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EXISTENCE OF SOLUTIONS FOR NONLINEAR
MIXED TYPE INTEGRODIFFERENTIAL
EQUATION OF SECOND ORDER

H. L. Tidke and M. B. Dhakne

Abstract. In this paper, we investigate the existence of solutions for nonlinear mixed Volterra-
Fredholm integrodifferential equation of second order with nonlocal conditions in Banach spaces.
Our analysis is based on Leray-Schauder alternative, rely on a priori bounds of solutions and the
inequality established by B. G. Pachpatte.

1 Introduction

Let X be a Banach space with norm || - ||. Let B = C([to, to + 3], X) be the Banach
space of all continuous functions from [to,tg + (] into X endowed with supremum
norm

zllp = sup{[lz(@)] : ¢ € [to, o + G]}-

Motivated by the work of [6], in this paper we consider the following nonlinear
mixed Volterra-Fredholm integrodifferential equation of the form:

2 (t) + Az(t) :f(t,x(t),/t a(t, s)k(s, z(s))ds,

0

to+03
/ b(t, $)h(s, 2(s))ds), t€[toto+f (L)

2(to) + g(t1,ta, -+ 1y, x(1)) = w0,  2'(0) =, (1.2)

where —A is an infinitesimal generator of a strongly continuous cosine family {C(t) :
t € R} in Banach space X, 0 <ty <t; <ty <---<t, <, f:lto,to+ 0] x X X
XXX =Xk, h:lto,to+ 0] xX — X, g(ty,te,- - ,tp,') : C([to, to + 0], X) — X,
a, b:[to,to+ O] X [to,to + O] — R are functions and ¢ is a given element of X.
The nonlocal condition, which is a generalization of the classical initial condition,
was motivated by physical problems. The problem of existence of solutions of
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evolution equation with nonlocal conditions in Banach space was first studied by
[2] and he investigated the existence and uniqueness of mild, strong and classical
solutions of the nonlocal Cauchy problem. As indicated in [2, 3] and references
therein, the nonlocal condition y(0) + g(y) = yo can be applied in physics with
better effect than the classical condition y(0) = yo. For example, in [3], the author
used

g(y) = cylts), (1.3)

i=1P

where ¢;,i = 1,2,--- ,pand 0 < t; < to < --- < b, to describe the diffusion
phenomenon of a small amount of gas in a transparent tube. In this case, the
equation (1.3) allows the additional measurements at t;,7 = 1,2,--- ,p. The study
of differential and integrodifferential equations in abstract spaces with nonlocal
condition has received much attention in recent years. We refer to the papers
[4, 6, 7,8,9, 12, 13, 14] and the references cited therein.

The objective of the present paper is to study the global existence of solutions
of the equations (1.1)—(1.2).

The main tool used in our analysis is based on an application of the topological
transversality theorem known as Leray-Schauder alternative, rely on a priori bounds
of solutions and the inequality established by B. G. Pachpatte. The interesting and
useful aspect of the method employed here is that it yields simultaneously the global
existence of solutions and the maximal interval of existence.

The paper is organized as follows. In section 2, we present the preliminaries and
the statement of our main result. Section 3 deals with proof of Theorem.

2 Preliminaries and Main Result

We give the following preliminaries and hypotheses used in our subsequent discussion.

In many cases it is advantageous to treat second order abstract differential
equations directly rather than to convert into first order systems. A useful technique
for the study of abstract second order equations is the theory of strongly continuous
cosine family. We only mention a few results and notations needed to establish our
results. A one parameter family {C(¢) : ¢ € R} of bounded linear operators mapping
the Banach space X into itself is called a strongly continuous cosine family if and
only if

(a) C(0) =1 (I is the identity operator);
(b) C(t)x is strongly continuous in ¢ on R for each fixed = € X;
(c) Ct+s)+C(t—s) =2C(t)C(s) for all t, s € R.
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If {C(t) : t € R} is a strongly continuous cosine family in X, then {S(¢) : t € R},
associated to the given strongly continuous cosine family, is defined by

t
S(t):U:/C(s):Uds, reX, teR
0

The infinitesimal generator A : X — X of a cosine family {C(t) : t € R} is defined
by
d2
Azx = @C(t)xh:(% T e D(A)a
where D(A) = {z € X : C(.)z € C*(R, X)}.
Definition 1. Let f € L'(to,to + 3; X). The function x € B given by

z(t) = C(t —to)(xo — g(t1,ta, - ,tp,x(-))) + St —to)n+ [ St —s)f(s,x(s),

s to+0 v
/t (s, 7)k(r, 2(r))dr, / b(s, T)h(r, 2(r))dr)ds, ¢ € [to,to + B,
(2.1)

is called mild solution of the initial value problem (1.1)-(1.2).

In the sequel we will use the following results:

Lemma 2. ([15]). Let C(t), (resp.S(t)), t € R be a strongly continuous cosine
(resp. sine) family on X. Then there exist constants N* > land w > 0 such that

|C@)|| < N*el,  forall teR,

to
1S(t) = S(ta)|| < N*| | e*slds|, for all t1, t2 € R.

t1

Theorem 3. ([11], p-47). Let z(t), u(t), v(t), w(t) € C(le, 5], Ry) and k > 0 be
a real constant and

z(t) Sk—i—/:u(s)[z(s)+/:v(a)z(a)da+/jw(a)z(0)d0]ds, for t€[a,p.
If
r_/ exp/a Mdr)do < 1,
then
() < o exp /a t $)ds), fort € [a, 3.
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Theorem 4. ([5], p-61). Let S be a conver subset of a normed linear space E
and assume 0 € S. Let F : S — S be a completely continuous operator, and let
e(F)={x €S :x=AFzx for somed < X\ < 1}. Then either e(F) is unbounded or

F has a fixed point.

We list the following hypotheses for our convenience.

(H1)

(Hr)
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— A is the infinitesimal generator of a strongly continuous cosine family {C(t) :
t € R} which is compact for ¢ > 0, and there exists a constant K such that

K =sup{C(t) : t € [to,t0 + O]}
There exists a constant G such that
lg(trt2, -+ tp,2())]| < G,
for all z € C([to,to + 5], X).
There exists a continuous function p : [tg, o + 5] — Ry such that
[kt ()]l < p) =),
for every t € [to,to + 3] and z € X.
There exists a continuous function q : [to, to + 5] — R+ such that
1A(E, z(8) ]| < q@)llz()]],
for every t € [to,to + ] and z € X.
There exists a continuous function [ : [tg, to + ] — R4 such that
1t 2,y 2) [ < L)l + [yl + 1I=]),
for every t € [to,to + 5] and =z, y, z € X.
There exists a constant M such that

la(t,s)] < M, for t>s>t.

There exists a constant /N such that

|b(t75)‘ < N7 for l,s € [tDutO +B]
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(Hg) For each t € [tg,to + (] the function f(t,-,-,-) : [to,t+0] x X x X x X — X
is continuous and for each z, y, z € X the function f(-,z,y, 2) : [to, to + (] X
X x X x X — X is strongly measurable.

(Hy) For each t € [ty,to + (] the functions k(t,-), h(t,-) : [to,to + 5] x X — X are
continuous and for each € X the functions k(-, z), h(-,z) : [to,to+[] x X —
X are strongly measurable.

(Hyp) For every positive integer m there exists o, € L'(tg,to + 3) such that

sup lf(t,z,y,2)|| < am(t), for telty,to+ ] a.e.
llzl|<m, llyl|<m,||z]|<m

3 Existence Result

Theorem 5. Suppose that the hypotheses (H1) — (Hio) hold. If
to+8 o
= / Ng(o) exp( / [KBI(7) + Mp(r)]dr)do < 1, (3.1)
to to
then the initial value problem (1.1)-(1.2) has a mild solution on [to,to + (].

Proof. To prove the existence of a solution of nonlinear mixed Volterra-Fredholm
integrodifferential equations (1.1)—(1.2), we apply topological transversality theorem
and Pachpatte’s inequality. First we establish the priori bounds for the initial value
problem

o (t) + Az (t) = Af(t, z(t), / a(t, $)k(s,z(s))ds,

to

to+08
/ b(t,s)h(s,z(s))ds), t € [to,to+ O] (3.2)

to
with condition (1.2). Let z(¢) be a mild solution of the IVP (1.1)—(1.2). Then from

2(t) =[O —to)(xo — g(tr,ta, -~ s tp, 2(-))) + St —to)n] + A [ S(t = s)f(s,2(s),

s to+p °
/t a(s, T)k(T,LIZ(T))dT,/t b(s,7)h(r,x(7))dr)ds, t € [to,to+ O]
i i (3.3)

and using hypotheses (H;) — (H7) and the fact that A € (0,1), we have
t
lz@)] < [IC(t =to)(zo = g(t1,t2, -+ s tp, (D)) + [[S(E = to)n| + /t 1St = s)|
0
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< N1£(s,2(s), /t:a(s,f)k(m(f))df, /t:0+ﬁb(s,7)h(7',x(T))dT)Hds
< K(laol +G)+ Kol + | Koo
<ot + [ s mitratrlir+ [ blo, e arlds
< K{(hall +6) + ) + | K5
<lletl + [ Mpletlar+ [ Naletlaras. (39

Using the condition (3.1) and Pachpatte’s inequality given in Theorem 3 with z(¢) =
llz(t)]] in (3.4) , we obtain

Joto)) < R ED I ey i)+ atp(sfas)

*

< —— exp(AIKAL + MP]) =1, (35)

where k™ = K[(||zo] + G) + Bnll], L= sup {l(t)},
t€[to,to+0]

and P= sup {p(t)}.
t€[to,to+0]

Hence there exists a constant 7 independent of A € (0,1) such that ||z(¢)|| <~ and
consequently

[zl p = sup{{lz(®)[} - € [to, to + B} <.

Now, we rewrite the problem (1.1)-(1.2) as follows: If y € B and z(t) = C(t —
to)(wo — g(ta, b2, -+ s tp, () +y(t), ¢ € [to,to + f], where y(t) satisfies

y(t) = St —to)n + t S(t =) f(s,y(s) + C(s — to) (o — gltr, 12, - s tp, x(-))),

[ als () + Ol = t)an — gttt ()i

to

to+0
/ b(s, T)h(T,y(T) + C(T —to)(x0 — g(t1,t2,- - , tp, z())))dT)ds,

to
t € [to, to + O] if and only if z(t) satisfies

x(t) = C(t —to)(l’o —g(tl,t27"' ,tp,ﬂf('))) +S(t—t0)7]+ ttS(t— S)
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to+p

< f(s,2(5), / s, )k(r, 2(7))dr, / b(s, 7)h(r, 2(7))dr)ds.

to to
Define F': By — By, By={y € B:y(ty) =0} by

t

(Fy)(t) = S(t —to)n + t S(t—5)f(s,y(s) + Cls — to)(wo — glt1, ta, -+ 1y, x(1))),

[ als () + Ol = )0 — gttt ()i

io-ﬁ-ﬁ
/t b(s, T)h(T,y(T) + C(T —to)(z0 — g(t1,t2, - ,tp, z(-))))dT)ds,
' (3.6)

t € [to, o + 3]
First, we prove that F' : By — By is continuous. Let {u,} be a sequence of
elements of By converging to u in By. Then

(Fun)(t) = St)n+ [ St —=s)f(s,un(s) + C(s)(xo — g(tr, b2, -+, tp, 2(-))),

to

/S a5, Tk (T un(7) + C(7) (w0 — glt1, bty () )

(10+ﬁ
/t b(s, T)(T, un (1) + C(7) (20 — g(t1,t2, - -+ ,tp,x(-))))dT)ds, (3.7)

t € [to,to + B]. Now, [|Fu, — Fullp = supsep, o4 [|(Fun)(t) — (Fu)(?)]|. Since
{u,} be the sequence of elements of By converging to u in By and by hypotheses
(Hg) — (Hyg), we have

[t un(t) + C(t) (o — g(t1,ta, -+ 1 tp, (),

/ a(t, s)k(s,un(s) + C(s)(xwo — g(t1,ta, -+ ,tp,x(:))))ds,

to

to+03
/ b(t, s)h(s,un(s) + C(s)(xo — g(ti,ta, -+ ,tp,z())))ds)

to

— f(t,u(t) + C(t)(xo — g(t1, ta, -+ ,tp,x(+))),

/ a(t, s)k(s,u(s) + C(s)(zo — g(t1,t2, 7tp7x('))))d37

to

to+5
/ b(t, s)h(s,u(s) + C(s)(xo — g(t1,t2, -+ ,tp,x(-))))ds)

to

for each t € [tg,to + []. Then by dominated convergence theorem, we have
[(Fun ) () — (Fu)(®)|]
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S/t 1S = $) 11 (s, un(s) + C(s)(wo = glta, b2, -+ tp, 2(1))),

/S a(s, T)k(T,un (1) + C(7)(x0 — g(t1,t2,- -+ ,tp,x(-))))dr,

to

to+03
/ b(s, TR (T wn(7) + C() (0 — gltr, tas - +tse())))dr)

to

— f(s,u(s) + C(s)(xo — g(tr, ta, -+ s tp, 3())),
/ a(s, T)k(Tv U(T) + C(T)(l‘o - g(tla lo, - 7tpﬁ ‘T('))))dTv

to

to+08
/ b(s, T)h(7, u(T) + C(7)(wo — g(t1, b2, -+ tp, x(-))))d7)]|ds

to

— 0

and consequently || Fu,—Ful|p — 0asn — ocoie. Fu, — Fuin By as u, — u € By.
Therefore, F' is continuous.

Now, we prove that F' maps a bounded set of By into a precompact set of By.
Let By, = {y € By : |lyllp < m} for some m > 1. We first show that F' maps
By, into an equicontinuous family of functions with values in X. Let y € B,, and
to < s <t<tyg+ . Then we have,

1(Fy)(s) = (Fy) @)l
S

< [IS(s)n = S)n||
+ t 1S(s —7) = St =D)L lly(r) + C(T)(z0 — glt1,t2, -+ tp,z(1)))l
+ || tT a(t,0)k(o,y(o) + C(o)(zo — g(t1,t2,- -+ ,tp, x(-))))do||
to+p
+ | ) b(r,0)h(o,y(0) + Clo) (o — g(t1,t2, -, tp, x(+))))do||]dT

t
+/ KBUT)[ly(r) + C(7) (w0 — g(ta, ta, -+, tp, 2(4)))]]

+1 [ alr,0)k(o,y(0) + Clo)(xo — g(tr, b2, -+ s tp, 2(-))))do]|

tio-‘rﬂ
+ || t b(t,0)h(o,y(o) + C(o)(xo — g(t1,ta, -+ ,tp,x(:))))do|||dr
< |[1S(s)n = SE)nll + S 1S(s = 7) = S(t = 7)[|ILIm + K([|zo]| + G)

to
-

to+8
+ MP(m+K(y:zo||+G))da+/ NQ(m + K(||zo|| + G))do)dr

to to
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t
+/ KBLm + K (o] + G)

T B8
+ [ MPn+ K (ol + G))do] + /0 NQ(m + K (ol + G))do|Jdr

to

< [[S(s)n = SE)nll + ts 1S(s = 7) = S(t =7

to+8
x L[(m+ k7)) + MP(ank:T)daJr/ NQ(m + kY)do]dr
to to

t to+p
—I—/ KQBL[(m+ k) + MP(m—l—k:i‘)dJ—l—/ NQ(m + k7)do]dr

<118t = S(oml + | 1S(s — ) — S(t— 7]
X L[(m+ k7)) + BMP(m + ki) + BNQ(m + k7 )|dr

t
+ / KBL[(m+ky) + BMP(m+ k7)) + BNQ(m + k7)do]dr, (3.8)

where k7 = K(||zo[|+G) and Q= supyco 5{¢(t)}. The right hand side of (3.8) is
independent of y € By, and tends to zero as s —t — 0, since C(t), S(t) are uniformly
continuous for ¢ € [tg, to + (] and the compactness of C(t), S(t) for ¢ > 0 imply the
continuity in the uniform operator topology. Thus Fp,, is an equicontinuous family
of functions with values in X.

We next show that Fp,, is uniformly bounded. From the equation (3.6) and
using hypotheses (H;) — (H7) and the fact that ||y||z < m, we obtain

I(Ey) (@) < KB]nll +/t KBI(s)[lly(s) + C(s)(wo — gltr, ta, -+ s tp, ()|

+ 1l t a(s, )k(7,y(1) + C(7)(wo — g(t1, 12, -, tp, 2(:))))d7||
to+5

+l b(s, T)h(7,y(7) + C(7)(20 = g(t1, b2, -, tp, 2(-))))dr|]ds

to

t
< KBl + / KBLm + K(|lzo]| + G)

Mp(r) () + O o — gl b, v tp, () ldT

to

to+05
+/ Nq()[ly(T) + C(7)(zo — g(t1, t2, -+ , tp, (")) || dT]ds

to
t s

*
< KpB|nll+ | KPBL[(m + k}) + MP(m + k7)dr
to to
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to+08
+ / NQ(m + ky)dr]ds
to

t

< KB[nll+ [ KBL[(m+ky) + BMP(m + ki) + BNQ(m + k)]ds

to

< KpBn|l + KB L(m + k7)[1 + BMP + SNQ].

This implies that the set {(Fy)(t) : |lyllz < m, to <t <ty + [} is uniformly
bounded in X and hence {F'p,,} is uniformly bounded.

We have already shown that Fp , is an equicontinuous and uniformly bounded
collection. To prove the set Fp  is precompact in B, it is sufficient, by Arzela-
Ascoli’s argument, to show that the set {(Fy)(t) : y € By} is precompact in X
for each t € [to,to + B]. Since (Fy)(tp) = 0 for y € By, it suffices to show this
for tg <t <tg+ [. Let tp <t <ty + O be fixed and € a real number satisfying
to < e < t. For y € By,, we define

(o) = St + | St = 8)f(5, y(5) + C(6) @0 — gltrstas- -+ sty 2(2),
/ a(s, T)k(ry(r) + O(r) (0 — glta,tan -ty 2()))dr,

to+0
/t b(s, PYh(T, y(7) + C(7) (o — g(t1, tar - sty 2(-))))dr)ds.  (3.9)

Since C(t), S(t) are compact operators , the set Y¢(t) = {(Fey)(t) : y € B} is
precompact in X, for every €, ty < € < t. Moreover for every y € B,,, we have

(Fy)(t) — (Fey)(t)
= St=s)f(sy(s) +Cs)(zo = g(tr,t2, - -, tp, 2())),

t—e

/t a(s, Tk(ry(7) + C() (@0 — glta, b+ by (),

to+p
/ b(s, T)h(T,y(T) + C(7)(x0 — 9(t1,t2,- - - ,tp, z(-))))dT)ds. (3.10)

to

By making use of hypotheses (H1) — (H7) and the fact that ||y(s)|| < m, we have

I(Fy) (@) — (Fey) @)

< | KBI)ly(s) + Cls)wo = gt te, - sty ()]

+1 [ als, )k(r,y(7) + C(7) (w0 — g(t1, b2, -+ tp, x(+))))d|]
to
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to+03
+ 1l t b(s, T)h(T, y(7) + C(7)(x0 — g(t1, ta, - tp, x(-))))d7|]ds

< KBL[m + K(||xo]| + G)

: Mp(r)ly(r) + C(7)(@o — gltr, ta, -ty 2()]|dr
Oto+5
+ / Na(lly(r) + C(r) (o — gltr ta,- - by x())) |dr]ds

¢ s to+0
< [ KpLim+ k) + Aﬂxm+k®mw:/ NQ(m + k7)dr]ds

t—e to to

< KBL(m + k})[1 + BMP + BNQe.

This shows that there exists precompact sets arbitrarily close to the set {(Fy)(t) :
y € B,,}. Hence the set {(Fy)(t) : y € By,} is precompact in X. Thus we have
shown that F' is completely continuous operator.

Moreover, the set

e(F)={y€ By:y=AFy forsome 0<A\<1},

is bounded in B, since for every y in £(F), the function x(t) = y(t) + C(t)(xg —
g(ti,t2,--- ,tp,2(-))) is a mild solution of (3.2)—(1.2) for which we have proved
lz||p < v and hence |ly||z < v+ k. Now, by virtue of Theorem 4, the operator
F has a fixed point in By. Therefore, the initial value problem (1.1)—(1.2) has a
solution on [tg, to + f]. O

References

[1] J. Bochenek, An abstract nonlinear second order differential equation, Ann. Pol.
Math., 54 (1991), no. 3, 155-166. MR1104738(92g:34083).

[2] L. Byszewski, Theorems about the existence and uniquess of solutions of a
semilinear evolution nonlocal Cauchy problem, J. Math. Anal. Appl., 162
(1991), 494-505. MR1137634(92m:35005). Zbl 0748.34040.

[3] K. Deng, Exponential delay of solutuions of semilinear parabolic equations
with nonlocal conditions, J. Math. Anal. Appl.,, 179 (1993), 630-637.
MR1249842(95a:35076).

[4] Q. Dong, Li Gang FEzistence of solutions for semilinear differential equations
with nonlocal conditions in Banach spaces, Electronic journal of Qualitative
Theory of Differential Equations, 47 (2009), 1-13. MR2524984.

kst sk ok s ok ok s ok sk sk ok s ok sk sk ok sk sk sk s ok sk sk ok s sk sk sk sk sk sk sk s ok sk sk sk sk sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk k

Surveys in Mathematics and its Applications 5 (2010), 61 — 72
http://www.utgjiu.ro/math/sma


http://www.ams.org/mathscinet-getitem?mr=1104738
http://www.ams.org/mathscinet-getitem?mr=1137634
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0748.34040&format=complete
http://www.ams.org/mathscinet-getitem?mr=1249842
http://www.ams.org/mathscinet-getitem?mr=2524984
http://www.utgjiu.ro/math/sma/v05/v05.html
http://www.utgjiu.ro/math/sma

72

H. L. Tidke and M. B. Dhakne

[5]

[6]

[11]

[12]

[13]

J. Dugundji, A. Granas, Fized Point Theory, Vol. I, Monographie
Matematycane, PNW Warsawa, 1982.

E. Hernandez M. and M. L. Pelicer, Existence results for a second order abstract
Cauchy problem with nonlocal conditions, Electronic Journal of Differential
Equations, Vol. 2005 (2005), no. 73, 1-17. MR2147153(2006a:34176).

S. K. Ntouyas, P. Ch. Tsamatos, Global existence for second order semilinear
ordinary and delay integrodifferential equations with nonlocal conditions,
Applicable Analysis, 67, no. 3-4 (1997), 245-257. MR1614061(98k:34103).

S. K. Ntouyas, P. Ch. Tsamatos, Global existence for semilinear evolution
equations with nonlocal conditions, J. Math. Anal. Appl., 210 (1997), 679-687.
MR1453198(98e:34116). Zbl 0884.34069.

S. K. Ntouyas, Global existence results for certain second order delay
integrodifferential equations with nonlocal conditions, Dynam. Systems Appl.,
7, 3 (1998), 415-425. MR1639604(99h:45013).

A. Pazy, Semigroup of linear operators and applications to partial differential
equations, Springer Verlag, New York, 1983. MR0710486(85g:47061).

B. G. Pachpatte, Integral and Finite Difference Inequalities and Applications,
Elsevier, 2006. MR2286291(20082a:26003).

H. L. Tidke, M. B. Dhakne, On global existence of solutions of abstract nonlinear
mixed integrodifferential equation with nonlocal condition, Communications on
Applied Nonlinear Analysis, 16 (1) (2009) , 49-59. MR2490243(2010e:47182).

H. L. Tidke, M. B. Dhakne, Ezistence and uniqueness of mild solutions
of second order Volterra integrodifferential equation with nonlocal conditions,
Applied Mathematics E-Notes, 9(2009), 101-108. MR2496037(2010e:34191).
Zbl 1172.45003.

H. L. Tidke, M. B. Dhakne, On global existence of mild solutions of second order
Volterra integrodifferential equation, Applied Mathematical Sciences, 3(2009),
no. 42, 2099-2106. MR2551773.

C. C. Travis, G. Webb, Cosines families and abstract nonlinear second order
differental equations, Acta. Math. Hungarica, 32 (1978), 75-96. MR0499581(58
#17404).

Haribhau Laxman Tidke M. B. Dhakne

Department of Mathematics, Department of Mathematics,

North Maharashtra University, Dr. Babasaheb Ambedkar Marathwada University,
Jalgaon-425 001, India. Aurangabad-431004, India.

e-mail: tharibhau@gmail.com e-mail: mbdhakne@yahoo.com

kst sk ok s ok ok s ok sk sk ok s ok sk sk ok sk sk sk s ok sk sk ok s sk sk sk sk sk sk sk s ok sk sk sk sk sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk k

Surveys in Mathematics and its Applications 5 (2010), 61 — 72
http://www.utgjiu.ro/math/sma


http://www.ams.org/mathscinet-getitem?mr=2147153
http://www.ams.org/mathscinet-getitem?mr=1614061
http://www.ams.org/mathscinet-getitem?mr=1453198
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0884.34069&format=complete
http://www.ams.org/mathscinet-getitem?mr=1639604
http://www.ams.org/mathscinet-getitem?mr=0710486
http://www.ams.org/mathscinet-getitem?mr=2286291
http://www.ams.org/mathscinet-getitem?mr=2490243
http://www.ams.org/mathscinet-getitem?mr=2496037
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1172.45003&format=complete
http://www.ams.org/mathscinet-getitem?mr=2551773
http://www.ams.org/mathscinet-getitem?mr=0499581
http://www.utgjiu.ro/math/sma/v05/v05.html
http://www.utgjiu.ro/math/sma

	Introduction
	Preliminaries and Main Result
	Existence Result

