one by R} and the
smaller one by Rs.

STEP 2. (Partition A)
Let us divide rectangle R] into two pieces, named R; and R3, by cutting the
original rectangle along the unstable manifold of 0.

STEP 2a. (Partition A’)
Let us construct the partition consisting of the preimages of the rectangles
from the previous step. By Corollary each of the preimages consists of two
rectangles. Let us call them Ry, and Ry» respectively for the preimage of Ry,
Ry and Ry» in a case of Ro and Ry, R3» when Rg is considered.

They will be used to modify the partition obtained in Step 2.

STEP 3. (Partition B)
We want to rebuild Partition A, using Partition A’ in order to get a partition
satisfying the good intersection property for the preimages.

Ry = Ry NRy.

The rectangle Ry remains unchanged.

R, = (Ry U Ry U Rg/) N R3

Rf = R3» N R3

Rg = (Rll URy URg U R3”) N Ry

The partition which we obtained satisfies the good intersection property for
the preimages and therefore satisfies also the transition rule, by Theorem

This is the partition P required in the definition of the extended Markov
partition.

STEP 3a. (Partition C)
Let us build a new partition by taking the preimages of the rectangles Ry, R,
R, Ry and R,.

The apostrophe or double apostrophe are added to the symbol of the rec-
tangle when the preimage is taken.
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This is the partition R required in the definition of the extended Markov

partition.
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PicTURE 3. Partition C

This is the end of the construction. In the next step, we shell prove the
required properties of the obtained partitions.

STEP 4.
The extended Markov matrix associated with the partition P, referring to the
following order of symbols g,d, 2, e, f is as follows

~

Il
O = = =
O = = = =
O = = O =
__0 o
=0 O



271

R
f
e
— d
2
RZ Rl % f
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R=(RORI R R,) R
R =R.NR
R=(R.ORIJ Ry R,

R =R nR,

PICTURE 4. Partitions A and B, and the image of Partition B

The extended Markov matrix for the partition R, with the given order of
symbols ¢, g",d',d”,2',2" ¢, e”, f', [, is as follows

_
)

T/

Il
OO == OO OO =
SO OO0 = == O
O R = OO OO ==
O R = OO OO ==

OO OO0 HEHE O H=HEFE OO
OO HEHEH OO OO ==
OO OO0 KRB OO
__ OO0 OO OO ==
OO HEHE OO OO ==
__ OO0 OO OO ==

)
)
)

Let us check if condition 3. of the definition of the extended Markov partition
is satisfied. Let us define a map F : ¥, — E; by the condition
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(F(an)i2%)m = by &= A(R,,,) = Ry,,, for m > 0.

Let us check if F' commutes with the subshift of finite type that is if the
following equality is valid
or O F=Foo T’

From the definition of F we obtain

or(F(an)i25) = (en)iZg
= (F((an)f25))ms1 = cm, for m >0
< A(Rq,,.,) = Rc,,, form >0

F(or((an)325)) = F((an+1),25) = (dn)i 25
= (F((an+1),29))m = dm, for m >0
< A(Rq,,,,) = Rq4,,, for m > 0.
From above it follows that ¢, = d;,, for m > 0 and so F' commutes with
the subshift. Moreover by the definitions of the matrices T' and T” the map F

is surjective. This proves that condition 3. of the definition of the extended
Markov partition is satisfied.

REMARK 5.1. The map F' is an infinite-to-one factor map.

Among the distinguished 2 x 2 submatrices of the matrix 7" there is a
matrix (corresponding to the symbols ¢, ¢” and 2/,2”) of the form

|

Therefore, in the sequences in which symbol g precedes 2, there are diamonds
and that implies that 7" induces a infinite-to-one factor map, because in the
preimage under F' of the sequence (g,2,¢,2,9,2,...) there are infinitely many
sequences.
The definition of a diamond and an infinite-to-one factor map, as well as
similar reasoning one can find in [12], Chapter 'Embeddings and Factor Maps’.
STEP 5.
Now we will show that the condition (x) is satisfied.

THEOREM 5.2.
Y(an)ns0 € X : ﬂ A" = I(4,) % C,

where I(4,,y C W*(x) N Ry, for some x € T? and C is a topological Cantor set.
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Let us switch to the coordinate system given by the vectors x5, x,. In this
coordinate system the matrix A takes the form

Joo[2vv2 oo
A7 0 2—v2)
Let V = {v1,v2,...,v;} be a set of vectors in T2. By C(V) we mean the
set {viy + Vi + ...+ Vi, Vi, Vigy v, € V1 < s <k, vy # vy, for m # n}.
Let V* denote the set {0, [+, 41, 77 (13, 41), J32(15, 1), T 50 (2, )y
The following lemma describes the structure of the preimages of the given
rectangle R, .

LEMMA 5.3. J;kRak = Rfjk +C(VF), where Rfjk s a rectangle in the torus.

PROOF. Observation holds in the coordinate system determined by vec-
tors x5 and x,, but rectangles in the preimage are displaced by the vector [i, %]

relative to each other. Then by induction the statement is true for any k. [
LEMMA 5.4. diamzuRI;k — 0, when k — +o00.

ProoOF. This is a straightforward consequence of the fact that the vector
x, indicates the stable direction for JZI. ]

Now we can prove Theorem [5.2]

PROOF OF THEOREM [5.2. We will use the coordinate system given by the
vectors x5 and x,. By Lemmas and , for any k£ > 0 the set JZkRak
consists of a finite number of rectangles such that diamg, R’;k — 0. Moreover,

it is obvious that ()~ J;kRak C Ry, Therefore

)%, 20 € T2 () J5"Ray = | Lo,
k>0 Tp

where I, C W?*(z,) N Ry,.
From Lemma [5.3{ and the definition of sets C(V¥), it follows that () is a
topological Cantor set, which completes the proof. O

6. Proof of the theorem on the correspondence to a one-sided
subshift of finite type.

Let (P,R) be the extended Markov partition for A. Moreover, let 7' and
T’ be the extended Markov matrices associated with the partition P and R re-
spectively. We denote by F' the map appearing in the definition of the extended
Markov partition.

We want to show that the following diagram commutes.
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+ oar +
YXp —— Yp
F or
+ +
X X7
ar! F
st I
I I

T2\ B — T?\ B
Then we define the maps ®; : T? \ B — ¥ and &9 : T?\ B — 7. by
®:=Foopmoll

$9 :=0opo Foll.
Let us remind that the map F : ¥, — E;F was defined in the previous chapter
by
F((an)n>0) = (bn)n>0 <= A(R,,) = Ry, for n > 0.
Let us define IT : T2\ B — X7, by
II(x) = (an)n>0 <= A"(x) € R,,,, for n > 0.

Maps ®; and P are surjective because F' is surjective and the set ﬂ:i% AR,
is nonempty, for (a,) € EJTF,, which is a consequence of the condition (x).
Maps ®; and ®, are equal (and this map is a map ® in Theorem ,
because F' is a shift commuting map.
To show that

ocro® =00 A,
it is enough to prove the equality
opoFoop oll(z) =o0p0Follo A(x)

for any x € T? \ B.
Let us consider the left hand side of the equation, i.e. op o F o g o II(x).

II(z) = (ap)n>0 <= A"(x) € R,,,, for n > 0;

o1 ((an)n>0) = (an+1)n>0;
F((an+1)n>0) = (bn)n>0 <= A(Rq,.,) = Ry, for n > 0;

or((bn)n>0) = (bn+1)n>0-
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Therefore the sequence (by,)n>0 satisfies condition
A(Rq,,,) = Ry,, for n >0,
A"(z) € R,,,, for n >0,
which is the same as
A" (2) € A(Ry,) = Ry, _,, forn>1,
hence
A" 2(z) € Ry, for n > 0.
Let us in turn consider the right hand side of the equation : oo FolloA(x).
M(A(x)) = (cp)n>0 <= A" (x) € R,,,, for n > 0;
F((cn)n>0) = (dn)n>0 = A(R,) = Ra,, for n > 0;
UT((dn)nZO) = (dn+1)n20~
Therefore, the sequence (d,,),>0 satisfies the condition
A(R.,) = Rg,, forn >0,
A" (z) € R,,, for n > 0.
Consequently
A""2(z) € A(R.,) = Rg,, for n >0,
which is equivalent to
A" 2(z) € Ry, , for n > 0.
To finish the proof it is enough to notice that (by)n>0 = (dn)n>0, because
the rectangles in the partition are pairwise disjoint. O

7. A new method of obtaining the transition rule.

THEOREM 7.1. Let R be a partition of the torus satisfying the good inter-
section property for the preimages. Then R satisfies the transition rule.

PROOF. The transition rule is a consequence of the following two proper-
ties, which are satisfied for any three rectangles R;, R;, R, € R.

If A(R;) N R;j # (0 then the intersection is a rectangle that crosses R; all
the way along the unstable direction, because A(9°R) C 9°R.

The set A~!(Ry)NR;, if non-empty, consists of two rectangles and A~!(Ry)
crosses any unstable section of the rectangle R;, due to the good intersection
property.

Therefore if A(RZ) N Rj #* @ and Ail(Rk) N Rj #+ 0 then R; N Ail(Rj) N
A72(Ry) # 0. The conclusion follows by induction. The idea of the proof is
illustrated in Picture [l O
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PicTURE 5. The transition rule is a consequence of the good
intersection property

!R' R'
,RS 4,5

L/

R

2\\
e

PICTURE 6. Partition obtained by Adler and Weiss’s method

8. Adler and Weiss’s method fails in the case of an endomor-
phism. Adler and Weiss’s method gives a partition that does not satisfy transi-
tion rule, which is necessary to obtain a symbolic representation of a dynamical
system. More precisely it is described by

THEOREM 8.1. Let R = {R; C T2 : 1 <i < n} be a partition of the torus
and let T = [tij]ijl be defined as follows

0 otherwise.

. {1 if A7 (Ri) N Ry # 0,
1] —
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Moreover assume that there is at least one non-zero entry in each row of the
matriz T and for any sequence (ar)r>0 admissible by the matriz T the set
Ni28 A*(Ry,) is non-empty.

Then R satisfies the transition rule.

PROOF. Let us assume that R,, N A™*(Rq,,,) # 0, for any k such that
0 <k <m—1and for a given m > 3. Then the sequence (ag,ai,...,an) is
admissible by the matrix T". It can be extended to a sequence (aj)x>o admissible
by T, because in each row of the matrix T there is at lest one non-zero entry.
Finally the set (., A7*(R,,) is non-empty, because it includes the set
ﬂ;;’% A7*(R,,) which is not empty by the assumption. O

Picture [6] illustrates partition obtained by Adler and Weiss’s method and
images of the rectangles from this partition.

Analyzing this picture one can notice that rectangles R}, Rf, Ry do not
satisfy the transition rule, which is clearly visible in Picture[7] To see this one
can compare Picture [7] with Picture [5| where the transition rule is satisfied. We
omit technical details of the proof.

a Ala)
1 —1 ' '
R\nd UR) AR'))
Al
4 4
_—
A
—
R' A\ (R)
Rll R'S RZ

PI1CTURE 7. Transition rule not satisfied

9. Why do we choose such an extension of Markov partitions?

9.1. The aim of the construction of the extended Markov partition. Our aim
is to find a partition of the torus, that could be used to obtain a symbolic model
for the considered semi-dynamical system. Moreover we expect this model to
be a one-sided subshift of finite type, because in the invertible case it was a
subshift of finite type. Let us specify properties that will explain why we choose
partitions constructed in Section [5] and why we propose such a definition of the
extended Markov partition in Section [3]
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9.2. Properties that are significant for Markov partitions. We already know
from Section [§|that the transition rule is the necessary condition for the associ-
ation of a one-sided subshift of finite type with a given toral endomorphism. A
sequence (a,),>o corresponds to all points in the set ()10 A™(R,,) and this
is why we want this set to be non-empty. Therefore, we search for a partition
that satisfies
e PROPERTY A: Transition rule.

In the case of an automorphism, the transition rule is a consequence of the
good intersection property, which follows from the Markov condition. In the
non-invertible case, A~*(W4%(0,0)) ¢ W%(0,0) and Markov condition is not
satisfied for any partition. That is why we must search for a new way to obtain
the transition rule.

Moreover, we want to obtain the most accurate model, that is we want
the set (725 A™"(R,,) to be as small as possible for the sequences (a,)n>0
admissible by the matrix 7.

In the invertible case, we consider the set (/> __ A™™(R,,), which is a
single point and this is why we obtain a conjugacy. In the non-invertible case
we consider the set (29 A™"(R,,, ), which can at best be a union of intervals.
Thus we need the following condition.

e PROPERTY B: For any sequence (a,),:% admissible by the extended Markov
matrix, the set ﬂ:{i% A™™(R,,) C I x C, where I is an interval parallel to the
stable direction and C is a topological Cantor set.

Because we use two partitions, one satisfying property A and another that
satisfies property B, to obtain Theorem [£.2] we need these partitions to be
compatible in some way, which is
e PROPERTY C: There exists a shift commuting map from Z;, to ¥, where
T and T’ are the extended Markov matrices associated with the partitions
satisfying property A and B, respectively.
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