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EXISTENCES AND BOUNDARY BEHAVIOR OF BOUNDARY
BLOW-UP SOLUTIONS TO QUASILINEAR ELLIPTIC
SYSTEMS WITH SINGULAR WEIGHTS

QIAOYU TTIAN AND SHUIBO HUANG *

ABSTRACT. Using the method of explosive sub and supper solution, the exis-
tence and boundary behavior of positive boundary blow up solutions for some
quasilinear elliptic systems with singular weight function are obtained under
more extensive conditions.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider the existence and asymptotic behavior of positive
solution to the following elliptic system

div(|Vu|™2*Vu) = a(z)uPv?, x € Q, (1.1)
div(|Vu|"2Vov) = b(x)u™v, x € Q, '
subject to the boundary conditions
u=v=o00, x€dl. (1.2)

wherep >m—1,s >n—1,¢,r >0, m,n>1, (p—m+1)(s—n+1)—qgr >0, Q
is bounded C? domain of RV, N > 1, and the last condition (1.2) u = v = 00,z €
0f2 means that u — oo,v — oo as d(x) := dist(z, 9§2) — 0, and the solution is
called a large solutions or boundary blow-up solution. By a positive boundary
blow-up solutions of (1.1), we mean that (u,v) € W,2P(Q) N CL.(Q) and (u,v)
satisfies

—/ |Vu|"?VuVedr :/a(x)upvqgodx, Vo € C5°(92).
v 0

—/ |Vo|"2VoVedr = / b(z)u"viedr, Yo € C5°(Q).
Q 0
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and uw,v > 0in Q, u — co,v — o0 as d(z) — 0,

The study of the elliptic systems is a classical topic that has attracted the
attention of many researchers because of its interest in applications, which arises
in the theory of quasi-regular and quasi-conformal mappings as well as in the
study of non-Newtonian fluids, in non-Newtonian fluids, the pair (m,n) is a
characteristic of the medium. Media with (m,n) > (2,2) are called dilatant
fluids and those with (m,n) < (2,2) are called pseudoplastics. If (m,n) = (2,2),
they are Newtonian fluids.

There is a large amount of literature on elliptic problems related to problem

Au = b(x)f(u),x € Q, x|gg = oo. (1.3)

for b(xz) = 1, f(u) = €", the problem (1.3) was initiated by Bieberbach [1] for
Q C R% Rademacher[26] extended the results of Bieberbach to Q C R®. Later,
Lazer and McKenna [21] generalized the results to the case of bounded domains
in RN and nonlinearities b(z)e*. For b € C2.(2),b > 0 in €, and provided that b

satisfies the following assumption: there exist constants C7,Cy > 0, ko > K1 > —2
such that

Co(d(x))™ < bz) < Ci(d(x))™,

and f(u) satisfies: f € C'(R) is non-decreasing on R, f(s) < CjeP** for all
s € R and f(s) > CyeP?*® for large |s| with p; > ps > 0, C1,Cy are positive
constants, Garcia-Melian[13] showed that problem (1.3) has at least one solution

u € C?(Q)such that
—m— (2+y)/p1Ind(z)) <u(x) < M — (24 v)/p2Ind(x), Vz e Q.

where m, M are positive constants. Very recently, Zhang [33] and Yang[23] ex-
tended the above results to the problem (1.3) and gained some new results with
nonlinear gradient terms. Problem (1.3) was discussed in a number of works;
see.[2, 3, 4, 5, 9, 10, 11, 12, 13, 19, 23, 25, 34],

Now let us return to problem (1.1).

When m = n = 2, system (1.1) becomes

— Pya
{ Au = a(x)uPvi, z €, (1.4)

Av =b(z)u"v®, z €,

in the paper [14], when a(z) = 1,b(z) = 1, under Dirichlet boundary conditions
of three different types: both components of (u,v) are bounded on 92 (finite
case); one of them is bounded while the other blows up(semilinear case); or
both components blow up simultaneously(infinite case), under the assumption
that(a—1)(e—1) > be, necessary and suffcient conditions for existence of positive
solutions were found, and uniqueness or multiplicity were also obtained, together
with the exact boundary behavior of solutions. In addition, they also treated
some existence uniqueness and boundary behavior of solutions of systems (1.4)
under the assumption

a(z) ~ Cyd(x)™, b(x) ~ Cod(x)™?, (1.5)
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when d(x) — 0 for some positive constants C, Cy and real numbers ky, kg > —2.
Problem(1.4) was later studied in [15] with general form

Crd(x)™ < a(x) < Cod(z)™, Csd(x)™ < b(x) < Cyd(z)"™,
for z € Q, where a(z),b(z) € C?Q) for some 6 € (0,1), K1,k > —2, and
C;,i = 1,2,3,4, are positive constants. If the weights a(x) and b(z) satisfy the
following two hypotheses:
(I) a(z) € C"(Q2),b(x) € C"(Q),n € (0,1),a(x) > 0,b(x) > 0;
(IT) there exist constants C; > 0,7 = 1,2,3,4 and k1 > Ko > —m, K3 > Ky >
—n such that, for x € Q,

Crd(a)™ < a(z) < Cad(2)"?, Cyd(x)™ < bx) < Cud(x)™ x € Q.

Let us mention that under the hypothesis (I) and (II), the weight functions a(z)
and b(z) may be singular near the boundary 0f2. Huang [20] showed that problem
(1.4) has unique large solution if and only if k; € R, k1 > kg > —m, k3 > Ky > —n
and
q m+ K1 m+/<;2<p—m—|—1
s—n+1  n+ry n+rks r '
the solution verifies

Did(z)™™ < u(z) < Dyd(x)™2, Dsd(z) " < w(z) < Dyd(z) 2.

where D;(i = 1,2, 3,4) are positive constants , and

N :(m+m2)(s—n+1)—(n+m3)q N :(m—l—/ﬁ)(s—l)—(n—i—m)q
! p—m+1)(s—n—1)—qr ’ 2 p—m+1)(s—n—1)—qr’

5 = (m+r3)(p—m—+1)— (n+ kKo)r 5 = (n+kry)(p—m~+1)— (m+kK)r
e mtls—n—1)—q "7 (p-m+1)(s—n—1)—qr
Recently, Yang [31] studied the systems (1.1) and showed that if a(x) = b(z) =

Lp>m—-1,s>n—1,q,r>0,mmn>1, (p—m+1)(s—n-+1)—qr >0, then

systems (1.1) have boundary blow up solutions, and there exist constants A, B

such that

Ad(z)™ < u(z) < Bd(z)™, Ad(z)™" <wv(z) < Bd(z)™".

where,

o m(s—qg—n-+1) B= nlp—r—m+1)

p—m+1)(s—n+1)—qr p—m+1)(s—n+1)—qr
Furthermore, they also obtained the existence and boundary behavior of solutions
if a(x),b(z) satisfies a(x) ~ Cid(x)",b(z) ~ Cod(x)"?, K1 > —m, kg > —n.

More results to system with boundary blow up, we refer reader to [6, 7, 8, 16,
17, 18, 22, 24, 28, 29, 31, 32] and references therein.

The main purpose of the present paper is to investigate the influence of the
weights a(x) and b(x) on the existence and boundary behavior of solutions of
systems (1.1).

The main results of the present paper are the following.
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Theorem 1.1. Assume that a(x),b(x) satisfy (1) and (II), p>m—1,s >n—1,

m>1n>1 (p—m+1)(s—n+1)—qr >0, Then systems (1.1) has at least a
positive solution (u,v) if and only if k; € R, k1 > Ko > —m, K3 > K4 > —n and

q <m+/£1 m+/£2<p—m—|—1

s—n+1  n+rs n+ks r '

(1.6)

This solution verifies
Did(x)™™ < u(x) < Dyd(x)™*2, Dsd(z)™™ > v(z) > Dyd(z) ™. (1.7)
where D;(i = 1,2,3,4) are positive constants, and

:(m+n2)(s—n+1)—(n+/€3)q N :(m+/£1)(s—n+1)—(n+/-i4)q
p—m+1)(s—n—1)—qr ’ 2 (p—m+1)(s—n—1)—qr

(1.8)

(n+4 kg)(p—m+1) — (m + k)7
(p—m+1)(s—n—1)—qr

(1.9)

(m+k3)(p—m+1)— (n+ ko)r
(p—m+1)(s—n—1)—qr

b= , B2 =

As a straight forward consequence, we obtain

Corollary 1.2. If d(z) — 0, a(x) ~ Cid(x)", b(x) ~ Cod(x)" then systems
(1.1) have at least a positive solution (u,v) if and only if k; € R, k1 > —m, kg >
—n and

q m+krk, p—m-+1
< .
s—n+1 n 4 Ko r
This solution verifies
Did(x)™ < u(x) < Dyd(z)™®, Dsd(z)™" < v(z) < Dyd(x)7".
where D;(i = 1,2,3,4) are positive constants, and
)t D=t mle , ntmp—m+ D)= (0t
p—m+1)(s—n—1)—qr ’ p—m+1)(s—n—1)—qr

2. PROOF OF THEOREM 1.1

We now ready to prove Theorem 1.1, whose proof will be split in several lemma.
we begin by showing the definitions of blow up supper and subsolutions to systems
(1.1).

Definition 2.1. (u,7) € (02(9))2, is called blow up upper solution of systems
(1.1), provided that

div(|Vu|™2Vu) < a(z)ufv?, x €,
div(|Vo|"2V) > b(x)u'v, x€Q,
U =7= 00, x € 010,
As always, a blow up subsolution (u,v) is defined by reversing the inequalities.

We now recall some already know results which will be used in the proof of
Theorem 1.1. Consider

div(|Vu|™*Vu) = d(z)"u?, z € Q,u = oo,z € I8, (2.1)
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Here d(z) stands for the distance of a point x € Q to the boundary 92. This
problem has been recently considered in [11], where all issues concerning existence,
uniqueness and asymptotic behavior near the boundary of positive solutions were
obtained. The following Lemma 2.1 contains the basic feature of problem (2.1),
refer the reader to [11] for a proof.

Lemma 2.2. Assume that p > m — 1 and k > —m, then problem (2.1) has a
unique positive solution, which will be denoted by Uy, .. Moreover,

Did(2)~% < Uy < Dod(z)~, (2.2)
where Dy, Dy >0, a = (m+K)/(p—m+ 1).

Lemma 2.3. Assume that (i, 7) € (C%(Q))?, (u,v) € (C%(Q))? are upper solution
and subsolution of systems
div(|Vu|™2Vu) = a(z)uPv?, z € Q,
div(|Vu["2Vv) = b(z)u™v®, z € Q, (2.3)
u= f(z),v=g(x), x € 09,

and u < f(z) < U, v > g(r) > v,2 € 00, u < U, v >v,x € Q, here, f,g €
C"(Q)(n € (0,1)). Then systems (2.3) has at least a solution (u,v), and u < u <
u, v >v>0,x €Q, in particular, uw = f(x),v = g(x),x € ON.

Proof. Let uy (the existence and uniqueness of u; see Remark 3 of [11]) is the
unique positive solution of

div(|Vu"?*Vu) = a(z)v’v?, =€ Qu=f(z), =€d, (2.4)

Clearly, w and u are the upper solution and subsolution of (2.4), thanks to unique-
ness of u; , we have 7 < u; < u. now assume that v is the unique positive solution
of

div(|Vu|""2Vu) = b(z)u[v*,x € Qv = g(z),z € 09, (2.5)

It following similarly that ¥ > v; > v. We can continue in this way by defin-
ing u, to be the unique solution to (2.4) whit v replaced by v,_; and v, the
unique solution to (2.5) with u; replaced by w,. We obtain unique positive so-
lution sequences {u,},{v,}, such that u < u, <@, v > v, > v. Moreover, u,
is increasing and v,is decreasing. From standard regularity and compactly em-
bedding theory, it following that there exist subsequence {u,, }, {v,, }, such that
Up, — u(T), v, — v(1), 2 € CNQ) N CL.(Q), where {u(z),v(z)} is the solution
of (2.3), moreover, u(z) = f(z),v(z) =g(x) and u <u <u, > v > v. O
Lemma 2.4. Set (u,v) and (u,v) are blow up upper solution and subsolution
of(ll)wzthU—U—v—v—ooxeﬁﬂandu<u v > 70,2 € Q. Then
systems (1.1)+(1.2) have at least positive solution (u,v) such that u < u < 7,
v>v>0,x €8, in particular, u = v = oo, x € Jf).

Proof. Set Qs = {z € Q : d(z) > 6}, where 6 > 0, d(z) := dist(z,0Q), and
consider the problem
div(|Vu|"2Vu) = a(z)uPv?, x € Qs,
div(|Vo|"2Vv) = b(z)u"v®, x € Qj, (2.6)
u= f5,v = gs, x € 08,
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where fs, gs are are smooth functions defined on 0€)s with u < fs < uw, v >
gs > v, x € , in view of Lemma 2.2 and standard regularity theory, it following
that systems (2.6) have a bounded solution (us,vs) in CL7(€2), so that we obtain
subsequence (ug,,vs,) — (u,v),z € CL (), where (u,v) is a positive solution of

(L) withu<u<u,v>v>v,z€Qand u=v=o0,x € I O

Lemma 2.5. Assume k; € R,k1 > kg > —m, k3 > kg > —n and (1.6) holds,
Then system (1.1)+(1.2) admits at least one positive solution.

Proof. We use the method of blow up sub and super solution. Let (u,v) =
(eUpmprys € °Unss, ), where the functions Uy, ., Unss, are as introduced above,
e is small enough, 71, 91,9 are to be chosen such that (u,v) is the blow up sub
solution of system (1.1).

Combining with (2.1), (2.2) and the definition of blow up sub and super solu-
tion, if we select

n=p-m+lag;—m>-m, 6 =(s—n+1)3 —n> —n,
r/(s—n+1)<d<(p—m+1)/q.
ay, By are gave by (1.8) and (1.9). A simple calculation show that
div (|V(€Um,p7ﬁ)|m72V(8Um7p?Tl)) = ™ div (\VUmJ,,Tl \m72VUm7p7ﬁ)
= " d(x)"UP > Cod(x)2eP~OUP U

™m,p,T1 m,p,T1 ~ Nn,s,01°
div (|V (e Un,s6) "2V (e Unss,)) = € 2" Vdiv (|VUns s, " *VUns s, )
_ 875(n71)d<x)61 s < ng(x)ﬁ;gg?”*S(SU’r Us

n,8,61 m,p,T1 - n,8,017

which leads to (€Uppry,€ °Upn.ss,) is the sub solution of system (1.1). similarity,
we can select 7o = (p—m+1)ag—m > —m, 6o = (s—n+1)Fa—n > —n, ag, 55 are
gave by (1.8) and (1.9), if M is large enough, then (7,7) = (MU, prn, MU, 5 5,)
is the super solution of system (1.1).

By k1 > ko > —m, k3 > k4 > —n and the definition of «;, 3;, obtain a; < o,
(1 > (o, then we get u < uw and v > v, x € (), according to Lemma 2.3, there
exist a positive solution (u,v) of system (1.1)+(1.2) withu <u <uwandv > v >
v, x € €2, in particular, u = v = 0o,z € Jf2. O

Lemma 2.6. Let (u,v) be a positive solution to system (1.1)+(1.2). Then there
exist constants D;(i = 1,2,3,4) such that (1.7) holds,

Proof. By the definition of Uy, pr, Unss, and (2.2), we infer that there exist
positive constants E;, F;, E!, F/(i = 1,2) such that

Eid(2)™ < Uppr < Eld(2)™, Fid(z)™ < U, s < Fld(x)™7.

Since eUppry =uU < u < U= MUy, 8_6Un75751 =Vv>Vv>0= M“SU,,LS,(;Q, T e
Q and a1 < g, (1 > [, this implies that (1.7) holds. O

We finally show that the conditions k; € R, k1 > ko > —m, k3 > K4 > —n and
(1.6) are necessary for problem (1.1)+(1.2) to have a positive solution.

Lemma 2.7. Assume problem (1.1)+(1.2) has a positive solution (u,v). Then
Ki € Ryk1 > Ko > —m, K3 > kg > —n and (1.6) holds.
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Proof. If (m+r1)/(n+k4) < q/(s—n—+1), by the definition of as, we have ap < 0,
then (1.7)implies u is bounded. Similarity, if (m+k2)/(n+k3) > (p—m—+1)/r, we
also obtain v is bounded by (1.7), which are contradiction to u = v = oo,z € 0f).
This finishes the proof. 0
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