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EXISTENCE OF POSITIVE SOLUTION TO A
QUASILINEAR ELLIPTIC PROBLEM IN RY

Dragos-Patru Covei

Abstract. In this paper we prove the existence of positive solution for the following quasilinear
problem

—Apu = a(x)f(u), in RY,
u > 1>0,inRY,

u(z) — 1, as |z| — oo,
where Apu, (1 < p < o0) is the p-Laplacian operator. The proof is based on the results due to
Diaz-Saa ([2]).
1 Introduction
Let us consider the problem

—Apu = a(z) f(u), in RY,
uw>1>0,in RV, (1)
u(x) — 1, as |z| — oo,

where N > 2, Aju, (1 < p < 00) is the p-Laplacian operator, [ > 0 is a real number
and the function a(z) satisfies the following hypotheses:

(A1) a(x) € CO*(RY) for some a € (0,1);
(A2) a(z) > 0in RY;

(A3) For ®(r) = max;—, a(z) and p < N,

0< / P/ =D =D (r)dr < 0o if 1< p<2
1
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O (p=2)N+1
O</ ror1 P(r)dr<oo if2<p<oo.
1
and f: (0,00) — (0,00) be a C! function that satisfies the following assumptions:
(F1) u f(u)/uP~! is decreasing on (0, 0);

(F2) lim,~ o 10— oo,

uP—1

Goncalves-Santos ([4]) solved the problem (1) in the case | = 0. In this article
consider the problem when [ > 0. The problem (1) arises, for example, in non-
Newtonian fluid theory, the quantity p is a characteristic of the medium. The case
1 < p < 2 corresponds to pseudoplastics fluids and p > 2 arises in the consideration
of dilatant fluids.

Our main results are the following:

Theorem 1. Under the hypotheses (F1), (F2), (A1)-(A3), problem (1) has a posi-
tive solution, u € CL(RY).

2 Existence of a positive solution

To prove the existence of a solution of problem (1) we use an existence result of
Diaz-Saa ([2, Theorem 1-2]). They considered the problem

—Apu = g(z,u) in
u>0, uw#0 inQ (2)
u=0 on dN,

where Q@ € RY is a open boundary regular and g(z,u) : Q x [0,00) — R satisfied
the following hypotheses:

(H1) for a. e. x € Q the function u — ¢(z,u) is continuous on [0,00) and the
function u — g(x,u)/uP~! is decreasing on (0, ) ;

(H2) for each u > 0 the function z — g(x,u) belongs to L>®(2);
(H3) 3C > 0 such that g(x,u) < C(uP~™ 1 +1)ae. z€Q, Vu>0.
Set

ap(x) = lim g(z,u)/uP~* and aoo(z) = lim g(z,u)/uP?,
u\,0 U—00
so that —oo < ag(z) < 400 and —00 < ax () < +00.
Under these hypotheses on g, Diaz-Saa ([2]) proved that there exist one solution
of (2).
To prove the main Theorem we need the Diaz-Saa’s inequality:
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Lemma 2 ([2]). Fori = 1,2 let w; € L*®(Q) such that w; > 0 a.e. in Q, w; €
whr(Q), pril/p € L>(Q) and wy = wa on 0. Then

_pri/p pr;/p
+‘ w1 — w Z 07
/Q( o0+ ) ()

if (wi/wj) € L®(Q) fori# j,i,j =1,2.

The first step, in the study of existence, is to observe that the problem (1) can
be rewritten
—Apv = a(x)f(v+1),in RY,
v(x) >0, in RY, (3)
v(x) =0, as |z|— 0.

To solve (3), for any positive integer k we consider the problem

—Apvg = a(z) f(vp +1), in Bg(0)
vp(z) >0, in Bg(0) (4)
ve(z) =0, if |z|=k.

To obtain a solution to (4), it is sufficient to verify that the hypotheses of the
Diaz-Saa theorem are fulfilled:
H1: since f € C'((0,00),(0,00)) and I > 0, it follows that the mapping v —

a(z)f(v + 1) is continuous in [0,00) and from a(x)% = a(x) (ﬁqz;l_)l : (U;r,ﬁpfl,
f(v)

using positivity of a and (F1) we deduce that the function v — a(x)
on (0,00);

H2: for all v > 0, since a(z) € C%*(RY), we obtain © — a(z)f(v) belongs to
L(Q);

H3: By lim,— vj;(fﬂ)l = limy oo (L(:Z;IL . (5;[27:11 =0 and f € C', there exists
C > 0 such that f(v+1) < C(vP~! +1) for all v > 0. Therefore, a(z)f(v +1) <
llall oo (B, (0)) (vP~1 +1) for all v > 0.

Observe that

-p—T 1s decreasing

ap(x) = };l{% a(:c)qﬁ)(_vl—i— ) = 400

and
too(z) = lim DS HD
> w540 pp—1 -

Thus by Diaz-Saa, problem (4) has a unique solution v, € WU1 P(Q)NL®(Q). Apply-
ing the regularity theory ([3],[5],[6]) for elliptic equations we find v, € C1*(€Q) for
a € (0,1). Moreover, by the maximum principle, this solution is positive in By/(0).
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In outside of By (0) we define vy = 0. We prove that vy < vgy1. Assume the contrary
and let wy := (vg)P , w2 := (vg41)P in Diaz-Sad’s inequality. Then

0 < / _pri/p pr;/p
N

— —7-) (w1 — w2)
TERN |vg >vg 11 }CBg(0) wgp D/p wép L/p

—A Vi A Vk+1
- / pfl pp—l )V = Vis1)
{zeRN Jup>vpq1 YCBR(0) Uy Uy
flor +1)  flopgr +1)
-/ )t ety e <o,
{z€RN v >vg 11 }CBk(0) v Vk+1

which is impossible. Hence v, < vi+1. We now justify the existence of a continuous
function V : RV — R such that v <V in RY. We first construct a positive radially
symmetric function w such that —A,w = ®(r), (r = |z|) in RY and lim, _,c w(r) =
0. A straightforward computation shows that

w(r) = K — / [gHV /é UN*1®(a)da} YO e
0 0

where .
o0 1/(p—1)
K:/ [£1—N/ UN_1<I>(0)dU] 8 dg.
0 0

By result in ([4]) we remark that (A3) implies

/ = [gl—N / N _ltﬁ(a)da} VO e,
0

0

is finite.

An upper-solution to (1) will be constructed. Consider the function f(v) =
(flo+1)+ DYDY for u > 0.

We have

(F1) f(v) > fv+D)YE-Y

(F2)) lim,\ o f(v)/v = 00 and v — f(v)/vP~! is decreasing on (0, 00).

Let V be a positive function such that w(r) = % fov(r) tP=1/f(t) dt, where C is a

positive constant such that KC' < focl/(pil) tP=1/f(t) dt. In the case when p = 2, this
method was introduced by Zhang in ([8]). We prove that we can find C' > 0 with this
property. From our hypothesis (F2’) we obtain that limy— o [ P71/ f(t) dt = +o0.
Now using L’Hépital’s rule we have
T 4p—1
lim b tj—dt = lm ——— = +00.
rooo bt Jo f(t) 0w (p— 1) f(z)
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This means that there exists #1 > 0 such that [ t*~!/f(t)dt > KaP~!, for all
x > x1. It follows that for any C' > z1,

cl/(p-1) -1
KC g/ —=——dt.
0 f(t)

But w is a decreasing function, and this implies that V' is a decreasing function too.
Then

V(r) tp—1 V(0) -1 cl/(p=1) -1
o f(®) o f(t) 0 f(t)

It follows that V() < C/®=1 for all 7 > 0. From w(r) — 0 as r — +oo we deduce
V(r) — 0 as r — 400. By the choice of V' we have

T i
oV W)

1 yrt
pr = Cr—1 (?(V)

PIAY 4 (p - 1) ). ()

y

p(f)l is a decreasing function on (0,+o00), we

From ((5)) and the fact that v —
deduce that

<

av <o (It =~ (K0 e < e, @

We prove that v < V. Assume the contrary and let wy := (vg)P , we := (V)P in
Diaz-Saa’s inequality. Then

i/ = N T
 J{zeRN >V }CB(0) wgp*”/P wépfl)/p
- o e - v
(weRN >V CBe(0) w0 L VPR
— / )(f(w;_tl)—f(vjrl))(vi’—vp)<o,
{z€RN |v>V }C By (0) o} yp-1

which is impossible.
Hence v, <V for all z € RY. It follows by the Diaz-Saa’s inequality that

v <<l <y <<V, for all z € RN

with V' vanishing at infinity. Thus there exists a function, say v < V such that
vx — v pointwise in R, Using the elliptic regularity theory ([3],[5],[6]) again we
find that v € CH*(RY). Then u = v + [ satisfies (1).
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