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EXISTENCE OF POSITIVE SOLUTION TO A
QUASILINEAR ELLIPTIC PROBLEM IN RN

Dragoş-P¼atru Covei

Abstract. In this paper we prove the existence of positive solution for the following quasilinear
problem

��pu = a(x)f(u), in RN ,
u > l > 0, in RN ,

u(x) ! l, as jxj ! 1,

where �pu, (1 < p < 1) is the p-Laplacian operator. The proof is based on the results due to
Diaz-Saà ([2]).

1 Introduction

Let us consider the problem

��pu = a(x)f(u), in RN ,
u > l > 0, in RN ,

u(x)! l, as jxj ! 1,
(1)

where N > 2, �pu, (1 < p <1) is the p-Laplacian operator, l > 0 is a real number
and the function a(x) satis�es the following hypotheses:

(A1) a(x) 2 C0;�(RN ) for some � 2 (0; 1);

(A2) a(x) > 0 in RN ;

(A3) For �(r) = maxjxj=r a(x) and p < N ,

0 <

Z 1

1
r1=(p�1)�1=(p�1)(r)dr <1 if 1 < p � 2
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0 <

Z 1

1
r
(p�2)N+1

p�1 �(r)dr <1 if 2 � p <1 :

and f : (0;1)! (0;1) be a C1 function that satis�es the following assumptions:

(F1) u 7! f(u)=up�1 is decreasing on (0;1);

(F2) limu&0
f(u)
up�1 = +1.

Goncalves-Santos ([4]) solved the problem (1) in the case l = 0. In this article
consider the problem when l > 0. The problem (1) arises, for example, in non-
Newtonian �uid theory, the quantity p is a characteristic of the medium. The case
1 < p < 2 corresponds to pseudoplastics �uids and p > 2 arises in the consideration
of dilatant �uids.

Our main results are the following:

Theorem 1. Under the hypotheses (F1), (F2), (A1)-(A3), problem (1) has a posi-
tive solution, u 2 C1;�(RN ).

2 Existence of a positive solution

To prove the existence of a solution of problem (1) we use an existence result of
Diaz-Saà ([2, Theorem 1-2]). They considered the problem8<:

��pu = g(x; u) in 

u � 0; u 6� 0 in 

u = 0 on @
 ;

(2)

where 
 � RN is a open boundary regular and g(x; u) : 
 � [0;1) ! R satis�ed
the following hypotheses:

(H1) for a. e. x 2 
 the function u ! g(x; u) is continuous on [0;1) and the
function u! g(x; u)=up�1 is decreasing on (0;1) ;

(H2) for each u � 0 the function x! g(x; u) belongs to L1(
) ;

(H3) 9C > 0 such that g(x; u) � C(up�1 + 1) a.e. x 2 
; 8 u � 0:

Set

a0(x) = lim
u&0

g(x; u)=up�1 and a1(x) = lim
u!1

g(x; u)=up�1 ;

so that �1 < a0(x) � +1 and �1 � a1(x) < +1:
Under these hypotheses on g, Diaz-Saà ([2]) proved that there exist one solution

of (2).
To prove the main Theorem we need the Diaz-Saà�s inequality:
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Lemma 2 ([2]). For i = 1; 2 let wi 2 L1(
) such that wi > 0 a.e. in 
, wi 2
W 1;p(
); �pw

1=p
i 2 L1(
) and w1 = w2 on @
:ThenZ



(
��pw1=p1
w
(p�1)=p
1

+
�pw

1=p
2

w
(p�1)=p
2

)(w1 � w2) � 0;

if (wi=wj) 2 L1(
) for i 6= j; i; j = 1; 2.

The �rst step, in the study of existence, is to observe that the problem (1) can
be rewritten 8<:

��pv = a(x)f(v + l) ; in RN ,
v(x) > 0, in RN ,
v(x)! 0 ; as j x j! 1 :

(3)

To solve (3), for any positive integer k we consider the problem8<:
��pvk = a(x)f(vk + l) ; in Bk(0)
vk(x) > 0, in Bk(0)
vk(x) = 0 ; if j x j= k :

(4)

To obtain a solution to (4), it is su¢ cient to verify that the hypotheses of the
Diaz-Saà theorem are ful�lled:

H1: since f 2 C1((0;1); (0;1)) and l > 0, it follows that the mapping v !
a(x)f(v + l) is continuous in [0;1) and from a(x)f(v+l)

vp�1 = a(x) f(v+l)
(v+l)p�1 �

(v+l)p�1

vp�1 ,

using positivity of a and (F1) we deduce that the function u! a(x) f(v)
vp�1 is decreasing

on (0;1);
H2: for all v � 0, since a(x) 2 C0;�(RN ), we obtain x ! a(x)f(v) belongs to

L1(
);

H3: By limv!1
f(v+l)
vp�1+1 = limv!1

f(v+l)
(v+l)p�1 �

(v+l)p�1

vp�1+1 = 0 and f 2 C
1, there exists

C > 0 such that f(v + l) � C(vp�1 + 1) for all v � 0. Therefore, a(x)f(v + l) �
kakL1(Bk(0)) (v

p�1 + 1) for all v � 0.
Observe that

a0(x) = lim
v&0

a(x)f(v + l)

vp�1
= +1

and

a1(x) = lim
v!+1

a(x)f(v + l)

vp�1
= 0:

Thus by Diaz-Saa, problem (4) has a unique solution vk 2W 1;p
0 (
)\L1(
). Apply-

ing the regularity theory ([3],[5],[6]) for elliptic equations we �nd vk 2 C1;�(
) for
� 2 (0; 1). Moreover, by the maximum principle, this solution is positive in Bk(0).
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In outside of Bk(0) we de�ne vk = 0. We prove that vk � vk+1: Assume the contrary
and let w1 := (vk)p , w2 := (vk+1)p in Diaz-Saà�s inequality. Then

0 �
Z
fx2RN jvk>vk+1 g�Bk(0)

(
��pw1=p1
w
(p�1)=p
1

+
�pw

1=p
2

w
(p�1)=p
2

)(w1 � w2)

=

Z
fx2RN jvk>vk+1 g�Bk(0)

(
��pvk
vp�1k

+
�pvk+1

vp�12

)(vpk � v
p
k+1)

=

Z
fx2RN jvk>vk+1 g�Bk(0)

a(x)(
f(vk + l)

vp�1k

� f(vk+1 + l)
vp�1k+1

)(vpk � v
p
k+1) < 0;

which is impossible. Hence vk � vk+1. We now justify the existence of a continuous
function V : RN ! R such that vk � V in RN . We �rst construct a positive radially
symmetric function w such that ��pw = �(r); (r = jxj) in RN and limr!1w(r) =
0. A straightforward computation shows that

w(r) := K �
Z r

0

h
�1�N

Z �

0
�N�1�(�)d�

i1=(p�1)
d�;

where

K =

Z 1

0

h
�1�N

Z �

0
�N�1�(�)d�

i1=(p�1)
d�:

By result in ([4]) we remark that (A3) impliesZ +1

0

h
�1�N

Z �

0
�N�1�(�)d�

i1=(p�1)
d�;

is �nite.
An upper-solution to (1) will be constructed. Consider the function f(v) =

(f(v + l) + 1)1=(p�1), for u > 0.
We have

(F1�) f(v) � f(v + l)1=(p�1)

(F2�) limv&0 f(v)=v =1 and v 7! f(v)=vp�1 is decreasing on (0;1).

Let V be a positive function such that w(r) = 1
C

R V (r)
0 tp�1=f(t) dt, where C is a

positive constant such thatKC �
R C1=(p�1)
0 tp�1=f(t) dt. In the case when p = 2; this

method was introduced by Zhang in ([8]). We prove that we can �nd C > 0 with this
property. From our hypothesis (F2�) we obtain that limx!+1

R x
0 t

p�1=f(t) dt = +1.
Now using L�Hôpital�s rule we have

lim
x!1

1

xp�1

Z x

0

tp�1

f(t)
dt = lim

x!1
x

(p� 1)f(x)
= +1:
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This means that there exists x1 > 0 such that
R x
0 t

p�1=f(t) dt � Kxp�1, for all
x � x1. It follows that for any C � x1,

KC �
Z C1=(p�1)

0

tp�1

f(t)
dt:

But w is a decreasing function, and this implies that V is a decreasing function too.
Then Z V (r)

0

tp�1

f(t)
dt �

Z V (0)

0

tp�1

f(t)
dt = C � w(0) = C �K �

Z C1=(p�1)

0

tp�1

f(t)
dt:

It follows that V (r) � C1=(p�1) for all r > 0. From w(r)! 0 as r ! +1 we deduce
V (r)! 0 as r ! +1. By the choice of V we have

�pw =
1

Cp�1
(
V p�1

f(V )
)p�1�pV + (p� 1)

1

Cp�1
jrV jp(V

p�1

f(V )
)p�2(

V p�1

f(V )
)0: (5)

From ((5)) and the fact that v ! f(v)
vp�1 is a decreasing function on (0;+1), we

deduce that

�pV � Cp�1
�f(V )
V p�1

�p�1
�pw = �Cp�1

�f(V )
V p�1

�p�1
�(r) � �f(V )�(r): (6)

We prove that vk � V: Assume the contrary and let w1 := (vk)
p , w2 := (V )p in

Diaz-Saà�s inequality. Then

0 �
Z
fx2RN jvk>V g�Bk(0)

(
��pw1=p1
w
(p�1)=p
1

+
�pw

1=p
2

w
(p�1)=p
2

)(w1 � w2)

=

Z
fx2RN jvk>V g�Bk(0)

(
��pvk
vp�1k

� �pV

V p�1
)(vpk � V

p�1)

=

Z
fx2RN jvk>V g�Bk(0)

a(x)(
f(vk + l)

vp�1k

� f(V + l)
V p�1

)(vpk � V
p) < 0;

which is impossible.
Hence vk � V for all x 2 RN . It follows by the Diaz-Saà�s inequality that

v1 � v2 � � � � � vk � ::: � V; for all x 2 RN

with V vanishing at in�nity. Thus there exists a function, say v � V such that
vk ! v pointwise in RN . Using the elliptic regularity theory ([3],[5],[6]) again we
�nd that v 2 C1;�(RN ). Then u = v + l satis�es (1).

******************************************************************************
Surveys in Mathematics and its Applications 1 (2006), 111 �116

http://www.utgjiu.ro/math/sma

http://www.utgjiu.ro/math/sma/v01/v01.html
http://www.utgjiu.ro/math/sma


116 Dragoş-P¼atru Covei

References

[1] K. Chaib, A. Bechah, and F. De Thelin, Existence and uniqueness of positives
solution for subhomogeneous elliptic problems in RN . Revista de Mathematicas
aplicadas, 21 (1-2) (2000), 1-18. MR1822068(2001m:35099). Zbl 0982.35038.

[2] J. I. Diaz, J. E. Saa, Existence et unicite de solutions positives pour cer-
taines equations elliptiques quasilineaires, CRAS 305 Serie I (1987), 521-524.
MR0916325(89e:35051). Zbl 0656.35039.

[3] E. DiBenedetto., C1;�- local regularity of weak solutions of degenerate ellip-
tic equations, Nonlinear Anal. 7 (1983), 827-850. MR0709038(85d:35037). Zbl
0539.35027.

[4] J. V. Goncalves, C. A. Santos, Positive solutions for a class of quasilinear sin-
gular equations, Electronic Journal of Di¤erential Equations, Vol. 2004 No. 56,
(2004), 1-15. MR2047412(2004m:34065). Zbl pre02100297.

[5] G. M. Lieberman, Boundary regularity for solutions of degenerate elliptic equa-
tions, Nonlinear Anal. 12 (11) (1988), 1203-1219. MR0969499(90a:35098). Zbl
0675.35042.

[6] N. Ural�tseva, Degenerate quasilinear elliptic systems, Zap. Nauµcn. Sem.
Leningrad. Otdel. Mat. Inst. Steklov 7 (1968), 184-222. Zbl 0199.42502.

[7] J. L. Vázquez, A strong maximum principle for some quasilinear elliptic equa-
tions, Appl. Math. Optim. 12 (1984), 191-202. MR0768629(86m:35018). Zbl
0561.35003.

[8] Z. Zhang, A remark on the existence of entire solutions of a singular
semilinear elliptic problem, J. Math. Anal. Appl. 215 (1997), 579-582.
MR1490771(98j:35055). Zbl 0891.35042.

University Constantin Brâncuşi of Târgu-Jiu,
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