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SEMI-INVARIANT SUBMANIFOLDS OF
(g,F)-MANIFOLDS

Novac-Claudiu Chiriac

Abstract. We introduce (g, F')-manifolds and initiate a study of their semi-invariant sub-
manifolds. These submanifolds are generalizations of CR-submanifolds of Kaehler manifolds. We
obtain necessary and sufficient conditions for the integrability of distributions on a semi-invariant
submanifold and study the geometry of foliations defined by these distributions. In particular, for
a large class of (g, F)-manifolds we prove the existence of a natural foliation on their semi-invariant

submanifolds.

1 Introduction

The geometry of manifolds endowed with geometrical structures has been intensively
studied and several important results have been published (cf. Yano - Kon [12]). An
important class of such manifolds is formed by Kaehler manifolds. The geometry of
submanifolds of a Kaehler manifold is rich and interesting, as well. CR - subman-
ifolds introduced by Bejancu [2] have had a great impact on the developing of the
theory of submanifolds in a Kaehler manifold.

In the present paper we first introduce the concept of (g, F')-manifold which con-
tains as particular cases: almost Hermitian and almost parahermitian manifolds,
almost contact and almost paracontact manifolds, almost sympletic manifolds, etc.
Then we study semi-invariant submanifolds of a (g, F') - manifold, which are exten-
sions of CR-submanifolds to this general class of manifolds. We find necessary and
sufficient conditions for the integrability of both distributions on a semi-invariant
submanifold (cf. Theorem 10 and Theorem 11). In particular, for (g, F) - mani-
folds wich are generalizations of Kaehler manifolds and parakaehler manifolds we
prove that semi-invariant submanifolds carry a natural foliation (cf. Theorem 13).
Finally, we obtain characterizations of totally geodesic foliations on semi-invariant
submanifolds (cf. Theorem 16 and Theorem 17).
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2 Preliminaries

Let M be an m-dimensional Riemannian manifold with Riemannian metric g. De-
note by F(M) the algebra of smooth functions on M and by I'(T'M) the F(M)-
module of smooth sections of the tangent bundle T'M of M. We use the same nota-
tion for any other vector bundle over M. All manifolds and mappings are supposed to
be differentiable of class C'*°.

Next, we consider an n-dimensional submanifold N of M. Then the main objects
induced by the Levi-Civita connection V of (M,g) on N are involved in the well
known Gauss-Weingarten equations:

(a) VxY =VxY +h(X,Y)and (b) VxV =—-AyX +V%V,  (2.1)

for any X,Y € I'(TN) and V € I'(TN*+). Here, V is the Levi-Civita connection
on N, h is the second fundamental form of N, Ay is the Weingarten operator with
respect to the normal section V, and V' is the normal connection in the normal
bundle TN+ of N. The two geometric objects h and Ay are related by

g(h(X,Y),V)=g(Av X,Y). (2.2)

If h vanishes identically on N, then N is called totally geodesic.

Several studies have been developed on submanifolds of manifolds endowed with
some geometrical structures. We recall here some of these structures. First, we
consider an almost Hermitian manifold (M, g, J), where g is a Riemannian metric,
J is an almost complex structure, that is, J2 = —I, satisfying (cf. Yano - Kon [12],
p. 124).

9g(JX,JY)=9g(X,Y), VXY el'(TM). (2.3)
In 1978, Bejancu [2] has introduced the concept of CR-submanifold of an almost
Hermitian manifold as follows. A real submanifold N of (M, g, J) is called a CR-
submanifold (Cauchy-Riemann submanifold) if it is endowed with a distribution D

satisfying the following conditions:
(i) D is invariant with respect to J, that is,

J(Dy) = D,, VaeN.

(ii) The complementary orthogonal distribution D+ to D in T'M is anti-invariant
with respect to J, that is,

J(DEH) c T,N*, VYzeN.

When D+ = {0} (resp. D = {0}), N is called invariant submanifold (resp. anti-
invariant submanifold). Any real hypersurface of (M,g,J) is a CR-submanifold
which is neither invariant nor anti-invariant submanifold. Many papers have been
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published on the geometry of CR-submanifolds, some of the important results being
brought together in the books of Bejancu [3], Chen [7] and Yano - Kon [11].

Next, we consider a manifold M equipped with a semi-Riemannian metric g (cf.
O'Neill [9], p.54) and an almost product structure P, that is P2 = I, (P # +I ).
Then (M, g, P) is called an almost parahermitian manifold if we have

g(PX,PY) =—g(X,Y), VX,YeI(TM). (2.4)

The concept of CR-submanifold has been considered by Bejan [1] in case the am-
bient manifold is an almost parahermitian manifold. Both, the almost Hermitian
and almost parahermitian manifolds are necessarily of even dimension. The odd
dimensional coanterparts of these manifolds can be introduced as follows.

Let M be a real (2m + 1)-dimensional manifold endowed with a Riemannian
metric g, a tensor field ¢ of type (1, 1), a vector field £ and a 1-form 7 satisfying the
conditions

(a) ¢* = —I+n®¢& (b) ) =1, (2.5)
() 9(pX,pY) = g(X,Y)—n(X)nY).

Then (M, g, ¢, &,n) is called an almost contact metric manifold (cf. Blair [5, p.33]).
The concept of semi-invariant submanifold of an almost contact metric manifold (cf.
Bejancu-Papaghiuc [4] ) represents an extension of the concept of CR-submanifold
to the case of odd dimensional ambient manifold. Similarly, consider a (2m + 1)-
dimensional manifold M endowed with (g, ¢, &, n) satisfying:

(@) ¢ = I—-n®¢&  (b) nE) =e,
(c) gpX,pY) = —g(X,Y)+en(X)n(Y), (2.6)

where € = +1 or ¢ = —1, according as £ is spacelike or timelike vector field with
respect to the semi-Riemannian metric g. Then (M, g, p,&,n) is called an almost
paracontact metric manifold (cf. Sato [10] ). Semi-invariant submanifolds of almost
paracontact manifolds (cf. Tanug-Mihai [8] ) are extensions of CR-submanifolds to
this class of odd dimensional manifolds.

Finally, we recall that a real 2m-dimensional manifold M is called an almost
symplectic manifold if it is endowed with a nondegenerate 2-form €.

3 (g,F) - Manifolds and their submanifolds

Let M be a real m-dimensional manifold and g be a semi-Riemannian metric on M.
Thus g might be a Riemannian metric or nondegenerate of constant index at any
point of M. Suppose that there exists on M a non zero tensor field F' of type (1,1)
satisfying

g FX,Y)+g9(X,FY)=0, VX, YeI'(TM). (3.1)
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Then we say that M is a (g, F)-manifold. If in particular, F, is nondegenerate at
any point = € M then we say that M is a nondegenerate (g, F')-manifold. Otherwise,
M is called degenerate (g, F')-manifold.

In literature there is an abundance of examples of (g, F')-manifolds. Some of these
examples are presented here.

Example 1. An almost Hermitian manifold (M,g,J) is a nondegenerate (g, F')-
manifold. Indeed, take F = J and from 2.3 we deduce 3.1.

Example 2. An almost parahermitian manifold (M, g, P) is a nondegenerate (g, F')-
manifold. In this case we take F' = P and by using 2.4 and taking into account that
P? = I we obtain 3.1.

Example 3. An almost contact metric manifold (M, g, p,&,n) is a degenerate (g, F')-
manifold. We put F' = ¢ and by using 2.5 we deduce 3.1. As p(§) =0, M is a degen-
erate (g, F')-manifold.

Example 4. An almost paracontact manifold (M, g,p,&,m) is a degenerate (g, F')-
manifold. Here we take F = ¢ and by 2.6 we obtain 3.1. As in the previous example
we have (&) = 0, and therefore M is a degenerate (g, F')-manifold.

Example 5. Let (M,Q) be an almost symplectic manifold endowed with a semi-
Riemannian metric g. Then we define a tensor field F' of type (1,1) by

g(FX,Y)=Q(X,Y), VX,YeI(TM). (3.2)

As Q is skew-symmetric, we deduce that F and g satisfy 3.1. Moreover, since ()
is mondegenerate we conclude that (M,€Q,g) is a nondegenerate (g, F)-manifold.

Remark 6. Any 2m-dimensional nondegenerate (g, F')-manifold is an almost sym-
plectic manifold. Indeed, define Q0 by 3.2 and by using 3.1 we deduce that  is a
nondegenerate 2-form on M.

Next, we consider a submanifold N of a (g, F')-manifold M. Suppose that g in-
duces a semi-Riemannian metric on N which we denote by the same symbol g. Then,
following the definition given by Bejancu [2] for CR~-submanifolds we introduce a spe-
cial class of submanifolds of M as follows.

Definition 7. We say that N is a semi-invariant submanifold of the (g, F')-manifold
M if there exists a distribution D on M satisfying the conditions:
(i) D is a nondegenerate distribution with respect to g, and we have

F(D,)CD,, Yaz€eN
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that is, D is F'-invariant.
(ii) The complementary orthogonal distribution D+ to D in TN is F-anti-
mvariant, that is,
F(Dy) c T,N*+, VaxeN.

(i) F2(DY) is a distribution on N.

If in particular, M is an almost Hermitian manifold, then we obtain the concept
of CR-submanifold. In this case, the condition (iii) is a consequence of (i) and
(ii). Moreover, the above concept of semi-invariant submanifold is a generalization
of all the extensions of the concept of CR-submanifold to almost parahermitian
manifolds, almost contact metric manifolds, almost paracontact metric manifolds,
etc. (see Bejancu [3]).

Some particular classes of semi-invariant submanifolds are defined as follows.
Let p and ¢ be the ranks of the distributions D and D+ respectively. If ¢ = 0,
that is D+ = {0}, we say that N is an F-invariant submanifold of M. If p = 0,
that is D = {0}, we call N an F-anti-invariant submanifold of M. Thus, N is an
F-invariant (resp. F-anti-invariant ) submanifold if and only if

F(T'N)CTN (resp. F(TN)C TN*1).

If pg # 0 then N is called a proper semi-invariant submanifold. Now, we denote
by D the complementary orthogonal vector bundle to F(DL) in TNL. If D = {0},
then we say that N is a normal F-anti-invariant submanifold. Thus N is normal
F-anti-invariant if and only if

F(DY) =TM*.

Taking into account the Definition 7 we deduce that the tangent bundle and the
normal bundle of a semi-invariant submanifold N have the orthogonal decomposi-
tions:

(@) TN=D&D*+ and (b) TN+ =F(D")&D. (3.3)

Then we denote by P and Q the projection morphisms of TN on D and D~ respec-
tively, and obtain

(a) X=PX+QX , (b FX=¢pX+wX , V XeI'(T'N), (3.4)
where we put
(a) X =FPX and (b) wX =FQX (3.5)

Thus ¢ is a tensor field of type (1,1) on N, while w is a F/(D)-valued vector 1-form
on N.
Next, we prove the following.
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Proposition 8. Let N be a semi-invariant submanifold of a (g, F')-manifold M.
Then we have the following assertions:

(i) N is a(g,p)-manifold.

(i) F2(D4) is a vector subbundle of D*+.

(iii) The vector bundle D is F-invariant, that is, we have

F(D,)cD,, YazeN.

Proof. (i) By definition, g is a semi-Riemannian metric on N and ¢ is a tensor field
of type (1,1) on N, we need only to show 3.1. By using 3.5(a), 3.4(a) and 3.1 for F
we obtain

9(pX)Y) = g(FPX,Y)=g(FPX,PY)=—g(PX,FPY)
= —g(X,FPY)=—g(X,pY), V X,Y eT(TN).

Thus 3.1 is satisfied for g and ¢, and therefore N is a (g, ¢)-manifold.
Take X € I'(D) and Y € T(D+). Then by using 3.1 we obtain

g(X,F?Y) = —g(FX,FY)=0,

since FX € T(D) and FY € T(TM™). Hence F?(D%) is orthogonal to D and by
condition (iii) of Definition 7. we deduce that F?(D') is a vector subbundle of D+.

(iii) Take X € T(T'N),Y e I'(DY) and V € T'(D). Then by using 3.1 and 3.4(b)
we obtain

g(FV,X) = —g(V,FX) = —g(V, X + wX) =0,

and
g(FV,FY) = —g(V,F?Y) =0,

since X € (D), wX € [(FDL) and F2Y € I'(D}). Thus FD is orthogonal to
TN @ FD*, that is, F D is a vector subbundle of D. This completes the proof of the
proposition.

O

Taking into account that F' is an automorphism of T'M provided M is a non-
degenerate (g, F')-manifold, by condition (i) of Definition 7 and by assertions (ii) and
(iii) of 8 we can state the following.

Corollary 9. Let N be a semi-invariant submanifold of a nondegenerate (g, F')-
manifold M. Then we have:

F(D)=D, F>(DY)=D* and F(D)=D.
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4 Integrability of distributions on a semi-invariant sub-
manifold

Let N be a semi-invariant submanifold of a (g, F')-manifold M. Then we recall that
the Nijenhuis tensor field of F' is defined as follows (cf. Blair [5], p. 63 ).

[F,F|(X,Y)=[FX,FY]+ F*[X,Y] - F[FX,Y] — F|X,FY], (4.1)

for any X, Y € I'(T'M). In a similar way, the Nijenhuis tensor field of ¢ on N is
given by

[0, (X, Y) = [pX, 0Y] + @*[X, Y] — p[pX, Y] — X, pY], (4.2)

for any X,Y € I'(T'N). We recall that a tensor field of type (1,1) defines an
integrable structure on a manifold if and only if its Nijenhuis tensor field vanishes
identically on the manifold. Now we obtain necessary and sufficient conditions for
the integrability of D and D™ in terms of Nijenhuis tensor fields of F and ¢.

Theorem 10. Let N be a semi-invariant submanifold of a nondegenerate (g, F')-
manifold M. Then the following assertions are equivalent:

(i) D is an integrable distribution.

(ii) The Nijenhuis tensor field of ¢ satisfies the equality

Qe pl(X,Y)=0, VX, YeI(D). (4.3)
(i1i) The Nijenhuis tensor fields of F' and ¢ satisfy the equality

[F,F|(X,Y)=[p,|(X,Y), ¥X,YeI(D). (4.4)

Proof. First, we note that D is integrable if and only if
QIX,Y]=0, VX, Yel(D). (4.5)
Then from 4.2 we deduce that
Qe #l(X,Y) = QlpX, Y], VX,Y e(D), (4.6)

since the last three terms in the right side of 4.2 lie in I'(D). As M is nondegenerate,
we deduce that ¢ is an automorphism on I'(D). Thus the equivalence of (i) and (ii)
follows from 4.5 and 4.6. Next, by using 4.1, 4.2, 3.4 and 3.5 we obtain

[FFI(X,Y) = [0, e](X,Y) + FPQ[X, Y] — w([pX, Y] + [X, 9Y]), (4.7)
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for any X,Y € I'(D). Suppose that D is integrable. Then by using 4.5 in 4.7 and
taking into account 3.5(b) we obtain 4.4. Conversely, suppose that 4.4 is satisfied.
Then from 4.7 we deduce that

F2Q[X,Y] = w([pX, Y] + [X, oY]). (4.8)

By assertion (ii) of 8 we deduce that the left side of 4.8 is in I'(D*). On the other
hand, by 3.5(b) the right side of 4.8 is in I'(F D). As D+ is a subbundle of TN
while F D' is a subbundle of TN+, we conclude that both sides in 4.8 must vanish.
Finally, from

F2Q[X,Y]=0, VX, YecTI(D),

we deduce 4.5, since F' is an automorphism of I'(T'M). Hence (i) is equivalent to
(iii), and this completes the proof of the theorem. O

Now, consider X,Y € I'(D+). Then taking into account that ¢X = @Y = 0,
and by using 3.5(a) into 4.2 we obtain

[p,¢](X,Y) = F?P[X,Y].

This enables us to state the following.

Theorem 11. Let N be a semi-invariant submanifold of a nondegenerate (g, F')-
manifold. Then D is integrable if and only if the Nijenhuis tensor field of p vanishes
identically on D+,

5 A natural foliation on a semi-invariant submanifold

Let M be a (g, F)-manifold and V be the Levi-Civita connection on M with respect
to the Riemannian metric g. Then we say that F' is a parallel tensor field on M if

(VxF)Y =0, VX,YeI(TM). (5.1)

Kaehler manifolds, para-Kaehler manifolds and cosymplectic manifolds are examples
of (g, F)-manifolds with parallel tensor field F'.

In the present section we study the geometry of semi-invariant submanifolds of
(g, F)-manifolds with parallel tensor field F'. First, we prove the following.

Proposition 12. Let N be a semi-invariant submanifold of a nondegenerate (g, F')-
manifold with parallel tensor field F'. Then we have

ApxY —Apy X = o([X,Y]), VXY e(D}). (5.2)
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Proof. By using 5.1, 2.1 and 3.4(b) we obtain
—Apy X + VXFY = o(VxY) +w(VxY) + Fh(X,Y),

for any X,Y € I'(D1). Write a similar equation by interchanging X and Y, and
then subtracting obtain

ApxY — Apy X + VXFY — V$FX = o([X,Y]) + w([X,Y]),

since V is a torsion-free linear connection and h is a symmetric F'(N)-bilinear map-
ping on I'(T'N). Thus 5.2 is obtained by equalizing the tangent parts to N in the
above equation. O

Now, we can state the following important result.

Theorem 13. Let N be a semi-invariant submanifold of a nondegenerate (g, F')-
manifold with parallel tensor field F. Then the F- anti-invariant distribution D+ is
integrable.

Proof. By using 2.1(b), 5.1 and 3.1, and taking into account that V is a torsion-free
and metric connection, we obtain

9(ApxY,Z) = —g(VyFX,Z)=g(VyX,FZ)=—g(X,VyFZ) (5.3)
= g(FX,VyZ)=g(FX,[Y,Z] +VzY)
= g(FX,VzY),

for any X, Y € I'(D+) and Z € T'(D). Also, we have
9(Apy X, Z) = g(FY,VzX) = —g(FV5Y,X) = g(VzY, FX). (5.4)
Comparing 5.3 and 5.4 we deduce that
g(ApxY — ApyX,Z) =0, VX, Y cI'(D'), Ze (D).
On the other hand, from 5.2 we conclude that
ApxY — Apy X € I'(D).
Thus we proved that

ApxY —ApyX =0, VY X,Y e (D). (5.5)
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Finally, by using 5.5 in 5.2 and taking into account that F' is nondegenerate, we
deduce that
PIX,Y]=0, VX,YeI(D}),

that is, D' is integrable. O
Regarding the integrability of D we prove the following.

Theorem 14. Let N be a semi-invariant submanifold of a nondegenerate (g, F')-
manifold M with parallel tensor field F'. Then the F-invariant distribution D is
integrable if and only if the second fundamental form h of N satisfies

g(h( X, oY) —h(Y,0X), FZ)= 0, (5.6)

for any X,Y € T(D) and Z € T(D4).

Proof. By using 5.1 and 2.1 we deduce that
VxeY + h(X,0Y) = o(VxY) +w(VxY)+ Fh(X,Y),

for any X,Y € I'(D). Write a similar equation by interchanging X and Y, and then
subtracting obtain

VxpY = VypX +h(X,9Y) = h(Y, 0X) = o([X, Y]) + w([X,Y]) ,

since h is symmetric and V is a torsion-free linear connection. Equalize the normal
parts in the above equation and obtain

h(X, YY) — h(Y, pX) = w([X, Y)). (5.7)

Now, suppose that D is integrable. Then by using 3.5(b) and 4.5 in 5.7 we deduce
5.6. Conversely, if 5.6 is satisfied, then from 5.7 we deduce that

Q(Q[X’Y]7F2Z) = —g(FQ[X,Y],FZ) = —g(w[X,Y],FZ) =0.

Since M is nondegenerate, from Corollary 9 we infer that F2 is an automorphism of
I'(D1). Hence the above equality implies 4.5, that is D is integrable. O

Remark 15. In particular, if F' is an almost complex structure on M, from The-
orem 13 and Theorem 14 we obtain the results of Blair-Chen [6] and Bejancu [2]
respectively, for CR-submanifolds.
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Now, we denote by F= the natural foliation defined by the F-anti-invariant
distribution D, and call it the F-anti-invariant foliation on N. We recall that F'*
is called a totally geodesic foliation if each leaf of F'* is totally geodesic immersed
in N. Thus F* is totally geodesic if and only if the Levi-Civita connection V on N
satisfies

VyZeT(DY), VY, Zecl(DY). (5.8)

Theorem 16. Let N be a semi-invariant submanifold of a nondegenerate (g, F')-
manifold M with parallel tensor field F'. Then the following assertions are equivalent:

(i) The F-anti-invariant foliation is totally geodesic.
(ii) The second fundamental form h of N satisfies

h(X,Y)eT(D), VY XeI(D),Yel(Db). (5.9)
(i4i) D+ is Ay -invariant for any V € T'(FD?'), that is we have

AyY eT(DY), VY eT(DY).

Proof. By using 2.1, 3.1, 5.1 and 2.2 we obtain

g(VyZ,FX) = g¢(VyZ FX)=—g(VyFZ,X) (5.10)
= g(AFZY7X) :g(h(X,Y),FZ) >

for any X € I'(D) and Y,Z € I'(D+). Now, suppose that F* is totally geodesic.
Then by 5.8, the first term of 5.10 vanishes since FX € I'(D) for any X € I'(D).
Hence the last term is 5.10 vanishes, which implies 5.9. Conversely, suppose 5.9 is
satisfied. Then from 5.10 we deduce 5.8 since F' is an automorphism of I'(D). This
proves the equivalence of (i) and (ii). Due to 2.2 we obtain the equivalence of (ii)
and (iii). This completes the proof of the theorem. O

Finally, we can prove the following.

Theorem 17. Let N be a semi-invariant submanifold of a nondegenerate (g, F')-
manifold with parallel tensor field F'. Then the F-invariant distribution D is inte-
grable and the foliation F defined by D is totally geodesic if and only if the second
fundamental form h of N satisfies

WX, Y)eT(D), VX,YeT(D). (5.11)
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Proof. D is integrable and F' is totally geodesic if and only if
VxU el'(D), VX, UEeTI(D).
By 2.1(a), this is equivalent to
9(VxU,Z)=0, V ZeT(DY).
As F' is an automorphism of I'(D) we can write the above equality as follows
g(VxFY,Z)=0, VY X,YeT(D), ZcT(Db),

which via 5.1 and 3.1 is equivalent to

g(VxY,FZ)=0.

Finally, by using 2.1 we conclude that D is integrable and F' is totally geodesic if
and only if
g(h(X,Y),FZ) =0,

which completes the proof of the theorem. O
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