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Ansoranms: /IMCKPETHBIM SProJUYECKUM METOJIOM I YKA3AHHBIX B 3arJIABUU KBAJI-
PaTUYHBIX (DOPM IOJIyYEHbl ACUMITOTHYECKHE (DOPMYJIbI C OCTATOYHBIMU YJIEHAMU, 3a-
BucammMu ot L-dyuxuun Jupuxie L(s, x) U ee moBeJieHUs], CBA3aHHOIO ¢ HEKOTOPBIMH
TUIIOTE3aMU.

KurouyeBbie €JI0Ba: JUCKPETHBIN SProJMYecKuii MeTo/l, IPUBE/IeHHAasl OMHAPHAs KBa/l-
paruyHas GopMa, AEJTUMOCTb KO3(MDAMUIIMEHTOB, BEKTOP-MATPUIA BTOPOTO MOPSIIKA.

1. BBegenue. @opMyJIMpPOBKHU PE3YJIHTATOB

B pabore nojaBoguTCcs HEKOTOPBIH HUTOI M3YYEHUIO aCHMITOTHYECKOI'O IIOBE/IE-
HUS 9UC/IA IPUBEJEHHBIX [EJIOYUCICHHBIX OUHAPHBIX KBAJAPATUIHBIX (DOPM C YCJIO-
BUEM JIEJIMMOCTH TIE€PBbIX Ko3hduimenTos. Bruepsbie uCC/IeI0BAHAS 110 ACUMIITOTH-
YECKOMY MOJCUYETY YUCJIa MOJOKUTETHHBIX OMHAPHBIX KBaJIPATHIHBIX (DOPM C yKa-
3aHHBIM ycaoBueM Obumn poBesiensr FO. B. Jlunankowm [1] B ¢Bsi3n ¢ npuitokeHUsIME
pa3paboTaHHOTO UM TaK HA3BIBAEMOTO JIMCKPETHOTO 3projudeckoro meromna (M)
K BOIIPOCY 00 ACHMIITOTHKE YUCJIA MPEJCTABIEHUI [EJIbIX YHCENT HeONPEIeIeHHbIMU
TEPHAPHBIME KBaIpaTudHbiMu dopmamu (0030p METOJa W Pe3yJIbTaTOB €ro IpH-
MeHeHUs! M. B [2]). Dtu mccnenoBanus O6butn npojgomkensl B, . Ckybenko [3],
A. B. ManblimeBbiM 1 aBTOpoM B psizie pabor (cM., manpumep, [4,5]). Ilpu srom
B [4,5] COOTBETCTBEHHO B CJIydasiX MOJOKUTENBHBIX W HEONPEIETEHHBIX OUHAPHBIX
KBaJIPATUIHBIX (DOPM MOJIyUeHBbl acuMIToTudeckue Gopmynbl st qucia Ty (m, q)
[EJIOYUCICHHBIX IPUBEJEHHBIX OMHAPHDBIX KBAIPATHIHBIX (DOPM ONpEIe/IuTe s M,
nepeble KO3 (DUIUEHTH KOTOPBIX JIEIATCS Ha 3aJaHHOe HEIEeTHOE THCIIO (.

OcHoBHO}I acuMITOTHYECKU pe3yabrar 0 Beaudute 17(m,q), HOLyYeHHbIH B
paborax [4,5], umeer Buz

ov(q)
aI1(1+3)

plg

T(m),

Tl (m7 Q) ~

rje ~ 0603HAYAET 3HAK ACUMIITOTHYIECKON dKBUBadeHTHOCTH; T (M) — YnCiIo mpuse-
JIEHHBIX [eJIOUNCIEHHBIX OMHAPHBIX KBAJAPATHIHBIX GopM onpepenuTens m; v(q) —
YUC/I0 PA3JIMYHBIX IIPOCTBIX JeJUTeIel P | ¢; IOCTOSIHHbBIE, BXOJAIIAE B 9Ty aCUMII-
TOTHYECKYIO (hOPMYITy, 3aBUCAT TOJIBKO OT (.

3aMeTHM, 9TO YACTHBIH C/Iydail yKa3aHHOIO pe3y/bTaTa, Korua q — p&, rue p —
HeYeTHOe TIPOCTOE YUCJIO, U B MPEIOIOKEHAN, ITO 1M HEUETHO, comepxKuTes B [1].

(© 2007 ITaues VY. M.
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ITpu sTom BMmecto T'(m) B [4] ucnonbzosanocs oboznadenue h(—m), . e. T'(m) =
h(—m), tme h(—m) — 9YMCIO KJIACCOB MOJOKUTENBHBIX OHHADHBIX KBAJIPATHIHBIX
dbopm onpepesmrens m.

B ormnmdme or npeairecTByOnmx UCCIeA0BaHMN B HACTOsIIE paboTe paccMar-
PHUBAIOTCS OTHOBPEMEHHO 00a CJIydast KaK MTOJIOKUTEIbHBIX, TAK U HEOIPEIeTeHHBIX
OGUHADPHBIX KBaJAPATUIHBIX (DOPM, IIPUYUEM JAIOTCsI OLEHKU OCTATOYHBIX YJIEHOB B I10-
JIyJaIoNmxcsl acuMurorudeckux dopmynax jusd 11(m, q). K coxanenuto, ocrarou-
HbIE YJIEHBI IIOJIyYeHHBIX aCUMIITOTHYecKux dopmys 3asucar ot L-byukiuu lupu-
xsie L(s, x) n ee noeejienusi, cpsizanuoro ¢ runoresamu (K) u (¢) (cMm. HuXKe), npu
stom X = x(k) — BemecrBenHslil xapakrep Inpuxie, oTBevYanOmuii KBaIPaTHIHOMY
nomo Q(y/m) m mMeromuit HANMEHBIHI MOJIYJTh CPEIM XapaKTEPOB, JJIT KOTOPBIX
x(k) = (52), ecin HOJI(k, 2m) = 1.

Cuauasia mosryanm ¢ omoripbio JI9M acumurornaeckyio dbopmyaty mist Ty (m, q)
C OCTATOUHBIM UJIEHOM, 3aBHUCSIIM OT HedseMeHTapHoi# dyHkuun [(m), onpeessie-
MO# paBeHCTBOM

log L(1, x)
log [m|

I(m) = (1)

e

o0
L(s,x) = Z Xk(:f)’ Res > 1,
k=1
— L-dynkmus lupuxie.
IlepBag u3 mcnoab3yeMblx HaMu runortes as L-dbynkmun upuxie orrOCHT-
csl B HEsIBHOM BUJE K <«3HIeJeBy HYJ10» (OHA CYIIECTBEHHO cjiabee pacllMpPEeHHO
runore3bl Pumana).

T'unoresa (R). Ilycrs x = x(k) — BemecrBenHsii xapakTep /lupuxiie, uMero-
I HAUMEHbBIIHAEH MOJIYJIb CPEIH XapaKTEePOB, JIJIS KOTOPBHIX

x(k) = (_;”) ecom HOJI(k, 2m) = 1.

Torza upu |m| — oo

1
loglog |m|’
1€ HOCTOSTHHBIE, BXOJSAIIAE B CAMBOJ <, abCOIOTHBIE.

I(m) < —

(2)

Bamernm, 4To oreHKa (2) B runorese (R) paBHOCHIbHA OIEHKE
L(1,x) > |m|~ mewera, 3)
IJie ¢ — HEeKOTOpasl IOJIOKUTeNIbHAs [ocTosiHHAsl. Teopema 3uresist (cM., HAIIpUMED,
[6,7]) maer BMecTo (3) JMIIb ONEHKY
L(1,x) > |m|™%,

TJie TIOCTOSTHHBIE, BXOJSIINAE B 3>, 3aBUCAT TOJIBKO OT € > (.

Bo Bropoii runoreze peus uiger 06 obsacru, cBobomHON or mysei L(s, ).

I'unoresa (¥). B obracru
(log log |m|)? log log log |m)|

v/log |m)|

KOMILIEKCHOTO [IepeMeHHOro s Her Hyieii L(s, x).

ls — 1] <

(4)

Bamernm, uro runoresa (R) ciemyer u3 runoresst (¢) (em. [8]).

CdopmynmpyeM Tenepp oy 9eHHbIE OCHOBHBIE PE3YJIbTATHI (HEOOXOMMBIE 15T
HNOHUMAHUS OUPE/IEJICHAS U3 TeOPHU OMHAPHBIX KBAJAPATHIHBIX GOPM 1 apudMeTHKH
MAaTPHI, BTOPOro HOpsAKa cM. HuzKe wid B |9, 10]).
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Teopema 1. Ilycte m # 0 — nmemoe uucio; /|m| ¢ Q; q¢ — uesoe uucio,
npuaem HOI(g, 2m) = 1; u — nesoe amciio, ijis KOTOPOro

u? +m = 0(mod q). (5)

J1151 IPOU3BOJIBHOl 1eJI0H MATPHUIIBI BTOPOTO NOPAIKa () HOPMBI ¢ 0003HATUM
gepe3 r(m;Q,u) IUCAO0 NPUBEJEHHBIX MEJIOYUCIAEHHBIX COOCTBEHHO TIPUMHUTHBHBIX
BEKTOP-MaTPUIL L HOPMBI 1M, JJIsl KOTOPBIX BBITOJIHAETCS JIEJIUMOCTD CripaBa u-+ L/ Q.
Torpa mpu |m| — oo

T(m)

r(m; Q,u) = m{l +0(v(m))}, (6)

rze T'(m) — 91csI0 IPUBEIEHHBIX [IEJI0YUCICHHBIX COOCTBEHHO IIPUMUTUBHBIX GUHAD-
HBIX KBaJPATUYHBIX (POPM OLpeAeauTess m; og(q) — UUCI0 HeacCOIUMPOBAHHBIX
cJIeBa TPUMUTHUBHBIX MaTPUI], HOPMBI ¢;

me@mwbw;My%

MIOCTOSIHHAS, BXOJsIast B cuMBOJI O, 3aBUCHUT TOJIBKO OT (.
Omnupasich Ha Teopemy 1, TIoJIydaeM CJIeIyIomuiit pe3yIbTar.

1
- loglog |m| |’

I(m) (7)

Teopema 2. Ilycte m # 0 — nenoe uucao; v/|m| ¢ Q; ¢ > 0 — nesoe qucio,
npuaem HOI(q,2m) =1 n (%) = 1 gz Becex mpocteix p | q. Torga npu |m| — oo

v(q)
Ty(m, q) = — ML+ 0}, (8)

1+ 1

gI1(1+ 3
plq

e y(q) — YHCI0 Pa3IMIHBIX [IPOCTHIX ACJIHTENCH THCIa §; MOCTOSHHAS, BXOJSIIAs

B acHMITOTHYECKYIO hopmyiy (8), 3aBHCHT TOJIBKO OT (.

DTOT pe3ysbTaT IPUBOJUTCSA B IPEABAPUTELHOM coobmmenun [11].
B crexyromumx TeopeMax MCIHOJIB3YIOTCH cHOPMYIUPOBAHHBIE THIIOTE3I O ITOBE-
gennn L-byukiun lupuxie.

TeopeMa 3. HyCTb B YCJIOBHAX TeEOpEeMbl 2 BBIIIOJIHEHA THIIOTE3a (ﬁ), T. €.
1
l(m) < w. TOF,J& npn |m| — 00

2v(9) log log log |m|
Ty(m,q) — ——T(m) { 1+ 0 [ [2E-28 1081 (9)
gT1(1+ 1) loglog |m| ’
plq
[IOCTOSIHHBIE, BXOJSIIHAE B AaCHMIITOTHIECKYI0 hopmyty (9), 3aBHCIAT TOJBKO OT (.
C ucnosib3oBanreM runoTe3pl (¢) mosydaeMm cieLyomuil pe3yibTar.

Teopema 4. ITycrb B yciaoBusix TeopeMbl 2 BbinoJjHeHa rumnore3a (4), . e. B

obsracta
(loglog |m|)? log log log |m)|

V/log |m|

KOMILITEKCHOI nepemeHHoON s Her Hyseti L(s, ). Torma mpu |m| — oo

ls — 1| <

Ty(m, q) mg(yl(i;)ﬂm) {1 L0 ((10g|1m|)) } , (10)

plg

rocrostHEbIe, Bxosiue B (10), 3aBHCST TOJIBKO OT (.
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2. BcnomoraresbHbIe pe3ysIbTaThI
n3 apudMeTUKI MaTPUI] BTOPOTrO IIOPSIKa

IIpexk/ie 4eM IPUCTYIUTH K JIOKA3aTeIbCTBAM TeopeM 1—4, mpuseneM HeoGXo-
JIIMBbIE [OHSITHsI ¥ BCIIOMOTaTeIbHbIE PE3YJIbTATHl U3 apu(METHKH MATPUIL BTOPOIO
HOPsIJIKa, NCIOIb3yeMble HAMH B JasbHeiinem (moapobHocTn cM. B [9]).

Mg 6ymem paccMaTpuBaTh OMHAPHYIO KBAIPATUIHYIO (DOPMY

¢ = ¢(z,y) = az® + 2Bzy + y° (11)

¢ koaddurmenramu «, [, v € Q, npu s3TOoM o« — TepBBIT KO3 DUIMEHT HOPMBI
(11), ma KoTOpOM OymIeT COCPeIOTOYEHO Halle OCHOBHoe BHuMaHue; d = d(p) =
ay — 32 — ee onpesiemTeNb. YCI0BUS TPUBEJIEHHOCTH KBapaTHaHoH dhopmbr (11)
omnpesesutesist d B caydasx d > 0 u d < 0 cOOTBETCTBEHHO UMEIOT BU/T,

2Bl <a<y, 0<2B8<a=7v, 0<28=a<?r, (12)
0<B<vV=d, vV—d—p<lal<v—=d+p. (13)

JBe dopMbI @ U ' HABBIBAIOTCA 9KGUBGAACHMHbLMU (TOTHEE, UEAOUUCAEHHO IK-
BUG(ZJZGH’H’LH’DLMU), €CJIN ( TIEPEeXOUT B ¢’ MEJOYNCIEHHON JIMHEHHON OICTAHOBKOM
U nepemennsix ¢ det U = +1.

Dopmy ¢ = (a,5,7) HA3BIBAEM UEAOUUCACHHOT (N KAGCCUMECKU UEAOHUC-
aennotll), ecan ee koabdunuentsr «, 3, v € Z — mesble dncaa. MHOXKeCTBO Beex
9KBUBAJIEHTHBIX MEXKJLy COOO IeJIOUNCICHHBIX OUHAPHBIX KBAIPATUIHBIX (OpM 00-
pasyer kjacc pOpM 3aIaHHOIO OIIPEIeSIUTe s d, IUCI0 KOTOPBIX KOHeYHO. B ciaydae
MTOJTOXKUTEIHHBIX OMHAPHBIX KBAIPATUIHBIX POPM, T. €. TIpu d > () B KaXKI0M KJacce
COJIEPKUTCS TOJILKO OfIHA NpHBeJeHHas dhopMma Buja (12).

B ommmume or Hux, T. €. B caydae d < 0, umeerca (cm. [10, ri. IV]) xoneu-
HOE YHCJIO PA3JIMYHBIX IeJIOYNCICHHBIX MPUBEICHHBIX HEOIPEICTeHHBIX OUHAPHBIX
KBaJ[PaTUIHBIX (POPM, IKBUBAJEHTHBIX JAHHON (opMme:

P1,P2, -, P2n; ©i = Pit+2nk, k S Z7 (14)

oHU 00pasyroT mepuos (IUKJI) IpUBEIeHHBIX GOpM; 7aeMeHTHl mepuosa (14) ymo-
PSZIOUEHBI TaK, 9TO @; U ;11 — coceqrne dopmel (eM. [10, rr. IV]). Hucmo srux
MIEPHOJIOB PABHO YUCIIy KJIACCOB HEOIPEIETEHHBIX OMHAPHBIX KBAJAPATHIHBIX (DOPM.

[ 11 Og2
Mpbl paccMaTpuBaeM TakyKe KBaJIpaTHble MaTpuibl A = o o BTOPOTO

21 022
HopsiZKa HaJ IOJeM PalHOHANBHBIX 4ucel, a;; € Q, (4,7 = 1,2). Yucmo N(A) =
det A = 199 — Q13001 Ha3bIBaeM (IO AHAJIOTHY € AITeOPOil KBATEPHUOHOB) HOPMOT

p P P
mampuys, A.

Cuen marpuisl A, Kak 0OBIYHO, OIIpejelisiercss paBeHCTBOM Sp A = aq1 + aos.
Eciim SpA = 0, to A HazbiBaeMm sexmop-mampuuet. JIrobyo marpuily A MOXKHO

MIPEACTaBUTh €IMHCTBEHHBIM criocoboM B Bujge A = [ + L, rne | = [E — ckaasgpHas
Marpuiia, L — BEKTOp-MaTPHUIA, IPUIEM UUCIO | ONpeesseTcs PaBeHCTBOM | =
% Sp A.
BekTop-maTputry
B8 —a>
L - 3 a’ B’ e Q 15
(7 - 7 (15)

(sicHO, 9TO 9TO OOIIMIT BUJI BEKTOP-MATPHIL), COIOCTABIIsIeM ¢ OUHAPHOI KBapaTu-
Hoit hopmoit ¢ = ax? + 2Bxy + yy?. B cBA3M ¢ STUM MOXKHO TOBOPHUTD O MOJIOMKH-
TEJIbHOI MJIM HEOIIPEJICJICHHON BEKTOP-MaTpUIle.
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Bekrop-marpuna (15) nHasbiBaercs npusedenholi, ecjau COOTBETCTBYIOIIAs el
dopma ¢ = (a, 5,7y) ABisercs UPUBEJIEHHOMN, T. €. BbLIIOJHAETCS OJHO U3 YCJIOBUil

(12) wm (13). Marpuy
A (o) a5

HasbBaeM yeaol (em. [9]), ecmm a5 € Z (i,j = 1,2). ToBopum, 4To mesas MaTpu-
ua (16) npumumusna, eciu HO(a11,a12, az1,a22) = 1. B kosbue My (Z) nenbix
MATPHUII, BTOPOTO TIOPSIIKA ONPEJIEISIEM aCCOIMUPOBAHHOCTh MATPHUIL CJI€Ba U CIPaBa.

Marpuiy A; HasblBaeM accoyuuposarhol ciesa ¢ mampuyel A € My(Z), ecim
Haiigercsa rakas uenag marpuna U ¢ mopmoit N(U) = +1, nya xoropoit A1 = UA.
Ananormano GymemM TOBOpHUTH, uTo Aj accoyuuposana cnpasa ¢ A, ecmm maiimercs
V € M3(Z) ¢ nopmoit N(V) = £1 rak, uro A; = A-V.

OnpejieuM TakzKe ITOHATHE JIEJIMMOCTH MATpPHIL cipaBa U cjea. Ilycth A,
B € My(Z), npuuem B — Heocobasi marpuna, T. e. N(B) # 0. Byaem rosopurs,
gro A desumes cnpasa na B, n samucwiBath A/ B, eciu AB™! — nenag matpuna,
T. e. AB™' € My(Z). Ananoruuno A deaumca caesa na B, zanucbiBaercs B\A,
ecrm B~YA € My(Z).

IIpusenemM TakxKe HMCHOJIb3yeMble HAMHU pe3ybTaThl N3 apuPMETUKH MaTPHIL
BTOPOT'O HMOPSIJIKA.

IIpennoxenune 1. Ilycrs ¢ > 0 — Hedernoe ducso. O6osznadum depes og(q)
YHCJI0 HeACCOIMUPOBAHHBIX CJIEBa IPUMHUTHBHBIX MATPHI] BTOPOI'O MOPSIIKA HOPMBI (.

Torna
oo(q) = q] ] <1 + ;) : (17)

JIOKA3ATEJIBCTBO cM. B [9] (eMm. Takxke [5], T7e maercst Gosree mpocToe JoKa-
3aTeJIbCTBO € UCIOJb30BAHIEM KAHOHUUECKUX TPEYTOJIbHBIX MaTpull u3 [12]).

Bousbmyto poas B8 JI9M urpaer ciieayromniuii MaTpUYIHBINA aHAJOT OCHOBHOMI T€O-
peMbI apuMETHKA.

IIpennoxenue 2. ITycrs A — nenas marpuna sopmsl N(A) = a # 0, u myctsb
a=">b-c, rne b, c — nespre ancaa. Torpga HafmyTcss Takue nejbie matpuibl B u C,
qro A= B-C, N(B) =b, N(C) = c. Ilpu srom ecin

A=DBCy, B,Cy€MyZ), N(By)=»b N(Cy)=c,

TO0 B accornuupoBaHa cripaBa ¢ B.

Hokazaresberso eM. B [9]. Ilo nHmykiuu npenjokenne 2 0600IMAeTCs HA HEC-
KOJIBKO COMHOZKUTEJIEN.

JlJis OJTHOTBI U3JI0XKEeHUsl BOCIIPOU3BEIEM MCIIOJIb30BaHHbIe B [5] mOHATHS U
Pe3YJIbTATHI ¢ HEOOXOAMMBIMA yTOUHeHuAME (cM. Takzke [13]).

BekTop-maTpuriy

b —a
L(c —b)’ L € My(Z),

ropmbl N (L) = ac—b? HazeiBaeM cobemeenno npumumuehoti, ecim HOJ(a, 2b, ¢) =
1. fcHO, 9TO YUCI0 COBCTBEHHO IIPUMUTUBHBIX IIPUBEIEHHBIX BEKTOP-MATPHIL HOPMbI
m pasro T'(m).

[Ipu npumenenun JID9M HAMOOBINYIO TPYJAHOCTH JOCTABJISET CJIydail Heompe-
JleJIeHHbIX GUHAPHBIX KBaIPATUYIHBIX (DOPM, TPeOyIONHil OT/IeIbHOT0 PACCMOTPEHUS
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HEKOTOPBIX JIOTIOJTHUTEIbHBIX CBEJIEHU 110 CPABHEHUIO CO CJIyYaeM MOJIOKUTETbHBIX
OMHAPHBIX KBAIPATUIHBIX (DOPM.

CooTBeTCTBEHHO NEPHOJIy HeolpejeseHHbIX dbopm (14) pacemarpuBaeM Iepu-
on, Bektop-MaTput] L = Lq, Lo, ..., La,, KOTOPBIil MO2KHO MPOJOJI2KUTH TEPUOIATHO
(mod 2n) BJIEBO U BUOPABO, IIPUYEM

-1
0 -1 0 -1 )
L’Ll(l kZ>LZ<1 kl> (’L—O,:l:].,:l:2,),

rye k; — HEKOTOpbIE HeJIble YUCIA.
Kak u B [1,13], BBezleM B paccMOTpEHUE MATPUIIBI

—1
@_ (0 -1y (0 -1 -
E (1 kl) (1 ki (t=1,...,2n),

EO© — <(1) (1)) ; k1, ..., ki_1 — Tesible YmMCIIa, TAK 9ITO

EOLEN=Y =L, (i=1,...,2n),

rie 2n — JJIMHA [IEePUOJa BEKTOP-MaTpuUllbl L.

s nenbix Bekrop-marpun, L u L' wmajigerca (cm. [1]) menas marpuna A c
yernosuem ALA™! = L' (Takoe CBOMCTBO OTHOCHTCA K TEOPHH MOBOPOTOB BEKTOD-
marpuir). O6osnaunm Ej, = t— ulL, e {, i — HANMEHBIIIEE 1IEJI0E [IOJIOXKUTEIHHOE
pemmenue ypasuenus Ilems t2 + mu? = 1.

Caenys [13], onpegenun marpuny & = (EL)E"), rne k € Z, k = 2ng + 7, q,
reZ,0<r<2n.

Torna

AgLg ALY =L, A =6&A (k=0,+1,42,...). (18)

Cpemn marpur; Ay = & A, accOMUPOBAHHBIX CJieBa ¢ Marpulieii A u nepeBojis-
mux ojHy u3 Bekrop-marpui Ly mepuoga {L = Ly, Lo, ..., Lo, } B BeKTOp-MaTpHILy
L’ no dopmyne (18), moxkuo momobpars marpuiyy (eM. [1,13]), urpatomyro ocobyro
poutb ipu puMerennn JIDM K nccsegyemoMy Bonpocy (CyIecTBOBaHUe Tako# MaT-
PHIIBI FAPAHTUPYET CJIEYIONIEe NPEeIONKEeHNE).

Ipennoxenue 3. Eciu L, L' — npusesieHnbie HeonpejeJeHHbIC BEKTOD-MaT-
punpr 1 A — neras marpuna ¢ ycaosuem ALA™Y = L', N(A) > 0, to naitnercs

al !/

rakasg marpuna A’ = EA = N > , ACCOIMHUpOBaHHAas ¢ A cJieBa, JIsT KOTOPOit
[/ ! nN—1 __ / —1 / 1l S

L" = A'L(A")~! = EL'E~', skBuBasenrtnas L', npusenena, npuuem o’ 5'~'§" < 0,
e E — nenoduciennas yHuMoyisspHas MaTPULA.

JloKazaTesbCTBO STOro MpeJIoXKeHust ¢M. B [1].

Marpuiy A u3 upemioxenus 3 6yzeM Has3bBaTh, cieays [13], noaynpumaprot
(a mo Tepmunosornu [3| — ydobnot).

Cureptytoiniee pejiozKeHne, OTHOCSIIEECS K BOIIPOCY JIEJIMMOCTH IEJIBIX MaTPHIL
GOJIBINON HOPMBI, JIaeT Hy?KHOe HAM YTOYHEHHE COOTBETCTBYIOIIEro pe3ysbrara [4].

Ilpennoxkenme 4. Ilycte ¢ > 1 — HederHoe umucjo, t > 2 — 1eyoe IUCIO.
Ilycre Q1 m Q2 — mesble mpuMHTHBHBIE MaTpUIbl HOpMbI q. (bo3HAYUM dYepe3
oo(qt; Q1,Q2) YHCIO BCex HEACCOUMUPOBAHHBIX CJI€BA NEJIBIX IPHMHTHBHBIX MATDHUI]
B ¢ yciosuem

N(B):qt7 Q1\B, B/Qz-
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Torma npu t — oo

oo(d's Q1 Q) = 22N L oy Be), (19)
Uo(q )

e nocrosiaable, Bxozsamue B O, 3aBUCAT TOJIBKO OT q u € > (.

JIOKABATEJIbCTBO HEIOCPEICTBEHHO CJiejlyeT u3 npeiioxenns 4.2 B [9)].
Cremyromee IpeIIoXKeHHE OaeT Hy»KHOE€ HAM yTOYHEHHE KJIIOYEBON JIEMMBI

J9M n3 [14].

IIpennoxenue 5 (kmouesas jgemma JIDM mis Bekrop-marpuin). Ilyers m
0 — nesioe uncio. Paccvorpum r(m) MaTpU9HBIX pABEHCTB B KoJibiie Mo (Z):

l+L;=BU;, N(B;)=0b (i=1,...,r(m)), (20)
e B; — njesiasi IpEMUTHBHAST MATPHILA; | — I[eJI0e YUCJIO C YCJIOBHEM
12 + m = 0(modb), (21)
mpuaem b = ¢°, e ¢ > 1 — HedeTHOE IHCIO; § — LEJI0O€ TUC/IO, ISl KOTOPOLO

1 1
Jloglm| __logm
loggq log q

: (22)
31ech ¢ = %, co > 0 — HEKOTOpast MOCTOSTHHASIL.

ITycTh w — 9HCI0 HeaCCOMUUPOBAHHBIX CIIpaBa MATPHI] B;, KOTOpbIe BCTpETATCs
B r' mponsBosbHO BeIGpanHbIX paseHcTsax (20). Torma ecim

clog |m)|

r/ > T(m) . 27 Toglog[m] , (23)

e ¢ > 0 — HekoTopas IOCTOSIHHAS, TO IPHU |m| — 0o

</ log |m|

w > b-L(1,x) 2" Teleslnl (24)

rae ¢ = 4c¢ + 2; HOoCTOsTHHBIE, BXOASIIHAE B CAMBOJI 3> OIEHKH (24), 3aBHCAT TOJBKO
OT q T Ca.

HokazaresscTso cm. B [15].

3. oka3zaTeabCTBO TeopeMbl 1

o 1
1°. @uxcupyem uucyo 7 ¢ yciaosueMm 0 < p < g U PaCCMOTPHM IIeJ/Ible YUC/Ia

13logn(m) plog |m|
5 — - =0 25
(m) = | R | [ EOERL] s, @)

rie .

n(m) = ——— 15— (26)

I(m) + 102 ILO§|3n|

B cuny (4) mMoxkuO 110106paTh 1ej10e 9UCI0 | TaK, YTOObI
l2

I =wu(modgq), 1*+m = 0(modq®), HOﬂ( qtm,q> =1 (27)
IIycrs Ly, ..., Ly, T = T(m), — mouublii HAOOp IPUBEIEHHBIX COOCTBEHHO IIPH-

MUTUBHBIX BEKTOP-MAaTPUIL HOPMBI M.
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B cuy (27)
N(I+L)=17+m=0(modq®) (i=1,...,T).
Torja 1m0 NPeJIoKEHNIO 2 IMEEM MATPHIHBIE DA3JIOZKEHU
I+ L;=X;B;, Bi=Qis-...-Qnn (1=1,...,7), (28)

rae (;; — IPUMHUTHBHBEIE MATPHITEI HOPMBI ¢, B; — IPUMUTHBHbIE MATPHUIILI HOPMBI
S

q°.

B ciiyuae HeonpeieeHHbIX BEKTOP-MaTpuilL, T. €. upu m < 0, caenys [1], B cuny
peyiozkenns 3 6yaeM Beiouparb MATPUIbBL Ty = Qaj-. . .- Qa1 TaK, 410051 1Yy j ObLIM
oIy IpuMapHBIME U T LaT;jl [IPUBE/IEHHBIMU BEKTOP-MaTpUIIaMU HOpMbI m. 1lpu
3TOM CaM BBLIOOD IIOIYIPUMAPHLIX MaTpPUIL i HoBopoTa T LT, 07].1 HEO/IHO3HAYEH
BCJIEJICTBHE TOT'O, YTO UUCJIO UPEJCTABUTENEHl B IUKJE KJIACCA COOTBETCTBYIOIIIX
dopmM, BooOIIIE TOBOPST, HEOIUHAKOBO JIJIsI PA3HBIX KJIACCOB M B CBSI3U C ITUM UMEETCS
HEKOTOPBIIl IIPOU3BOJI B BbIOOpE MaTpui-oneparopos 1,;. Bynem cumrars, 4ro B
ciyuae m < 0 B MATPUYHBIX paBeHCTBax (28) yrKe IMPOU3BEJIEH OMMCAHHBIH BHIGOD
maTpuil Ty 1l Beex a.

W13 pasmoxkenwuit (28), cunTasi, 9T0 B HUX BBINOJHEHBl YKA3aHHbBIE BBIIE TPEGO-
BaHMs, IPOU3BOJIBHBIM 00pa3oM BhiGepeMm T’ paBeHCTB

l+Lg = XgBg (B=1,...,7, (29)
rme 0 <1 < ¢°.

2°. Iyers QW) ..., Q(@0(@) — geroropsIi HAGOP BCEX NPUMUTHBHBIX HEACCO-
IIIPOBAHHBIX CJIEBA MATPHUI] HOPMBI ¢. OGo3maumm depes 7;(QH), T') uncio marpm
Tj3; B paBeHcTBax (29), KOTOpPLIE AEJIATCS CIpaBa Ha QW, rnei<i<s.

Torna ecaun

T' > T(m) - |m|~"™,
TO JJIsl BCeX § = 1,..., S, 32 BO3MOXKHBIM UCKJIIOYeHHEM 7)(7)g)S, CIIPABEIJIMBO ACUMII-
TOTUIECKOE COOTHOIIEHUE
. T’
ri(QY,T') = —={1+0(y(m))}, (30)
oo(q)

rze 7(1p) — HEKOTOpasi MOJOXKUTEIbHAS IOCTOAHHAS, 3aBUCAIIas oT 7 > 0.

Kak u B [5] (cMm. Takxke [16]), s gokasarenscrsa (30) paccMOTpUM MATPHILY

Qll cee le

cee e , (31)
Qrn ... Qs

COCTaBJIEHHYIO U3 MaTpHIL ();;.
Homycrum, uro coornomenue (30) me umeer mectra. Torma ecrb {ys MHIEKCOB i,

JJId KOTOPBIX

r(QW T’ o coy(m
r(QW, T . coy(m
l(Q 7T) < O'O(q) (1 07( ))7

rjie ¢ > 0 — HeKoTOpas MOCTOSHHAS.
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ITycTh 3TH HEPABEHCTBA BLINOJHAIOTCS JJIA HHACKCOB i1, .. . , iy, e {gs < n <
s. Torna naiinerca s; — % UHJIEKCOB 11, . .. , i, (CUMTAEM CIIEJIAHHOI [IepeHyMepa-
WO MCXOJHBIX UHJIEKCOB), JIJIS KOTOPBIX OJHOBPEMEHHO JUIsl BCEX i1, ... , is, OyIeT
BBITIOJIHEHO OJIHO W3 HEPABEHCTB (32).

Crenyst renieps npuemy A. B. Massimesa [16], 6yzem B Mmarpure (31) Bectu cuer
IO CTOJIOIAM C HOMEPAMM i1, . . . , i5 U [0 CTPOKaM ¢ HoMepaMu oT 1 10 T, yaurbiBas
pu 3TOM HepaBeHCTBa (32). B ciryuae HeONpemeeHHBIX BEKTOP-MATPUIL, T. €. MPH
m < 0, HQJ0 U3 MATPUIHBIX PaBeHCTB (29), caenys paccykaenusiM [1], orbpocnTs Te,
KOTOpBIE IIPUBOJAT K aCCOIUNPOBAHHBIM CJieBa MaTpuiaM 1g; Ipu (PUKCUPOBAHHBIX
i. Torma B obomx ciayvasx HepaseHCTB (32) mosyunm 17 > m(y(m))T' paBencrs

(29) co cremyromum ycmosueM: mpomssenenust Bg = Qgs - ... Qp1 OymyT mMern
GoJibie, Tem (1 + %(m))#(lq), WA MEHBIIE, 4eM (1 - %(m))#&), MmaTpur, ¢ g;,
acconunpoBanHbX cieBa ¢ QU) mpm i = iq,. .. ,1s,. 1lpm sTom cpemu marpurn Tg,

IIpu (1)I/IKCI/IpOBaHHOM 1 HeT ACCOIIMNPOBAHHBIX CJIEBa.

3°. Mbr GyzieM ciieioBarTh paccyzxkiaeHusaM [17], BHOCs cOOTBETCTBYIOIIUE U3Me-
HEHUsl, CBSI3aHHBIE CO CJIy4aeM MATPHUI] BMECTO KBaTepHHOHOB. Cpeny HMHIEKCOB

¢ =1,...,8 OTMETUM HHJIEKCHI C HOMEPAMU
Je=Fkoé(m) (k=1,...,s1). (33)
He napymasg obmuocTu, OyzeM paccMaTpUBaTh TOIBKO MaTpullbl B, cCOMHOXKE-
Ten () g; KOTOPBIX YJOBIE€TBOPSAIOT YCIOBHUAM, UTO MpousBeneHns By = Qgs-...-Qp1
OyIyT UMeTh MEHbIIe, YeM (1 — "0727(7”)) - S(lq)’ MaTpHIL ()g;, ACCOIMIPOBAHHBIX CJIEBA

c QW upu i =iq,..., 0.
Torpa, cremys [17], moxkHO TOKa3aTh, a0 cpeau 1" pasencTs (28) mveercst

coy(m)

/ 2 /
> [ entm T (34)
2

TAKUX PABEHCTB (JIeJiasl IePeHyMEePAIUIO, CIUTAEM, 9TO ITO IepBbie 1’ paBeHcTs (29))

l+L5:Xng, BB:QBS""'Qﬁl (ﬁ:1,...77‘/>7 (35)

9ITO JIIA KazKJIOTO U3 HUX YHCI0 WHIEKCOB k = 1,..., 81, JJIs KOTOPBIX (Qjj, ACCOIH-
WpOBaHa cjieBa ¢ (), Oy/IeT MeHbIIIe, TeM

(1QWW”> L (36)

2 o0(q)

4°. TTycrs w' — 4HUCIIO0 HEACCOLUMUPOBAHHBIX CJIeBa IPIMUTUBHBIX MaTpul] Bg =
Qs - - - .- Qp1 B paBencrsax (35). Ouenum w’ cBepxy. fcno, uro

w < wp, (37)

rJe w1 — YHCJI0 BCEX HEAaCCOIMHMPOBAHHBIX CJI€eBa IIPUMHUTHUBHBIX MaTPHUI] BHIA

BO —QW. QW (t=1,... w),
rie QY’) npoberaer Bce pa3iMyHble MaTpUllbl u3 Habopa {Q11, ..., Q11 }; Qg’) — u3
Habopa {Q12,...,Qr2}; ..., Qgt) — n3 Habopa {Q1s, ..., Qrs}, upuuem

#{k| QY = EQN(B) =1} < (1 - 72(m)> oos<1q>' )
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Iycrs QM) = Q,Q®@), ..., Q@) — dukcuposanubiii HAGOP BCEX HEACCOLH-
MPOBAHHBIX CJIeBa MPUMUTHBHBIX MATPHI[ HOpMBI ¢. Torma, Kak u B [4], ¢ yueTom
peJJIoXKEHNsI 2 110 MaTpulle B 0JIHO3HAYHO HANJIETCsI ACCOIMUPOBAHHASI € CyieBa
NPUMHTHBHaA MaTpuna B’ Tak, aro

B = C1Q\CQ% - ... - C.Q7, (39)
rie C; — HekoTopast MaTpuiia HopMbl ¢° (™)1

Qe {QW.QW, ... Q@) (i=1 .. s).

[TosTomy

wy < w, (40)
rae w — 4ucso Beex marpun Buga (39), xorma Q) C;Q) npoberaer Bce npuMu-
TrBHBIe MaTpHIBl HOpMBI ¢° ")+ HEeKOTOPOIl CHCTEMBI HEACCOUUPOBAHHEIX CIIEBA
marpul, npudeM Q) = E ectb exunudHasg Marpuna u B cuiy (37)

coy(m) S1
Q- — g < (1- 2 ) B
2 oo(q)
Ho o npesioxkennio 4, B KOTOpOM Bo3bMeM (Jo = F| Ipu JAHHBIX j U k YUCIIO BCEX
IIPUMITHBHBIX HeaccomuupoBanubix ciesa Marpun QU CQ®) mopmer ¢°") 1 mpu
JIOCTATOTHO GOJIBIIOM (M) OIEHMBAETCS TaK:

#H{QWCQW|N(C)=¢*™ =1, QW CQ™ upumurusnbe HeacconuupoBanHbe ceBa}

i () ot}

aHaJIOTUIHO

#{CQ(k) | N(C) = @71 Q™ npuMmTHBHBIE HeaCCOIUMUPOBAHHDIC cieBa}

= g’tmt {1 +0 ( 5(’"))} .

IMosromy umcio marpur; B’ Buga (39), v KOTODBIX Jyis Sp WHJEKCOB i u3 Habopa
(i = 1,...,s1) umeer Mecto pasenctso Q) = QW) = Q a I OCTAJIBHBIX S1 — S
WHJIEKCOB HMeeT Mecto pasencTso QF = QU) £ Q (j = o0(q)), paBHO

) (-a@) w0 )HHO“”))

IMosTomy tpu §(m) — oo

1 m S
we {1 D)} (e )
p

plg

. 2 32!(8(1911 52)! (U(Jl(Q)>S2 (1 - Uol(q)>5182 - 4

co(m) s1
52§(17 2 )%(n)

Paccyxzast, kak u B [4, c. 62, 63], ™. e. npousBesst ONEHKY CBEPXY IPABOil
vactu HepasBeHcTBa (41), mosydum, 9To npu HEeKOTOpoi nocroguuoh ¢’ = ¢’(c¢p),
3aBUCAIIEN OT ¢, CIPABEJINBA OIEHKA
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e dbyukuust 1)(m) onpejieseHa paBeHCTBOM (27).
5°. C apyroii cTOpoHbI, B CHILY Kit04eBoil iemMMbl JI9M (mpesyioxkenne 5) uveem

w> b |m| 70w (43)

Ho 1pu gocTarodso G0IbIIoM 3HAYEHUHN Cg, & CJIEJI0BATEIBHO, IIPU JOCTATOIHO (OJIb-
oM 3uadenun ¢ ouenku (42) u (43) nporusopedar apyr apyry. Mrak, Mbl npuBesu
K IPOTHBOPEYINIO IPETOIOKenne 1. 2°.

Crenys [5], ¢ yaerom acumnroTudeckoro coorHomerus (30) mosydaem

T(m)
o0(q)

r(m; Q,u) = r(QY, T(m)) = {1+ 0((m))},

rie
Tl(Q(])aT/) E #{Tﬁ1| 1 S ﬁ S Tl) T[Iﬂ/Q(])}

(3mech # — 3Hak MomHOCTH MHOXKecTBa). Teopema 1 nokazana.

4. /Toka3aTeJbCTBO TEOPEMBI 2

[Iycts ®(m) = {@1, ..., P1(m)} — TOMHAS CHCTEMA TETOYIHCICHHBIX COOCTBEHHO
NPUMATHBHBIX OMHAPHBIX KBAAPATHIHLIX (DOPM ONPEICSUTENS 171, TAK ITO

¢ = (a,b,c) = ax® + 2bxy + cy® € B(m),

ecmn a, b, ¢ € Z, HO/I(a, 2b,c) = 1, ac — b*> = m 1 BLITIOJIHEHBI yCIOBHS TPUBE/ICHIST
(12) wm (13).

Kak u B [5], mycts ®(m,q) C ®(m) — coBokynrocrs Tex GopMm ¢ = (a,b,c) €
®(m), mepBbie KO3 MUIMEHTEI KOTOPBIX JEIATCA Ha ¢, T. €.

a = 0 (mod q). (44)
N3 (44) cnenyer, uro
b?> + m =0 (modq). (45)
[MosToMy ecam ug,. .., ugr — TOTHASA cHCTeMa pemennii (mod ¢) cpaBHeHUS

z? + m = 0(mod q),

rje v = v(q) — 9UCII0 PA3JIMYHbBIX IPOCTLIX AeuTeleit yucia q u (a, b, ¢) € ®(m, q),
To B cuwry (45) mmeem b = u;,(modq) mis HekoToporo g, 1 < ip < 2¥. Tem
caMbIM MHOXKecTBO P(m, ¢) pasbuBaercs Ha 2 MOIAPHO He MEPECEKAONIUXC MHO-
xkectB ®(m, q,u;), raue ®(m, q,u;) — MHOKeCTBO Tex ¢ = (a,b,c) € ®(m,q), mia
KOTOPBIX

b=u;(modq) (i=1,...,2"). (46)
IToBTOpPsIsl MATPHIHBIE PACCYZKICHHSI, CBA3AHHBIE C TEOPEMOil 1, mOIyIaeM, ITo
u; + La/Q7 (47)

rae

1 0 ba Qo
o= (o 4) = (2 %)

— BEKTOP-MATPHIA, COOTBETCTBYIONIAs KBaApaTudHoil dopme ¢, = (A, ba,Ca) €
®(m,q,u;). Ob6parno, ecau umeer mecro (47), To BbINOJHsIOTCA yeaoBus (44) u
(46), Tak 4TO

Pa = (aa:baaca) S @(m,q,ul)
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[TosTomy
#(I)(mﬂl»uz) - r(mﬂQvuZ) (7’ - 1772V) (48)
Haxowner, u3 (48) B cuity Teopembl 1 u npejiozkeHns: 1 mosrydaem
o

Tl(qu) - #(I)(qu) - Z #q>(m7Q7ul)

2 v(a)
=3 rm @) = L T L+ 06 m)}
ot plg g

Teopema 2 mokaszama.

5. AcumMmnrorudeckue popMyJIbl
ans Tp(m, q) Ha ocHoBe rumnores (K) u (¥)

Hast nonmyuenust ¢ nomorpio JI9M acumnrorndeckux dbopmya mist T1(m, q) ¢
OCTATOYHBIME YJIEHAMH, 3aBUCSIUMHU OT JIEMEHTAPHBIX (DYHKIU, HPUIAETCS HC-
nosib30BaTh runoressl (R) u (¢) o nosenennn L-byaknun Jupnxie.

ITycrs B ycnoBusx TeopeMbl 2 Boinosdena runoresa (R). Torma reopema 3 ciie-
JlyeT M3 TeOpeMbl 2 M KJIIOYeBOil JieMMbl (IpejiozKenue 5), ecyu Bo3bMeM 1)(m) <
loglog |m|, orxyna

logn(m) loglog log |m)|

7)== loglog [m]

Ecim ke B ycioBusiX TeopeMbl 2 BBIIOJIHEHa runoresa (¢), To, mojoxus n(m) =
V/log|m|loglog|m|, umeem y(m) < ﬁ, T. €. B 9TOM CJIy4ae MbI IOJy9aeM
og|m|)4

TeopeMy 4.

B zakuiiouenne ormerum, 4To 0E3YCJAOBHBIE OLEHKH OCTATOYHBIX YJIEHOB (ecsn
He cuurTaTh oueHku (8), rae y(m) ynosnersopsier (7)), 40 CHX [OD HE yCTAHOBJIE-
HBI, X0Ts1 B pabore JIptoka [18] mosrydyena 6e3ycIoBHAsT OIEHKA OCTATOYHOIO WJIeHA B
ACHMIITOTHIECKON POpMyJie JIJIsl pacIpe/ie/IeHus] TPUBEIEHHBIX OMHAPHBIX KBapa-
TUYIHBIX (HOPM IO 0OJIACTSIM Ha COOTBETCTBYIOIMINX TMIIEPOOJIONIAX.
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