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Abstract

The combinatorial properties of the Fibonacci infinite word are of
great interest in some aspects of mathematics and physics, such as num-
ber theory, fractal geometry, formal language, computational complex-
ity, quasicrystals etc.

In this note, we introduce the singular words of the Fibonacci infinite
word and discuss their properties. We establish two decompositions of
the Fibonacci word in singular words and their consequences. By using
these results, we discuss the local isomorphism of the Fibonacci word
and the overlap properties of the factors. Moreover, we also give new
proofs for the results on special words and the power of the factors.

The combinatorial properties of the Fibonacci infinite word are of great
interest in some aspects of mathematics and physics, such as number the-
ory, fractal geometry, formal language, computational complexity, quasicrys-
tals etc. See [1, 3, 8, 9, 11]. Moreover, the properties of the subwords of
the Fibonacci infinite word have been studied extensively by many authors
2, 4,5, 6,9, 10]. In this note, we shall present some new properties of the
subwords of the Fibonacci word: as we shall see, the most striking of these
properties is that the adjacent singular words of the same order are positively
separated.

This note is organized as follows. After recalling some preliminary remarks
on the Fibonacci word, we introduce the singular words and discuss their
elementary properties. Then we establish two decompositions of the Fibonacci
word in singular words (Theorems 1 and 2) and their consequences. By using
these results, we discuss the local isomorphism of the Fibonacci word (Theorem
4) and the overlap properties of the factors (Theorem 6). Moreover, we also
give new proofs for the results on special words (Theorem 5) and the power of
the factors (Theorem 3).

In this note, we use the following definitions and terminology.

Let A = {a,b} be an alphabet of two letters, let A* be the free monoid on
A, and let F' be the free group generated by A. The elements of A* are called
words. The neutral element of A* is called the empty word which we denote
by . Let w be a word: we denote by |w| the length of w, we denote by |w|,
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(resp. |wlp) the number of letters of a (resp. b) appearing in w, we denote by
L(w) the vector (|w]q, |wlp).

An infinite word on A is a mapping  : IN — A, and we write * =
T1Tg---x, -, where x; € A. The set of infinite words is denoted by A“.

A word v is a factor of word w and we write v < w, if there exist u, v’ € A*,
such that w = wovu’. We say that v is a left (resp. right) factor of a word w
and we note that v <w (resp. v>w), if there exists u € A* such that w = vu
(resp. w = uw). The notions of left factors and right factors are extended in a
natural way to A“.

Let w = x129---2,. We denote by w the mirror image of w; that is,
W = Tp---Toxy. If w = w, the word will be called a palindrome, and the
set of the palindromes is denoted by P. A word w € A* is called primitive if
u=7vP, v e A* p>0, implies u = v.

Let w = zyx9-- 2, € A", and let 1 < k < n. We define Ci(w) =
Tyl TpXy--- Tk, the k-th conjugation of the word w, and we note that
C(w) = {Ck(w); 1 <k < |w|}. By convention, C_i(w) = Cly|—r(w).

Now let 0 : A — A* be a morphism defined by o(a) = ab, o(b) = a.
We define the n-th iteration of o by ¢"(a) = o(c™!), n > 2 and we denote
F, = o™(a) (by convention, we define 0°(a) = a, 0°(b) = b). Then the
Fibonacci word F,, is obtained by iterating o with the letter a (see [2]).

Let w be a word. We denote by €, (w) the set of factors of w of length n,
where |w| > n, and we simply note that Q,, := Q,(FL).

By a natural embedding, we can regard the A* as a subset of F', and if
we say that w is in F', this means that is reduced (see [7] and therein). Let
w = T129--- 2T, € A*. We denote by w~! the inverse word of w, that is
wt=a7t - xytert Let w = wv, u,v € A*, then wo™! := u and v~ lw 1= v
by convention.

One of the motivations of this note is as follows: we know that the Fibonacci
word is related closely to the Fibonacci numbers (the Fibonacci number is
defined by the recurrence formula f, o = f,+1 + f, with the initial condition
f-1 = fo =1). Consider the following decomposition of the Fibonacci word

a baa bab aabaa babaabab aabaababaabaa babaababaabaababaabab - - -

that is, the length of the n-th block in the decomposition is f,,, n > —1. Then a
question is posed naturally: What are these blocks? As we shall see, Theorem
1 will answer this question completely.

In this note, we shall use the following known facts which can be found in
2, 4, 8, 9].

Property 1 1) |0"(a)| = f, and |C,(F,)| = fn, where f, is the n-th Fibonacci

number. That is, all conjugations of F,, are different each other. In particular,
for any w € C(F,), we have

L<w) = L<Fn) = (fn—lafn—2)7



and moreover,

C(F,) ={w;, we C(F,)}.
2) Fn+1 == Fnanl-
3) For any k > 1, o%(Fy) = F., that is

Foo = FyFyr FiFyF—1 - - -

4) ab is a suffiz of F,, for odd positive n, and ba is a suffiz of F, for even
positive n.

5) 0 A Fy, a® £ Fy.

6) Any factor of Fy will appear infinitely many times in F..

7) w < Fy if and only if w0 < F.

Remark 1 In this note, we shall only use Property 1 and not the other known
results of the Fibonacci word. In particular, we shall again prove Theorems 3
and 5 by using singular words.

Let o and 3 be two words. Note that, by Property 1.4), if af > F,,, then
a # 3.

Lemma 1 Let n > 2, and assume that of is a suffiz of F,,. Then

Fn = Fn72Fn71a716710‘67
Fn—ZFn—l = Fnﬁ_la_lﬁa'

Proof. Note that a8 F,, so fa > F,_; by property 1.4). It is easy to check
the case of n = 2 directly. Suppose that the lemma is true for n. Then, by the
hypothesis of the induction, we obtain

Fn+1 - FnFn—l - Fn—an—QFn—l - Fn—anO‘_lﬁ_laﬁa
FoaF, = Fn—an—2Fn—1ﬁ_1O‘_1ﬁa = Fn—&-lﬁ_la_lﬁa-

Now let |w| = f,,. Then by Property 1.3), w will be a factor of the following
words: F,F,, F,F, F,, F,F,_1 and F, 1F,. If w = uF,_1v with u> F},,
vaF, and |v| < f,_9, then w < F,F,_1F, o = F,F,. On the other hand,
evidently, F,F,,_1 < F,F},, and thus the four cases above will be reduced to
the cases I, F,, and F,,_1F,,.

On the other hand, by Property 1.1), Qy, (F,,F,) = C(F,). Therefore it is
sufficient to determine the factors of F},,_1F,,.

Let a and 3 be two words such that af is a suffix of F,,. We denote the
word aF, 37! by w,.

Lemma 2 We have the following:
1) w, & C(F,);
2) Qs (Fa Fy) = w, W{Ck(F); 0 <k < f,_o—2}. In particular, as a factor,

w, appears only once in F, 1 F,.



Proof. 1) Since a # 3, L(w,) # L(F},), which yields 1).

2) By Lemma 1: if a3 > F,, then we have f, F, = F,F,_1a '3 1a3. Since
F, 1 < F,, the first f,_; factors of length f, of the word F,,_iF,, are exactly
Cy(F,), 1 <k < f,_1—2, and the last factor is F,, = C}, (F,), the (f,—1 —1)-th
factor is aF, 37! = w,.

As we have seen, for any n > 1, the set {1y, consists of two parts: the first
part consists exactly of all conjugations of F,, the other is w,. As we shall
see, w, possesses some interesting properties, which play an important role in
the studies of the factors of F.

The word w,, is called the n-th singular word of the Fibonacci word F...
For convenience, we define w_s = ¢, w_; = a and wy = b, and we denote by S
the set of singular words of F..

Now we discuss the properties of the singular words:

Property 2 We have the following:
1) If n > 1, then

L(w,) = (fac1 + 1, fuo — 1) ifn is odd;
" (foc1 =1, fna+1) ifn is even.
2) wy, A Wny1.
8) If b wyy1, then wyyo = wywp a1 3.
4) Wy = Wy oWy _3Wy_2, N > 1.
5) Forn > 1,
Cfnfl_l(Fn) = Wp—-o2Wp—1,
Cr—1(Fn) = wp_1wn_2;
In particular,

Wy_o < Cx(F,) if and only if 0<k< f,1—1;
Wp—1 < Ck(Fn) Zf and Only Zf fn—l -1 § k S fn - L

6) Forn > 1, wy, 1 = aauaa, wsy, = bvb, where u,v € A*.

7) Forn>2, 1 <k < f,, no proper conjugate of w, is a subword of F...
8) Forn >0, w? A F,.

9) Forn > —1, w, is a palindrome.

10) w, is not the product of two palindromes for n > 2.

11) If n > 2, then w, is primitive.

12) For n > 1, we have

= n? . . a if n is odd,
wy, =wi | [ wi | = [] wn-j-s | w, where w) = b

if n is even;

n—1
13) w, £ H wj;

=1
! k+p
14) Let k > —1 and p > 1, and let u = ij. Then u & S.
j=k



Proof. 1) If nis odd, then a> F,_;, b F,. Thus
L(wy) = L(aFb™) = (far + 1, fua — 1),

and the case of n being even can be proved in the same way.

2) Let a> F,: then > F, ;. By the definition of w,, it is easi to see that
wy, A Foyq, so w, 4 F,.187%. On the other hand w, = SF,a™ ! # oF,57 .
Since wy41 = aF, a7, thus w, 4 W41

3) By definition, w,, s = BF,a~'. Then by Lemma 1, we have

Wi = BF,Fo1f o™ B = wawn 107 B.
4) Let a> F,,: then o> Fy,_9 and B> F, 41, f> F,,_1. Thus

Wp+1 = aFn—&—lﬁ_l - aFn—an—2Fn—lﬁ_1
(aF 187" (BF 20 ) (F,17)

= Wp-1Wp—2Wp—_1-

5) Let o> Fy,: then

Fn - n—an—2 - (Fn—la_1>(aFn—26_l)ﬁ7

and so the results follow from the definitions of singular word and conjugation
of word.

6) This follows immediately from the definition of w, and 9).

7) and 8) follow from Property 1.5) and Property 2.9).

9) We prove by induction. It is checked directly that the conclusion is true for
n < 2. Now suppose that the conclusion is true for & < n. Then, by 5),

Wn41 = Wp-1Wp—2Wp—1 = Wp—1 Wp—2 Wp—1 = Wp—1Wnp—2Wn—-1 = Wn41,

that is, w,11 € P.
10) Let w,, = uv, where u,v € P. Since w, is a palindrome, so

Wy, = Wy, = U0 = UV = VU.

Therefore, the |u|-th conjugation of w, will be a factor of Fi,. Then, by 6), if
n > 2, we have a* < F,,, or b* < F,, which will contradict Property 1.5).

11) Let w,, = uP, with u € A*, and p > 2. Since w,, € P, so do u and uP~,
and hence w,, = u? = vuP~! will be a product of two palindromes; but, by 10),
that is impossible.

12) It is easy to verify that F,, = abFoF} - -+ F,,_3F, 5. If nis odd, then b F},.
Therefore

w, = aF,b~' = aab(aFb~ ") (bFya™') - (bF,_sa ) (aF,_sb™")
= QW-_1WoWi * * * Wp-3Wn—2,



and the case of n being even may be proved in the same manner.
n—1 n—1
13) If w, < [] wj, then by 12), w, < w} [] w; = wyy1, which will contra-
=1 j=-1
dict 2).
k+p
14) Assume that u = H w; = Wy, for some m > 0. Since w4, is a factor,
j=k
ktp
m > k + p. On the other hand, by 12), w,, < wi,, H Wj = Wyipt2, SO
j=—1
m =k + p+ 1. By 13), this is impossible.

By an argument analogous to that of Property 2.12), we obtain the follow-
ing result, which answers the question posed in the introduction.

Theorem 1 F, = H wj.
j=—1

Proof. The proof is similar that of Property 2.12).

Now we are going to introduce another decomposition of F,, which will
show the positively separate property of the singular words. To this end, we
first establish some lemmas.

Lemma 3 Let wyw,11 = ujugus (01 Wyw, = ujugus) with 0 < |uy| < f,
and 0 < |ug| < fni1, thenug € S.

Proof. i) By the condition of the lemma, 2 < |us| < fr42 — 2, SO Uy # Wy ya.
ii) Let a>F,, then w,w, 11 = BF,F,_147'. By Lemma 2, w,,; = aF, 137"
appears only once in F, F,, 1. Note that |ug| > 1, we obtain us # wy,y1.
iii) Let |ug| = f, and F,oy = F,F,_1, us < F,F,. But by lemma 2,
wy, A FL,F,, and thus uy # w,.
iv) Let |ug| = fn—1. Since w,w,11 = wWywy,_1W,_ow,_1, then we must have
uy < aF,F,_1a~!. By using lemma 2, a discussion as in ii) yields uy # w,_1.
The other cases will be reduced to one of the four cases above, so by
repeating this argument, we prove that, for any k > 1, uy # wy, that is,

u2¢8

Now let n > 0 be fixed. We define a substitution ¢, : A — A* by
On(a) = wpi1, On(b) = wy_1. Let X, = {wpy1, w,—1}. For a singular word wy,
we say Wi(X,) := ¢n(wg) (if there is no confusion, we simply write W), the
k-th singular word over X3,.

Lemma 4 Letn >0 and k > 1. Then we have

Wn4+2k = WpT1WnpT2 - WnpIfy, ,Wn,

Wok+1 = Y1WpY2Wn **  Yfop 1 —1WnYfor_15

6



where x;,y; € X,,. Moreover,
L1L2 - Ty o — Wak—o and y1ya - - - Yfor—1 — Wor—1
are, respectively, the (2k — 2)-th and (2k — 1)-th singular words over %,,.

Proof. For any fixed n, we prove the lemma by induction. We have, by
Property 2.4),

Wnp+2 = WpWp—1Wp,
Wn4+3 = Wp1WpWpyt,
Wn44 = WpWp—1WpWn41WpWp—1Wy,

Wn+5 = Wp1lWpWpy1WpWy—1WnWyt1WnWn+1,

and hence the conclusion is true for £ = 1,2. Now suppose that the conclusion
is true for £ — 1 and k. Then

Wny2(k+1) = Wnp2kWni2k—1Wni2k

= WndTyp - WL oy s WnY1Wn =+ - WYty s Wn = WnTfy o,

since x1xg-- -y, , and Yi1Ys - - Yy, are, respectively, the (2k — 2)-th and
(2k — 3)-th singular words Wa,_o and Wo,_5 on ¥, by the assumption of the
induction. So, by Property 2.4),

T1To Tfy SY1Y2 Yo 5 T1T2 " Ty 5 = Wop_oWop_3Wop_o = Wy

is the (2k)-th singular word. The same discussion gives the proof for w,, 1ok 3.
JFrom Lemmas 3 and 4, we immediately obtain the following.

Corollary 1 Let m > n + 2. Then there are exactly m —n — 2 factors w,
appearing in w, which are separated by w,_1 and w,y1 as in Lemma 4.

Let n be fixed, then by Property 1.6), the word w, will appear in F.
infinitely many times. We arrange these words as a sequence w,  the k-th
singular word of the order n.

Lemma 5 Let F, = H w; be the decomposition as in Theorem 1. Let u be
j=—1

any singular word of order n (that is, w = wy, for some k). Then u must be

contained completely in some w,,, where m > n.

n—1
Proof. i) From Property 2.13), w,, A [] wj.

j=—1



ii) If u < J] wj, then by Property 2.12),
j=—1

n—1
*
u < (wn_l H wj) Wy, = Wpt1Wn,

j=—1

so by Lemma 3, v must be w,.
o

;From i) and ii), we only need to consider u < [] w;. Since |u| = |w,],
j=n
there exists m, m > n, such that, either u < w,,, or u < w,, W, 11 with u £ w,
and u A wy,y1. But by lemma 3, the later case is impossible.
We thus finish the proof from the discussions above.

Now we can state our main result of this note.
Theorem 2 For any n > 0, we have
n—1
Fo=|]] wj| wniziwnozs - wWnp2eWpppr - - -
j=-1
where z = z129 - 2z, - -+ 18 the Fibonacci word over %3,,.

Proof. From theorem 1 and lemma 4, we get

n—1 00
Fo = ( H ’LU]') WpWn+t1 ( H wj)
j=—1 j=n+2

n—1
= ( 11 wj) Wy W41 (Wi Wy 1 Wy, ) (W1 Wy Wiy 1) - - -

(wnxlwn o 'xf%fgwn)(ylwngﬂ t 'wnyf%ﬂ) T

Note that

i) by lemma 4, lemma 5 and corollary 1, all factor w,, of F, (or the sequence
Wy, k > 1) appear in the formula above;

ii) by lemma 4,

:Ul e ','Cf2k72 = WQ]C*Q?
Y1 Yfopr = WQk—la

thus H zj = H W; is the Fibonacci word on X,,.

j=1 j=—1
i) and ii) follow the theorem.

The following example illustrates the decomposition of F, of the words
w1, Wa:



abaa(bab)aabaa(bab)aa(bab)aabaa(bab)aabaa(bab)aa(bab)aabaa(bab)aa(bab)aabaa: -

Let y = 41y2 - Yn - -+ be an infinite word over {a,b}. Let u,v < y, u =
YkYk+1** Yhtp a0d U = YYi41 - - Yi4m, Where [ > k, then the distance of the
words u and v define by

Jl=k—=p ifl>k—p;
d(u,v) _{ 0 otherwise.

If d(u,v) > 0, we say that the words u and v are positively separate.
The theorem 2 has the following direct consequences:

Corollary 2 The adjacent singular words of the same order are positively sep-
arate. More precisely, for any n and k, we have

d(wn,ka wn,kz—i—l) S {fn+1> fn—l}-
Moreover, one of d(wp, g, Wy k1) and d(Wp g41, Wn gt2) 15 frt1-

Corollary 3 The left and the right adjacent word of the length f,_sp of the
singular word w,,1 are exactly w,_of.

Let w = TZg41 - Tetp (k,p > 1) be a factor of Fi. If there is an integer
[, 1 <1 < p, such that w = xpTpyiq1 - Thti4p, then we say that w has
overlap with p — [ as length of overlap. The above definition is equivalent to
the following assertion: Let u < F., if there exist words x,y and z such that
u =2y = yz and u(y) := uz = xyz < F,. From corollary 2, we obtain
immediately

Corollary 4 For n > 1, w, has no overlap.

Corollary 5 Let u < Fy, and let f, < |u| < fai1, let w be one of the largest
singular words contained in u (in the sense of order), then w appears only once
in u, moreover, w must be one of the three following singular words: w,_1,w,
and Wy 1.

Proof. Suppose that the conclusion is not true. Then there will be another
singular word of the same order contained in v which is adjacent to w and we
denote by w’. Thus there is a word v, such that wow’ < u (or w'vw < u). By
theorem 2, either v, or wvw’, will be a singular word which has higher order
than w, this is in contradiction with the hypothesis of w.

The second conclusion of the corollary follows from directly the property
2.5).

As applications of singular word, in particular, the positively separate prop-
erty of the singular words, we are going to illustrate some examples in the
following. Although some results are known (example 1 and example 3), but
the proofs are new. Moreover, these proofs show that the singular words play
an important role in the studies of the factor of the Fibonacci word.



Example 1. Power of the factors. [2, 5, 6, 9]

Theorem 3 We have

1) For any n, w? £ Fy;

2) For 0 <k < f, —1, (Ch(F,))* < Fx;

8) If u < Fy with fr_1 < |u| < fp, then u*> A Fy;
L) IO <k < fur =2, then (Cp(F,))° < Fuo;

) If fo1 =2 <k < fy, then (Ch(Fy))* A Foo;

6) For any u < F, u* A F.

Proof. 1) It follows from the properties 1.5) and 2.6), w? 4 Fu;
2) Let Cx(F,) = wv with F,, = vu. Then u> F,, and v < F,,. Since

(CW(F,))? = uouww = uF,v < (F,)?,

the conclusion (Cx(F,))* < Fy will follow from F3 < F.

3) Suppose that wy be the largest singular word contained in u as in
corollary 5, and let © = vjwyvye. Assume that u? = viwrveV WLV < Fa,
then w; A& v9vy, otherwise by theorem 2 we shall have either w1 < vy, or
Wgt1 <= Vg, that will be in contradiction with the hypothesis of wy. Thus two
singular words of the order k£ above are adjacent, so by theorem 2 again, vy,
must be either wyq or wi_1. By property 2.5), u will be either a conjugation of
Fyyo, or of Fj 1. But these two cases are impossible because of the hypothesis
of u.

4) Since aaba < fo, so dose F,F, F, 1F,. Let af> F,_1, then by lemma
1, we have

Fanlen = Fanleananloéilﬁilaﬁ = Fspnflailﬁilaﬂ < Fom
notice that F,,_; < F,, hence if 0 < k < f,,_1 — 2, then
(CW(F))? < F2E,_ja7 37! < Fy.

5) Now suppose that f, 1 —1 < k < f,, then by property 2.5), w,_1 <
Cr(Fy). Let Cx(F,) = uw,_1v, then vu = w,_o, thus

(Ch(Fn))? = wwn 1wy gy, W, 9wy, 0.
Hence if (C’k(Fn))?’ < F, then the word w,_jw,_ow,_1 = w,4; will have
overlap, but by corollary 5, this is impossible.
6) The conclusion follows from an analogous argument with 5).
Remark 2 ;From theorem 3.2), we see that, any conjugation of F,, n >

0, is not separated positively. This is an important difference between the
conjugations of F,, and w,.

10



Example 2. Local isomorphism

Let w = wjug - -u,--- and v = vyv9--- v, - -+ be two infinite words over the
alphabet {a,b}. We say that u and v are locally isomorphic if any factor
(or its mirror image) of u is also factor of v and vice versa (By the property
1.7), for the Fibonacci word, we don’t need to consider mirror images of the
factors). If u and v are locally isomorphic, we shall write u ~ v. The notion
of local isomorphism is very useful in the studies of the energy spectra of
one-dimensional quasicrystals [12].

For an infinite word u = ujug -+ - u, - - -, we define the translation 7'(u) of
u by Tu = upusz--- and define T% = T(T*!) by recurrence. By using the
properties of the singular words of the Fibonacci word, we can easily obtain
the following results of the local isomorphism of the Fibonacci word.

Theorem 4 We have

1) If we change a finite number of letters of F.,, then the obtained infinite
word F!_ is not locally isomorphic to F..

2) Let u € A*, then Fy, ~ uF, if and only if there exists m > —1, such that
u b wpws,, where w, is defined as in property 2.12).

3) For any k > 1, Tn}“(FOO) ~ F.

Proof. 1) Let F, = H as in theorem 1, because we only change a finite
j=—1

number of letters of F,,, we can find an integer m and words u,v € A*, such

that

Fl =uv H wj,
j=m
where |v| = f,_1, v # wy_1. Therefore by corollary 3, vw,, 4 F, that is

Fo ot .
2) From theorem 1 and property 2.12), for any k£ > 0 and m > 0,

2m~+2k—1 00 o)
womaFoo = wyma | [T wi | | I wi) =wamwomennn | IT wy

j=—1 Jj=2m+2k j=2m+2k

then, by corollary 3, wamwWamyart1 < Fuo, that is, for any v < wy,aFu, we
can find an integer k, such that v < wo,Womiorr1, SO v < Fi. The case of
Wam+1b can be proved in the same way. That is, if u>w,,w}, for some m, then
Fo ~ uF,. If uis not a right factor of any w,,w;,, then by the discussion
similar that of 1), we see that uF,, % Fi.

3) The proof follows from the property 1.6).

Example 3. Study of special words of F
Berstel [2] introduced the special words of Fl, as follows: if ua,ub < F,, then

the word w is called a special word of F,. The following theorem is due to
Berstel [2] which we shall give another proof by using singular word.

11



Theorem 5 A word w < F is a special word if and only if, for some n > 0,
w>F,.

Proof. It is easily checked that, for any n > 0, F), is a special word, therefore
the theorem is reduced to show that, for any n > 0, [Q,| =n + 1.

Now let u < F, and let fi < |u| < fry1. By an analogous argument with
that for lemma 2, it is readily to see that the word v must be one of the three
following forms:

o u=swyt, [st| < fu1;
o u=skEut, s,t#e, |st| < foo1, s> F,, t<Fy;
o u=st, s> F,, taF,.

In the first case, by corollary 3, the factor s> w,_1, (resp. t) are determined
uniquely. Moreover, since w,, has no overlap, if s # &', then sw,t # sw,t'.
Hence there are exactly |u| — fr + 1 different words sw,t which correspond
with |s| =0,1,...,n — fx.

In the two later cases, from property 1.1), it is readily to prove that there
are exactly f. different factors of length |u| of F}.

Summarize the discussions above, we get || = fi+(Ju| = fe+1) = |u[+1.

Example 4. Overlap of the subwords of the Fibonacci word

In this example, we shall determine the factors which have overlap.

Recall that: Let u < F, if there exist words x,y and z such that u =
xy = yz and u(y) := uz = xyz < F. Then we shall say that the word u
has overlap with the overlap factor y (or overlap length |y|), the word 4(y) is
called the overlap of u with the overlap factor y. We denote by O(F) = O
the set of factors having overlap.

Evidently, if u € O, we have

ul + 1 < Ja(y)| < 2Jul -1, (%)
where y is any overlap factor of w.

Lemma 6 Let f, < |u| < fui1, and let u # wyi1, then u € O if and only if
Wy, A u.

Proof. Let w, < u and write u = sw,t. If u € O, notice that w, € O, thus
overlap of u must be of the form sw,vw,t. By corollary 4,

|swpvwpt] > [s] 4 [t + 2f + foo1 = |u| + foy1 > 2|ul,

which is in contradiction with the inequality (x).
Now suppose that w, £ u, then discuss as in theorem 5, we have either

o u=sE,t, where s,t # ¢, |s| + |t| < fu_1, s> F,, t<QFy;
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e oru < F2

In the first case, if |t| = f, — 1, then u = w, 11 € O. Now consider [¢t| < f, — 1.
Since |s| + |t| < fn-1, s> F,, t<F,, we can write F,, = txs. Since [t| < f, — 1,
by theorem 3.4),

(C|t‘(Fn))3 = (wst)® = wstwstwst < Fy,

that is, u = sF,t = stxst has overlap with factor st.

In the second case, notice that u < F? and |u| > f,, so if we write u = st,
with [t| = f,, then t = Cy(F},) for some k, and s> ¢, thus u = sxs. On the
other hand, since u = sCy(F,) < F2, so szszs = s(Cy(F,))* < F3 < F., that
is u = sxs has overlap with overlap factor s.

Lemma 7 Ifu € O, then the overlap of u is unique.

Proof. Let f, < |u| < f.11, and let w be the largest singular word contained
in u. By corollary 6, w is one of w,_1, w, and w,;;. Since u € O, w must
be w,_1 from lemma 6, so we can write © = sw,_1t. Now suppose that
there are two different overlaps of u, then w, _; will appear three times in
one of these two overlaps. Since w, 1 & O, this overlap must be of the form
SWy,_1V1Wy_1V2Wy, 1L, then by an analogous argument with lemma 6, we shall
get a contradiction of (x).

JFrom lemma 7 and the proof of the lemma 6, we obtain immediately

Corollary 6 Let f, < |u| < fui1, and let u € O, then u = vv'v, where |v| is
the overlap length.

Summarize the results above, we have

Theorem 6 Let f, < |u| < fuy1 and let u # wpy1, u < Fy, then u € O if
and only if w, A u. If u € O, then the overlap of u is unique and u = vv'v,
where v is the factor of overlap and |v| = |u| — f,.

In particular, Cr(F,) € O if and only if 0 < k < f, — 2.

Note that:
1) for1 < 2fn < fage < 3fn < fugs;
ii) for any k, w,1 A (C’k(Fn))Q;
iii) for any k, wyis £ (Cu(F,))°.
We get immediately from theorem 6

Corollary 7 For any k, (Cx(F,))* € O, (Ci(F,))* € O.
Remark 3 If w? 4 F and w has no overlap, then the adjacent words of w

will be positively separate. Moreover we can prove that for these words, there
15 a decomposition similar to the singular words.
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Let w = abab, by theorem 3.3) and theorem 6, w? < F,, and w & O, so
w is separated positively. the following decomposition illustrates the remark
above:

aba(abab)aaba(abab)a(abab)aaba(abab)aaba(abab)a(abab)aaba(abab)a(abab) - - -
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