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NEW RESULT OF EXISTENCE OF PERIODIC
SOLUTION FOR A HOPFIELD NEURAL
NETWORKS WITH NEUTRAL TIME-VARYING
DELAYS

Chuanzhi Bai and Chunhong Li

Abstract. In this paper, a Hopfield neural network with neutral time-varying delays is investi-
gated by using the continuation theorem of Mawhin’s coincidence degree theory and some analysis
technique. Without assuming the continuous differentiability of time-varying delays, sufficient con-
ditions for the existence of the periodic solutions are given. The result of this paper is new and

extends previous known result.

1 Introduction

In recent years, the cellular neural networks have been extensively studied and ap-
plied in many different fields such as signal and image processing, pattern recognition
and optimization. In implementation of networks, time delays are inevitably encoun-
tered because of the finite switching speed of amplifiers. Thus, it is very important
to investigate the dynamics of delay neural networks. From the view of theory and
application, a number of the existence of periodic solutions of neural networks model
can be found in the papers [1, 2, 3, 4, 5, 6].

Due to the complicated dynamic properties of the neural cells in the real world,
the existing neural network models in many cases cannot characterize the properties
of the neural reaction process precisely. It is natural and important that systems
will contain some information about the derivative of the past state to further de-
scribe and model the dynamics for such complex neural reactions. Therefore, it
is important and, in effect, necessary to introduce a new type of networks - neural
networks of neutral-type. Such networks arise in high speed computers where nearly
lossless transmission lines are used to interconnect switching circuits. Also, the neu-
tral systems often appear in the study of automatic control, population dynamics,
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2 C. Bai and C. Li

and vibrating masses attached to an elastic bar. Recently, the study of the neural
networks with neutral delays has received much attention, see, for instance, Refs,
[7, 8,9, 10] and the references cited therein.

Recently, Gui, Ge and Yang [11] have investigated the following Hopfield net-
works model with neutral delays

2i(t) = — bizi(t) + Z aijg;(z;(t —7i;(t))) + Z bijgj (s (t — 0i5(t))) A

+ Ji(t), i=1,2,...,n.

By means of an abstract continuous theorem of k-set contractive operator and some
analysis technique, the existence of periodic solution of system (1) is obtained. But
the condition that the time-varying delays 7;;(t) and 0;;(t) are continuously differen-
tiable is required. Furthermore, the criterion for the existence of periodic solutions

of Hopfield neural networks model in [11] depends on the 7/

/
;; and ;5.

In this paper, we consider the Hopfield neural networks with neutral time-varying
delays

n n
(1) = —ci(t)ai(t) + Y aij(8) f(2(t = 735(0) + D bi(0)g5 (@ (t = 035(1))) + Li(t),
=1 =1
’ ’ (1.2)
where i = 1,2,...,n, z;(t) denotes the potential (or voltage) of cell i at time ¢;
¢i(t) > 0 denotes the neuron firing rate of cell ¢ at time ¢; a;;(t) and b;;(t) represent
the delayed strengths of connectivity and neutral delayed strengths of connectivity
between cell 7 and j at time ¢, respectively; f; and g; are the activation functions in
system (1.1); Z;(¢) is an external input on the ith unit at time ¢, in which I; : R — R,
i =1,...,n, are continuous periodic functions with period w; 7;;(t) and o;;(t) > 0
are the transmission delays.

By using the continuation theorem of coincidence degree theory and some anal-
ysis technique, we obtain some new sufficient conditions for the existence of the
periodic solutions of system (1.2). The conditions imposed on the time-varying de-
lays 7;j(t) and 0;;(t) do not need the assumptions of continuously differentiable. Our
work in this paper is new and an extension of previous result in [11].

The paper is organized as follows. In Section 2, the basic notations, assumptions
and some preliminaries are given. In Section 3, we present some new criteria to
guarantee the existence of the periodic solutions of system (1.2). In Section 4, an
illustrative example is given to demonstrate the effectiveness of the obtained results.
Conclusions are drawn in Section 5.
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Hopfield neural networks with neutral time-varying delays 3

2 Preliminaries

In this section, we state some notations, definitions and some Lemmas.

Let A = (a;j)nxn be areal n xn matrix. A > 0 (A > 0) denotes each element a;;
is positive (nonnegative, respectively). Let = (x1,z2,...,2,)7 € R" be a vector.
x > 0 (x > 0) denotes each element x; is positive (nonnegative, respectively). For
matrices or vectors A and B, A > B (A > B) means that A— B >0 (A— B > 0).

Definition 1. [12]. Matriz A = (a;j)nxn is said to be a nonsingular M-matriz, if
(i) ai; >0, 1=1,2,...,n;

(it) a;; <0, for i#j, i,j=1,2,...n;
(iii) A=Y > 0.

Let X and Y be normed vector spaces, L : domL C X — Y be a linear mapping.
L will be called a Fredholm mapping of index zero if dimKerL = codimImZL < +o0
and ImL is closed in Y. If L is a Fredholm mapping of index zero, there exist
continuous projectors P : X — X and ) : Y — Y such that ImP = KerL, Ker@ =
ImL = Im(I — Q). It follows that mapping L|gomrnkerr : (I — P)X — ImL is
invertible. We denote the inverse of the mapping by Kp. If € is an open bounded
subset of X, the mapping N will be called L-compact on Q if QN (Q) is bounded
and Kp(I — Q)N : Q — X is compact. Since ImQ is isomorphic to KerL, there
exists an isomorphism J : Im@Q) — KerL.

Now, we introduce Mawhin’s continuation theorem ([13], p.40) as follows.

Lemma 2. Let X and Y be two Banach spaces, L : domL — Y be a Fredholm
operator with ilzdez zero. Assume that Q is a open bounded set in X, and N 1is
L-compact on Q. If all the following conditions hold:

(a) for each A € (0,1), z € 902N DomL, Lz # ANx;
(b) QNx #0 for each x € 9N N KerL, and deg(JNQ, QN KerL, 0) #0,

where J is an isomorphism J : Im@Q — KerL. Then equation Lx = Nz has at least
one solution in 2 N DomL.

The following lemmas will be useful to prove our main result in Section 3.

Lemma 3. [12]. Assume that A is a nonsingular M-matriz and Aw < d, then
w< A7 1d.

Lemma 4. [1]]. Let A = (a;j) with A;j <0, 4,5 = 1,2,...,n, i # j. Then the

following statements are equivalent.
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4 C. Bai and C. Li

(1) A is an M-matriz.
(2) There exists a row vector n = (n1,M2, ..., Nn) > (0,0, ...,0) such that nA > 0.

(3) There exists a column vector & = (&1,&a,...,6,)T > (0,0,...,0)T such that
A€ > 0.

Throughout this paper, we assume that

(Hi) aij, bij, I; € C(R,R), 745, ¢,(> 0),045 € C(R,RT) (RT = [0,00)) are periodic
functions with a common period w(> 0), 7,7 = 1,2,...,n.

(Ha) fj,9; € C(R,R) are Lipschitzian with Lipschitz constants L; and [; respec-
tively, i.e.,

|fi(x) = fi()| < Ll —yl, |g;(x) — g;(w)| < lilz —yl,

forall z,y € R, j=1,2,...,n.

3 Existence of periodic solution

In this section, we will use the continuation theorem of coincidence degree theory to
obtain the existence of an w-periodic solution to system (1.2).

For convenience, we introduce the following notations:

= min ¢;(t)(>0), ¢ = m (1),

“ té?éﬁ} (> 0), ¢ te[&f} i(t)

+ . + . + . S

a; = max |a;;(t)], b := max |b;j;(t)|, I := max |I;(¥)|, i, =1,2,...,n.
i tE[O,)uf}‘ Z]( )’ i tE[O,)ui]‘ Z]( )‘ % t€[0,§1]| l( )‘ J

Theorem 5. Let (Hy) and (Hz) hold. Suppose that C and A — B(C~'D) are two
nonsingular M -matrix, where

A = (Aij)nxn, Gij = Cixdij — a;;Lj, B = (Eij)nxn, Eij = b;;lj,
C = (Cij)nxns  Cij = 0ij — b5lj, D = (dij)nxn, dij = ¢ 6ij + af L,
5“:{ 1, fori=j,
K 0, fori#j.
then system (1.2) has at least one w-periodic solution.
Proof. Take
Cy, = {x(t) = (21(t), 22(t), ...,z (t))T € C(R, R")
cxi(t+w) =xi(t),i =1,...,n},
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Hopfield neural networks with neutral time-varying delays

CL = {a(t) = (x1(), 22(8), oo 2n(t))T € CL(R, RY)

cxi(t+w)=xi(t),i =1, ...,n}.

Then C,, is a Banach space with the norm

z[lo = lfg%ﬁ{\xib}a |[zilo = nax, (1)1,

i

and C} is also a Banach space with the norm ||z = max{||z|o, [|2’]|0}
For each z(t) = (21(t), x2(t), ..., xn(t)) € CL, L: CL — C, and N : C} — C,, are

defined by
" (Nx)1(t)
(La)(t) = — = (@ (1), 25 (8)- ()T, and (Na)(t) = : ;
(Na)n(t)
where
(Na)i(t) = —ci(Dai(t) + Y ai(t) f; (it — 7i5(1)))
j=1
+ ) bi(t)g (2t = 05(2))) + Li(1).
j=1
It is easy to see that Ker = R",
mL = < (z ()T W wzis s=0,71=1,...,n
iz = { (210 ora ) € Cos [ i(s)ds =0 i = Lo}
is closed in C,,, and
dimKerL = codimImL = n.

So, L is a Fredholm mapping of index zero. Let

P = 1/0w:c(t)dt: <1 /wal(t)dt,...,ulj/owxn(t)dt>T,

w w
1 [ 1 [¥ 1 (¢ r
Qy = w/o y(t)dt = (w/o yl(t)dt,...,w/o yn(t)dt> ;

where
y(t) = (1), ..., yn ()" € Co.

2(t) = (@1(t), ... za(1)" € CL,
Obviously, P, @Q are continuous projectors such that

ImP = KerL, KerQ =ImL =Im(I — Q).
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6 C. Bai and C. Li

Moreover, the generalized inverse (to L) Kp : ImL — KerP N DomlL is given by

fg z1(s)ds — L fo fo z1(u)duds
(Fp2)(t) =
fo Zn(s)ds — 1 fo fo zp (u)duds
Thus,
L[5 Ai(z,s)ds
(@Nz)(t) = : ,
Ly An(z, s)ds
and

Kp(I — QN)(t)
fo Ay(z,s)ds — fo fo A (x s)dsdt+ (% — %) fow Aq(z,s)ds

ng ds — L1 [ fo (z,s) dsdt+ (5= 1) [ An(z, s)ds
where

Ai(l',t) = _Cz + Zam f] x] le( )))

+ D " bi(t)g; (2 (t — 035(t))) + Li(t).
j=1

Clearly, QN and Kp(I—Q)N are continuous. For any bounded open subset 2 C C1,
QN(Q) is obviously bounded. Moreover, applying the Arzela- Ascoli theorem, one
can easily show that Kp(I — Q)N(Q) is compact. Thus, N is L-compact on {0 for
any bounded open subset Q C CL.

Now we are in a position to show that there exists an appropriate open, bounded
subset 2, which satisfies all the requirements given in the continuation theorem.
According to the operator equation Lz = ANz, A € (0,1), we have

zi(t) =X\ | —ci(t +Zaw () f(z;(t — 75(¢)))
(3.1)

n

+ by (8)gi (st — 03j(8))) + Li(1) |

J=1

where i = 1,....,n. Suppose that z(t) = (21(t),...,z,(t))T € X is a solution of
system (3.1) for some X\ € (0,1). Hence, there exist & € [0,w] (i = 1, ...,n) such that
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Hopfield neural networks with neutral time-varying delays 7

[2i(&)| = maxyepo ) |2:(t)| = [wilo. Thus, z(&) =0 for i = 1,...,n. By (3.1), we
have

-Tz fz Za’lj fz f] -73] le(gz)))

+ Z bij (€0)g5 (& — 035(&))) + L&)
j=1
In view of (Hz) and (3.1), we have

cislzilo = cinlzi(&)] < ci(E)lai(€)l < Y lag (€)1 fi(a (& = 73 (&)

=1

+ Z 1bs (&)1 (2 (& — 035 (&)))| + [1i(&)]

Jj=1

<> af (Ll (& — i (&) + 1£50))
j=1

+Zb (& — oy (€)] +1g; O)) + I

n n
< S (@S Lylaslo + b1 00) + S (@h £ (0] + b g O)) + I, i = 1,.cm,
7j=1
which implies that

n

Z(CZ* ij U )lzjlo < Zb L |%’0+Z ‘fa ’+b2j’g]( )‘)“‘I;r: (3.3)

j=1

where ¢ = 1,...,n. The formulas (3.3) may be rewritten in the form

AX < BY +h, (3.4)
where X = (|z1]o, |z2]0, .-y |Zn]o)T, Y = (140, |25 0, -, |27 |0)T, h = (hi)nx1, and
hi = (af|f;(0)] + b]g;(0)]) + I}

j=1

Let n; € [0,w] (i = 1,...,n) such that |z(n;)| = max,e( ) [2}(t)] = |z}]o. From
(3.1), (H;) and (Ha), we get
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lwilo = i (m)| < les(m)llea(mi)| + Y laig ()| £ (a5 (mi = 7 (mi))|
j=1

+ Z 1bi (i) 195 (x5 (mi — i (m:)))] + [Li ()]
j=1

< cflwilo+ Y ab(Lilw(ni — mii(mi)| + | £5(0)])
j=1

—i—Zb l|$ Uz](nz))’"i_’gj( )‘ +Ii+

<C+!xz!o+z aj;Ljlwjlo + jLj1ajl0) +Z il (0)] + b5lg; (0)) + LT,
7j=1

where i =1, ..., n, that is

n n

Z((s” zg |$]’0 Z +52.7+O’UL |$]|0+ZCL ’f] )|+b;;|gj(0)‘)+‘[z+a (35)

j=1 j=1 j=1
where ¢ =1, ...,n. It is easy to know that formula (3.5) may be rewritten as
CY < DX + h. (3.6)
Since C' is a nonsingular M-matrix, we have by (3.6) and Lemma 3 that
Y <C'DX +C7 k. (3.7)
Substituting (3.7) into (3.4), we get
(A= B(C7'D))X < BC'h+ h :=w = (wy,wy, ..., w,)" . (3.8)

Since A — B(C™!D) is a nonsingular M-matrix, it follows from (3.8) and Lemma 3
that
X <(A-B(C™'D))"'w := (Ry,Rs, ..., Ry)T. (3.9)

Substituting (3.9) into (3.7), we obtain
Y < C_ID(Rl, - Rn)T +C th = (r1,72, ...,rn)T. (3.10)

Since A — B(C7!D) is an M-matrix, we have from Lemma 4 that there exists a
vector ¢ = (51,62, ...,5n) 7 > (0,0,...,0)7 such that

(A— B(C™'D))s > (0,0, ...,0)T,
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Hopfield neural networks with neutral time-varying delays 9

which implies that we can choose a constant p > 1 such that
p(A—B(C7'D))¢>w, and pg>R;, i=1,2,..,n. (3.11)
Combining (3.9) with (3.6), we get
CY < D(Ry,..., Ry)T + h:=v = (v1,v9,...,v5) . (3.12)

Noticing that C' is an M-matrix, we have from Lemma 4 that there exists a vector
v = (Y1, 7)T > (0,0, ...,0)T such that Cy > (0,0,...,0)", which implies that we
can choose a constant ¢ > 1 such that

qC~y>wv, and gqv; >, i=1,2,..,n. (3.13)

Set
¢ = (S, ) =05, A= (92 9) = .
Then, we have by (3.11) and (3.13) that

>Ry, (A—B(C'D)e>w, % >ry, and Cy >0, i=1,2,..n. (3.14)
Now we take
Q= {a(t) = (@1(t), 22(t), .o, 2 ()T € C : wilo <G, |dilo <7, i =1,2,...,n}.

Obviously, the condition (a) of Lemma 2 is satisfied. If x € 902 N KerL = 0Q NR",
then z(t) is a constant vector in R", and there exists some i € {1,2,...,n} such that
|z;| = ;. It follows that

(@Nz); = i/ow —ci(t)ai + Y ai(t) fi(x;) + Y bij(t)g;(0) + Li(t) | dt. (3.15)
=1 =1
We claim that
[(@Nz);| > 0. (3.16)

In fact, if [(QNz);| =0, i.e.,

/w ci(t)rs =Y fi(w)as(t) = g;(0)bi(t) — (1) | dt = 0.
0 j=1 j=1

Then, there exists some ¢, € [0,w] such that
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10 C. Bai and C. Li

which implies that

CixSi = Cirlzi| < lei(ti)zi| < Z | fi(; |a” + Z lg;(0 + s I;r

fiz;) = 1500)[ + [£5(0)])a; +Z‘9J ++Ii+

IN

awZ S1O)] + 65195 (0)]) + I

S
>

This means that
(AS)i < hy. (3.17)

It is easy to know that DS > (0,0,...,0)7. Since C is a nonsingular M-matrix, we
have from C~! > 0 (Lemma 3) that C~'D¢ > (0,0, ...,0)”. Thus, we obtain

B(C7'D)¢ > (0,...,0)T. (3.18)

Similarly, we have
BC™'h > (0,...,0)T, (3.19)

From (3.17), (3.18) and (3.19), we get
(AS); < hy + (BC™'h); + (BC™'D)S); = w; + (BC'Dg);.

This implies that

which contradicts (3.14). Hence, (3.16) holds. Consequently, QNz # 0 for each
x € 0QNKerL.

Furthermore, let

U(w,p) = p(—z) + (1 - p)JQNz pel0,1].

Then for any z = (1, 22, ..., )" € 0QNKerL, (z1,x2,...,2,)" is a constant vector
in R™ with |z;| = ¢ for some i € {1,...,n}. It follows that

w

(0, 1))s = — puas + (1 — ) - / “eatm + 3 fieas )
0 =
(3.20)

+Zgj t) + I(t) | dt.
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Hopfield neural networks with neutral time-varying delays 11

We claim that
|(W (2, p1))i] > 0. (3.21)

If this is not true, then |(¥(x,u));| =0, i.e.,

n n

pri + (1 — H)% /Ow ci(t)xi — Z fi(zj)ai(t) — Zgj(O)bij(t) — Li(t)| dt = 0.

Therefore, there exists some t* € [0,w] such that
1 n n
pai+ (1= p)— | ei(t)zi = > Film)ai () = g;(0)bi (t7) — Li(t*) | =0, (3.22)
=1 j=1

which implies that

= > film)ai(t) = g;(0)bi; (t) — Li(t*) | < 0.
j=1 Jj=1

Thus, we get

n

Cislai® < lei(t)|af < wi | Y fiwy)ais(t +ZQJ ")+ Li(t")
j=1

< ”:U’L| Z |fj x] )| + |f] az] +Z|gj + +Iz+

< [z Z%LJCJJFZ S5O+ b9 0)) + 1| |

this means that (Ag) < h;. By (3.18) and (3.19), we obtain

which contradicts (3.14). Hence, (3.21) holds. By the homotopy invariance theorem,
we get
deg{JQN,QNKerL,0} = deg{—xz,Q2NKerL,0} # 0.

So, condition (b) of Lemma 2 is also satisfied. Therefore, from Lemma 2 we conclude
that system (1.2) has at least one w-periodic solution. The proof is complete. O
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4 Illustrative examples
In this section, we give two examples to illustrate the effectiveness of our result.

Example 6. Consider the following Hopfield neural networks with neutral time-
varying delays

2
zi(t) = — ci(t)zi(t) + Z aij(t) fi(z;(t —7ij(t)))
, 7= (4.1)

+ ) bi(t)g; (@t — oi(1) + L), i=1,2,
j=1

where

1 1 1
ci(t) =4 — Zcost, fi(u) = gsinu, gi(u) = U,

1 1 1 1
an (t) = 5 cos t, ap(t)= gsint, ag (t) = 2 sin? ¢, a(t) = gcos2 t,

1 1 1 1
bi1(t) = =sint, bia(t) = —cos2t, bo1(t) = =sin2t, baa(t) = - cost,
3 4 2 7
Ii(t) =2 +sint, Iy(t) =3 — cost,
1
7ij(u) = o45(u) = 5(\ sinu+ 1| — [sinu —1|), 4,j=1,2.

Obviously, delays 7;;(t) and 0;(t) are not differentiable. f;(u) and g;(u) (i = 1,2)
satisfy the Lipschitz condition (Hy) with constants L; = % and [; = %, respectively.
a;j(t), bij(t), 1i(t), ci(t), 7:;(t) and o4;(t) satisfy the condition (H;) with a common
period 27. Moreover, we can easily get that af; = %, aly = %, ajy = 1, a3y = %,
b =4, b =% b8 =35, 05 =1, I =3, If =4, with ¢;, = L2 and ¢ = 17, for
i=1,2.

—_

Thus, we have

59 _4L 17 _ 1
a= (B ) p= (B A ) o= B )
32 40 12 42

[ 1.0628 0.0454 e
¢ _<o.0907 Loz )0 D=Lt )

l=5ol~
&l

iy [ 34151 —0.2382
A-B(C D)_<—o.4234 3.6004 )

and
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(A— B(C™'D))~

1 0.2952 0.0195
~\ 0.0347 0.2800

which implies that C and A — B(C~!D) are two nonsingular M-matrix. Hence, all
conditions of Theorem 5 are satisfied. So, by means of Theorem 5, system (4.1) has
at least one 27-periodic solution.

Example 7. Consider the following Hopfield neural networks with constant coeffi-
cients and neutral time-varying delays

i(t) = — bizi(t) + Zang z(t —7ij (1))

(4.2)
+ sz‘jgj(x;(t —0ii(t) + Jit), i=1,2,
=1
where
b 3 6 _6 4 5
1
<b>:(4>’ (“if):(\_/gf» @) (bw)=<@ 6
2 VIO V5 Vil VB
and 4 )
Tll(t) = ng(t) =27+ gsint, Tlg(t) = ’7'21(75) = ECOSt,
4 . :
o11(t) = o92(t) = 2w + 5 sin t, o12(t) =02 (t) = 77 5in t,
Ji(t) =1+sint, Jao(t) =1 —cost.
It is easy to obtain that p; = i = V5, i = 1,2, p1a = pa1 = @7 Q12 = q21 = @,

where p;; and ¢;; are as in [11]. Take

1 1 1
gi(u) = gt lgi(u)] < §|u] + 3’ i=1,2.
Obviously, g;(u) satisfies the conditions (Hy) and (Hs) of [11] with o; = §. Thus,
we have

h
oy
—
S
S
SN—
|
7N
| wlo
W=
~~_
Q
—
—~
o
S
SN—
\
7 N
| wlo
oolwo

oolw

™
it
—
Skt
k)
N—
|
Y
M‘MM\H
Bl I |
~_
-
iy
—
S
h
S~—
I |
/N
| N[ —
e
ol |
Blen
"

where
aij = cij = bidij — laijlagpi,  bij = [bijla;gij,
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1, fori=j,
dij = 6ij — [bijlejqij, 0ij = { 0. forij

We easily check that

_ —0.0664 —4.8894
_ 1 -1 _
(A = Bu(DCh)) < —0.9624 —8.6460 > ’
which implies that Ay — Bi(Dy 1C’1) is not a nonsingular M-matrix, that is, the
condition (Hy) of [11] for system (4.2) is fails. Thus we can not apply the main
result (Theorem 3.1) in [11] to judge that the system (4.2) has at least one periodic
solution. But here Theorem 5 guarantees the existence of periodic solution of system

(4.2). In fact, we have

12v/5-3 3 _1 5

TR0 2v5 WIT 15
2v/5-1 5 12543 3
C:< 25 8¢17> D:< 44/5 44/10 )
3 44/5-3 ’ 9 8v5+1 :
817 4/5 8v/10 2v/5

So, we get

—1 __( 1.3234 0.3018 B 1 -1 _ [ 91515 5.7339
¢ _<0.1811 1.5460 /)’ (A=B(C D))" = 4.1651 5.3365 )’

which implies that C and A — B(C~!D) are two nonsingular M-matrix. Therefore,
all conditions of Theorem 5 are satisfied, then system (4.2) has at least one 27-
periodic solution.

5 Conclusion

In this paper, we use the continuation theorem of coincidence degree theory to study
the existence of periodic solution for a Hopfield neural network with neutral time-
varying delays. Without assuming the continuous differentiability of time-varying
delays, sufficient conditions are obtained for the existence of the periodic solution.
Moreover, two examples are given to illustrate the effectiveness of the new result.
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