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During the past decade numerous fruitful contributions to the theory of the free Lie algebra
have been made. Results and methods in this area are characterized by a subtle interplay between
algebraic and combinatorial ideas. The quantity and the wealth of the material accumulated
in the last years might be accompanied by the certainly undesired side-effect of concealing its
own roots and history. We have therefore decided to restrict ourselves to a concise approach to
some specially chosen topics. It is essentially self-contained and takes its course starting from a
completely elementary source. At the same time the attempt is made to duly provide the reader
with appropriate references for the various contributions involved. We take the opportunity to
refer to [18] as a useful supplement to this article.

In the first section we describe certain aspects of the theory and a number of known results.
In the second section we show that these are different branches of the same key result (Ind)
for which we then give a proof, by means of elementary combinatorial reasoning, in the third
section. The underlying idea of our approach is to transfer problems on free Lie algebras into
the area of group rings of symmetric groups. On the one hand, this provides a powerful tool to
solve those problems. On the other hand, the arising questions are a challenging contribution to
the classical representation theory of the symmetric group: By passing from the free Lie algebra
to group rings, several notions are focused which apparently have not been considered as of
central importance before. A most interesting problem in this sense is to analyze the role of
the Solomon algebra in the general representation theory of the symmetric group. In our fourth

section we introduce this algebra and add some hints in that direction.

1 Free Lie algebras

In the following we write Ny for the set of all non-negative integers and set N := No\{0}, n, :=
{k|keN,1 <k <n} forall n € N,.
Let R be a commutative unitary ring, n € N, F' be the monoid generated freely by

n letters xy,...,x,. Any element z;, ---z;,, € F' is called a word (over {z1,...,x,}), the
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number m its length or degree. If the number of all » € m, such that z; = x; is denoted
by k; (j € oy ), then ky +--- + k, = m, and (ky,...,k,) is called the multidegree of
Ty T,

Let Ag be the free R-module with basis F'. The multiplication in F' extends canonically
to Ar which thus becomes an associative R-algebra generated freely by {z1,...,x,}. For
all m € Ny let Ag,, be the R-submodule of Ap generated by all words of length m, and
for all (ki,...,k,) € Ny let Ag(ky,...,k,) be the R-submodule of Ag generated by all
words of multidegree (ki, ..., k,). Then

A = P Arm

meENy

(1) AR,m = @ AR(/ﬁ,...,k}n) (m S N(])

k14 4kn=m

The standard Lie product,
aob:=ab—ba for all a,b € Apg,

turns Ag into a Lie algebra over R. By [31], [6, I, §3, Theorem 1|, {x1,...,z,} generates
freely a Lie subalgebra of Agr which will be denoted by Lr. A Lie monomial in Ag
is an element of the o-closure of {xy,...,z,}. A Lie monomial of the particular form
(+++ (x4 0 myy) 0--+) oay, is called left-normed. For simplicity, we shall use for it the
bracket-free notation z;, o x;, o --- o x;,. It is easy to see that the R-module Lp is
generated by the set of all left-normed Lie monomials. Surprisingly, no R-basis of Lg
consisting of left-normed Lie monomials is known. Set Lg,, := Lr N Ag,, for all m €
No, Lg(k1,... kn) = Le NV Ag(ky, ..., ky) for all (ky,..., k,) € N§. The multidegree of a
Lie monomial a # 0 in Ap is the unique n-tuple (ki, ..., k,) such that a € Lg(ki,..., k).
We have

Ly = @B  Linm

meENy

(2) Legm = B etk k) (mEeN).

ki4-4kn=m

By [6, II, §2.5], the following holds:

1.1 Proposition. The mapping

{$1...,£L’n} —>R®LZ
Z



extends uniquely to a Lie R-algebra isomorphism ¢ of Ly onto R® Ly. In particular,
Z
Lrmér = R® Ly, for all m € Ny, and Lg(ky,...,k,)pr = R® Lz(ky, ..., k,) for all
Z Z
(k1y. .. kn) € N.

As an abelian group, Lz(ki,...,k,) is torsion-free and finitely generated (for ex-
ample, by the set of all Lie monomials in Az of multidegree (ki,...,k,)). Therefore,
Lz(ky,. .., k) is a free Z-module of finite rank. As a consequence, Lr(ky, ..., k,) is a free
R-module of the same rank. This rank is known to be the so-called necklace number as
has been proved by Witt [31]. By 1.1, it is justified to specialize R, and for our purposes
it is convenient to put R := C. Subsequently we simply write A (L resp.) for Ac(Lc
resp.), similarly A,, (A(ki,...,k,) resp.) for the space Ac,, (Ac(ki,..., k) resp.) of all
homogeneous elements of degree m (of multidegree (ki,...,k,) resp.), etc. Now Witt’s
Dimension Formula reads as follows:

(WDF) dim Lk, .. kn) = — > w(d) g
where m = ky + - -+ + k,,. The necklace number on the right-hand side of (WDF) is the
number of Lyndon words in F' of multidegree (ki,...,k,). In group theoretic terms, it
is the number of orbits of length m of the subgroup ((1...m)) of the symmetric group
S,, with respect to its left action on the set of left cosets of a Young subgroup of S,, of

isomorphism type Sg, X -+ X Sy, .

Putting (z;, -+ - x;,)° := 24, 0 --- o x;, for all iy,...,i, € n,, we obtain a vector space
epimorphism © : A — L, sometimes called the Dynkin mapping. Griin (see [20, footnote
12]) expressed this mapping by means of the Weyl action of S,, on the space A,,: By the
rule

Oy T, = Ly " Ly (il,...,imEm,UESm),

m

A, is made into a CS,,-left module. Obviously, the spaces A(ky,...,k,) where k; +--- +
k, = m are CS,,-submodules of A,,. Let

Xp={rn|meS,,lr>2r>...>1<...<(m—1)7 <mn}

and
W = Y_ (=)' 1 € CS,p
TEXm
Then
(3) a® = wpa for all a € A,,.



The important criterion by Dynkin [8], Specht [25], Wever [29] characterizes the Lie
elements of A,, by means of the Dynkin mapping:

(DSW) a € L, <= a° =ma, for any a € A,,.

Putting v, := +w,,, we have, by (3),

m

(4) UmAp = Loy,

as the Dynkin mapping is onto. Hence the essential content of (DSW) is the following:
() VE = Uy

In the special case of m = n, (4) implies that

(6) v AL, 1) = L(1,..., 1).

n n

As an operator, every ¢ € CS, such that ¢A(1,...,1) = L(1,...,1) maps the space of
all homogeneous elements of degree n of an arbi?mry free assonciative algebra onto its
subspace of homogeneous Lie elements of degree n. This is due to the fact that A is free
over {z1,...,x,}.

We now fix n € N and choose a primitive n-th root of unity €. An element ¢ € CS,
is called a Lie idempotent if pA(1, e 1) = L(1, e 1) and ¢* = ¢. By (5) and (6),

1 1
= — _117r —1
Y

WeXn

is a Lie idempotent. Using (5), it is easy to check, for an arbitrary element ¢ € CS,,, that
(7) ¢ is a Lie idempotent if and only if ¢v,, = v, v,¢ = ¢.

This is a first example of the general phenomenon that significant notions in the theory
of free Lie algebras may be characterized by means of formally simple equations in the
group ring CS,,. Applying (7), we have:

(8)

The Lie idempotents in CS,, are the idempotent generators of the right ideal v,,CS,,.

A second important example of a Lie idempotent was given by Klyachko in 1974. For
every o € 3, set
indo:=Y {jljen—1,jo>(j+1)o}
(called the (major) indez of o, [19, sect. 111, VI, 104.]). Then

Ap 1= % Z gnd g

O'ESn
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is a Lie idempotent ([16], [2,3.4.3]). 1)
Starting from any Lie idempotent, an analysis of [3, 1% Theorem 2.3] yields a simple

method of constructing a family of related Lie idempotents:

1.2 Proposition. Let K be a subfield of C, ¢ = > c¢,0 € KS,, be a Lie idempotent,

O'ESn

B be a Q-basis of K such that 1 € B. For all b € B let ¢, € QS,, such that ¢ = > by.

beB
(Almost all ¢y, are 0.) Then
it Y dy

beB\{1}

is a Lie idempotent, for every choice of the coefficients d;, € C.

Proof. As v, € QS,, (7) implies that ¢1v,, = v, ¢, = 0 for all b € B\{1}, and
Untp = ¢y for all b € B. But these equations imply our claim, again by (7). U

Of course, new Lie idempotents are obtained by means of (7) only if not all the
coefficients ¢, of ¢ are rational. The case of ¢ := \,, K := Q(¢), B := {l,¢,e% &%, ...}
has been considered in [3, (2.20)].

In 1986, Reutenauer discovered a further Lie idempotent; it has rational coefficients:

For every o € S,, we define the defect set of o by
D(o):={j|je€n—=1,jo>(j+1)},

and the defect of o by

d(o) := |D(0)|.
'For any variable ¢ we have the identity
n
(9) Y ot og = T[(id+try + 20+ + 7717
oESy J=1

where 7; = (j...1). This yields a product representation of A, if we put ¢ := e. Furthermore,
if @ is a representation of the group ring of S,, over the field C(¢), then (9) implies that

> (o) = ﬁ(@(z’d) +10(7j) + 70(7j) + -+ T D(7;) ).

In the special case of the 1-dimensional representations this reduces to the following identities:

Ypes, 17 = (U t+ 82+ 471 ([27,4.5.9)),
Yoes, sgn(o)td T =T (14 (=17 + 2 + (=173 - (=1)7H14071) resp.



Then

n
O’ESn

is a Lie idempotent ([21, (1.4)]).

We have an easy characterization of the elements m € &), which occur in v, in terms of

defect sets: Let m € S,, and r := d(7). Then the following three statements are equivalent:

(10)
TeX,

D(m)=mn
7=01...1)-+(jr...1) for some ji,...,7, € nysuch that j; > jo > ... > j. > 1.

The equation 7 = (jy...1)---(j....1) where j; > jo > ... > j. > 1 implies that j, = ¢«

for all £ € r,, hence D(m)m = {j1,...,j-}. In particular, we have:

(11)  For every C' C n, \{1} there exists a unique 7 € &}, such that D(m)r = C.
The mapping 7 — D(7)7 is a bijection of &,, onto the power set of n, \{1}.

The following three simple properties of the elements 7 € &), will be useful at a later

stage:
(12) D(7~ ") =D(m)m — 1

(In particular, the inverses of any two distinct elements of X, have distinct defect sets.)
For k,¢ € n, we have

(13) If k< ?¢and km > (r, then k € D(n).

(14) If k< ?and km < {m, then ¢ & D(m).

Moreover, by (10),

(15) v — % S (—1)r = %(z’d— (n. 1)(d—=(n—1...1))-(id— (21)).

TeEX,
This last description of v, as a product has first been noted by Magnus [20].
The coefficients of any Lie idempotent have a remarkable property which was discov-

ered by Wever [30, Satz 4] in the case of the particular Lie idempotent v, (see also [13],

[5]). The following general version of this result is due to Garsia [10, Proposition 5.1]:



1.3 Theorem. Let = > c¢,0 €CS,, be a Lie idempotent. Then for any conjugacy class

oSSn
C of S,
ZC :{@ifd\nand(l...n)zeC

veC 0 otherwise

By (8), ¢CS,, = 11,CS,, for all Lie idempotents ¢ € CS,,. Hence the general statement 1.3
is implied by Wever’s special result by means of the following proposition due to Frobenius
9, §1], [7, §9, exerc. 16]:

Ifop= > c,0,9= > d,oareidempotent elements of CS,,, then
UES 0ESR

(16) (bCS wCSn if and only if Y ¢, = > d, for all conjugacy classes C of S,,.

oeC oceC

We now turn to another aspect of the theory which concerns representations of gen-
eral linear groups. The vector space A, may be identified with the n-fold tensor product
V®...®V where V = A;. Therefore, in a natural way, A, is a GL(V)-(right) module. In
his dgctoral thesis of 1901 [22] and in a famous paper of 1927 [23], Schur described the de-
composition of A,, into irreducible GL(V')-modules in terms of irreducible representations
of S,,: If p is a partition of n (p F n) and U? is an irreducible CS,,-module corresponding to

a Young diagram of shape p, then U? ® A, is either 0 or is an irreducible G L(V')-module.
CSn
A, is a direct sum of modules of this type and the multiplicity of UP ® A, in A, is the

n

number of standard Young tableaux of shape p, denoted by stP. That is,

17 = P
(17) o @ st?(
pFn

Obviously, L, is a GL(V)-submodule of A,. More than fifty years ago, the question
was raised as to how the GL(V)-module structure of L,, could be described [28]. In the
meantime, various contributions to this problem have been achieved, but a satisfactory
answer in the spirit of Schur’s result (17) was discovered only recently. Let us first recall
a module isomorphism of preliminary character proved by Klyachko in 1974. We write
C,, for the eigenspace of the cycle (1...n) in A, with respect to the eigenvalue ¢.
1.4 Proposition ([16, Proposition 1]). L, = C,.

GL(V)

The desired decomposition of L, into GL(V')-irreducible constituents was finally ob-

tained in 1987: For every Young tableau T put

maj T:=> {jljen—1, j+1isin alower row of T than j}



(called the major index of T'). For p - n and i € n, let st¥ be the number of all standard
Young tableaux T of shape p such that maj T' = ¢ mod n. The main result on the
GL(V)-module structure of L,, is the following:

1.5 Th 10, 8.]). L, = th(UP @ A,).
eorem (see [10, 8.]) GL(V),,@%S o C%n )

2 On (Ind), a key result

A proof of 1.5 is obtained by means of two non-trivial results which are interesting in
their own right (2.1 and (Ind)).
For every j € ny U {0} let M; be a 1-dimensional ((1...n))-module over C such that

the character of (1...n) is €. The first result to be mentioned here is the following:
2.1 Theorem (Kraskiewicz, Weyman [17], (see also Springer [26, 4.5]))

Mjs” (C%n @ stiUP for every j € n, U{0}.

pFn

As for the second result, we remark first that the natural action of S,, on {x1,...,x,}

gives rise to a CS,,-right module structure on the spaces A(1,...,1) and L(1,...,1). We

observe

(18) A(1,...,1) is a regular CS,,-right module,
and

19 L, = L(1,...1)® A,.

(19) GL(V) ( n )tc%n

The following statement proves to be a key result for the whole context as the discus-
sion in this section will show. An equivalent form of it is already contained in Wever’s
paper [30, Satz 5| and was rediscovered in 1974 by Klyachko [16, Corollary 1]:

Ind L(1,....1) = M.
(Il) (’n’)CSn 1

The induced CS,-module M?>™ is obviously isomorphic to the right ideal of CS,, gen-

erated by the following idempotent element:

Hence M @ A, is GL(V)- isomorphic to the eigenspace C,,.
CSn

8



(a) Now 1.4 is a consequence of the isomorphisms

which follow from (19) and (Ind).

(b) Applying 2.1 (where j = 1), we obtain 1.5.

(c) Theorem 1.3, too, follows easily from (Ind): Let ¢ € CS,, be any Lie idempotent.
By (18), A(1, e 1) (C%n CS,,, hence

~ pA,.. . 1) =L(1,...,1) & M =~ .
quSn(Canb (7n’ ) (’n7 )(CSn 1 CSnCnCSn

Therefore, by (16), the property stated in the formula of 1.3 for the coefficients of ¢
follows once it is verified for the coefficients of (,,. But for (, it is an easy consequence of
well-known properties of roots of unity.

(d) Finally, we sketch a short proof of (WDF) exploiting (Ind) (see [4,2.] for more
details). Let ki,...,k, € Ngand m = k; +--- 4+ k,. Let Y be a Young subgroup of
type S, X -+ X S, of S, x be the character of the CS,,-right module L(1, s 1), and

¢ be a faithful irreducible character of ((1...m)). Now (Ind) implies that (x, 13™)s, =
(S, 13™)s,,. But

m

which is equal to the dimension of L(ky,..., k), and

(¢Sma ]‘§/m>Sm - W, 1§/m |<(1...m)>)<(1...m)>

which is the number of orbits of length m of the subgroup ((1...m)) of S,, with respect

to its left action on the set of left cosets of Y.

3 A self-contained approach

We now present an elementary combinatorial approach to the theory by giving self-

contained proofs of (5) and (Ind). For every D Cn — 1, we call
Su(D):={c|o€8,,D(o) =D}
the defect class of D in S,, and put

Sp = Z o e CS,.

0€S, (D)
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Any defect class contains exactly one of the inverses of the elements of X, (cf. (12)).

The following basic lemma by F. Bergeron, N. Bergeron, and Garsia [3,(1.11)] reveals
a surprising connection between the concept of the Lie multiplication and that of the
defect of permutations:

3.1 Lemma. dpv, = (—1)/Ply, forall D Cn —1,.

A direct simple proof of 3.1 would be of interest, as has been remarked already in [3].

We propose to proceed as follows: For every o € S,, we put Dy(0) := D(o) U {0},

P, :=D(0)\(1 + Dy(0)),
T, := (1+Do(c))\D(0) (= (14 Do(c))\Do()),

and call the elements of P, the peaks, the elements of T, the troughs of o. Let j € n,
Then

je€P,ifandonlyif j #£1,j #n,and (j —1)o, (j+1)o < jo
and
j €T, if and only if j =1 and 20 > 1o, or j =n and (n — 1)o > no,
orl<j<nand (j—1)o, (j+1)o > jo.
By (10), we have

(20) ceX,—P,=0<=1T,={lo"'}.?)

2As an easy consequence, we mention a further characterization: o € &, if and only if ko !

is an interval, for every k € n,.
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3.2 Proposition. Letc € S,,, D Cn—1,,L:=(1+ (D\D(0))) U (D(0)\D). (Then
T,NL=0.)

a) There is an element 7 € X, such that D(o7~!) = D if and only if P, C (D\(1+ D)) U
(1+ D\D).

b) Suppose that there is an element 1) € X, such that D(oy™!) = D. Let 7 € X,,. Then
D(or~ ') = D if and only if Lo C D(7)x C (T, U L)o.

Proof. For all A, B C Z it is straightforward to verify that
(21) (1+(A\B))U(BA\A)\((1+ (AU B)\(BN A)) = (B\(1 + B))\((A\(1+A)) U ((1+
ANA)),
(22) (1+ (AUB)\(ANB)\((1 + (A\B)) U (B\A)) = (1+ B)\B.
Set A := DU{0}, B := Dy(0), R := (1 4+ (AU B))\(A N B). Obviously, L =

(1+ (A\B)) U (B\A). Now (21) and (22) easily imply that L\R = P,\((D\(1 + D)) U
((1+ D)\D)), R\L =T,. Hence

(23) R=T,UL<—= LCR<= P, C(D\(1+D))U((1+ D)\D).
The main step of our proof is to show the following, for all 7 € X,:
(24) D(or ') =D <= L CD(m)nro ' C R.

Suppose first that D(om™') = D. For every i € L, one of the following two statements

holds:
i#1, ior! < (i—Dor !, and (i—1)0 < io
i#n, ior ! < (i+1)or ! and (i+1)o < ioc

{

By (13), ior~! € D(xr). Hence L C D(w)mo~!. Furthermore, for every i € n)\R, one of
the following two statements holds:

{

i#1, ior' > (i—Dor !, and (i—1)0c < io
>

i#n, ion ! (i+1Dor™!, and (i+1)0 < ioc

By (14), ior~! € D(7). Hence D(7)mo~! C R.
Conversely, suppose that L C D(r)ro~! C R. We show, for all i € n — 1, , that

(25) i€ D(on ') <icD.

Suppose first that i € D(¢). Then (i + 1)o < i0. By hypothesis, D(c)\D C D(7)mo~! C
n\(D(c) N D), and therefore

i€ D<= i¢gD(m)ro ! <= ior ' ¢ D(r) <= ion ' > (i+1)on!
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by (13) and (14). Similarly, if i € D(c), then ioc < (i+1)o. By hypothesis, 1+(D\D(o)) C
D(m)me~! C 1+ (D UDg(0)), and therefore

i€D<+=i+1€D(m)no !t < (i+1or ' €D(r) <= ion ' > (i+ 1o !

by (14) and (13). Thus in both cases (25) holds. The proof of (24) is complete.
As L, C n\{1}, the statements (24) and (11) imply that

(26) (3r € X, D(on')=D)«= LCR.

By (23), this implies a). Under the hypothesis of b), (26) implies that L. C R, hence
R =T,UL, by (23). By means of (24), we obtain b). O

3.3 Corollary. Let 0 €S,,, DCn—1,, X(0,D) :={rx|r € X,,, D(or~ ') = D}.
a) If o € &, then X (o, D) contains exactly one element 7, and we have (—1)

(—1)IPHdlo)
b) If 0 € X,, then > (=1)¥" =0.

meX(0,D)

d(m) _—

Proof. a) If ¢ € X, then (20) implies that P, = 0 and T, = {107 '}. By 3.2a), X (o, D) #
0. If 7 € X(0,D), then Lo C D(m)m C {1} U Lo by 3.2b), hence D(7)r = Lo. By (11),
X (0, D) = {r}. Furthermore, D(c) = d(0),, and therefore (1+(D\D(0)))N(D(0)\D) = 0.
Hence

d(m) = |L| = |D\D(o)| + |D(c)\D| = |D| + |D(0)| mod 2.

b) If 0 & X, then |T,| > 2 by (20). By 3.2b) and (11), there is a 1-1 correspondence
between X (o, D) and the power set of T,\{1lo~'}. Hence

ST (=1)PEI = (1)Ll > (=)l =o. UJ

weX(o,D) SCTo\{lo~1}

Proof of 3.1. For all D C n — 1, we have, by 3.3,

Spw, = Z Z (_1)d(7r)07T — Z Z (_1)d(7r)p — Z(_1)|D|+d(p)p = (— 1>\D| W,

0ESR (D) TeEXy PESH mEXn pPEXy
D(pr—1)=D

O
As a first application of 3.1, we obtain a simple proof of (5): For every m € X, we
have d(m) = 17~1 — 1, and therefore

n—1
(27) wa =)  (=1)%y
d=0
n—1 n—1
(cf. [3, Theorem 1.1]). Hence v2 = 2 3~ (=1)%641,, = = (—=1)*, = v,. O
d=0 d=0



A further immediate consequence of 3.1 is the following:

n—1
(28) Z t>P v, = H (1—t)u, (t a variable),
DCn—1, j=1

where > D := > i ([3, Theorem 2.1], [4, (9)]). Putting ¢ := ¢ we obtain
ieD

(29) AV = Up,.

This equation leads to a short proof of (Ind) and, simultaneously, of the fact that A, is

a Lie idempotent:

By a direct calculation one has the equation A,(, = A, ([16, Lemma 2, 1)], [2,3.4.3]).
Hence, by (29), v,CS,, = MG CS, € X\ (,CS,.. Now dim \,(,CS,, < dim (,CS, =
dim M;" = (n — 1), and dim v,CS,, = dim v,A(1,...,1) = dim L(1,...,1) by (18) and
(6). It is well known that the Lie monomials z; o xQZ 00Xy, (0 € gtabsn(l)) form a
basis of L(1, o 1) (cf., e.g., [2, 4.8.1]). Hence dim v,,CS,, = |Stabs, (1)| = (n — 1)!.3) We

conclude that
(30) v, CS,, = \.(,,.CS,, = \,CS,,,

and the left multiplication by A, induces a CS,,-right module isomorphism of (,,CS,, onto
v CS,,. This yields (Ind). O

As v, is an idempotent, (30) implies that
(31) UnAn = A\p.

Now (29) and (31) show that A, is a Lie idempotent, by (7). O

We conclude this section by a further application of 3.2:

3.4 Corollary. Let D Cn—1,,0<k <n. Forall S Cn — 1, set bg := (k—|(1—‘|—sgg{—~5_)s)(8(|5\D)|)
where Sy := S U{0}. Then
pdy, =Y bsds
S

where the sum ranges over all S C n — 1, such that S\ (14+Sy) C ((1+D)\D)U(D\(1+D)).

3 Alternatively, we may use the fact that v, is an idempotent to derive this formula for
dim v, CS,, from a result due to Frobenius [9]: The coefficient of id in v, is % Hence, if x is the
character of the CS,-module v,CS,,, then > % = x(id) = dim v,CS,,.

O'GSn
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Proof. For every o € S,, put X*(0, D) := {r|r € X,,, D(on™!) = D and d(7) = k}. We
show:
(32)
If o € S,, such that S\(1+Sg) C ((1+ D)\D) U (D\(1 + D)) (where S := D(0)),
then |X*(o, D)| = bs.

By 3.2a), the hypothesis of (32) implies that there exists an element 7 € A&, such that
D(on~!) = D. By 3.2b) there is then a 1-1 correspondence between X*(o, D) and the set
of all subsets of order k of (L UT,)\{lo~'} containing L. Therefore

T, —1

x* _ (1 =

| (O',D)| <k—|L|) bs,

as |S\(1 4 So)| = [(1 + Sp)\S| — 1. This shows (32). We conclude that

dpOy, = Z Z pT = Z |X*(o, D)|o = ZbD(g)a,

pESH (D) ﬂi)’f:nk o€S,

where the last sum ranges over all o € S,, such that P, C ((1+ D)\D)U (D\(1+ D)).00

We summarize the logical structure of the principal parts of the preceding sections by

means of the following diagram:
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(WDF)

1.3 1.4
1.5

(Ind)

(29)
(5) (~ (DSW))

3.2

4. Some remarks about Solomon’s descent algebra

Let A, be the subspace of CS,, generated by all elements dg (S € n — 1,). A particular
aspect of 3.4 is that for every D Cn —1,, 0 < k < n, the product dpdy, is contained in

A,,. This is a special case of the following result due to Solomon [24]:
4.1 Theorem. A, is multiplicatively closed.

Hence A, is a subalgebra of CS,,, called the Solomon algebra (with respect to n, ). It
should be noted that all Lie idempotents mentioned before (v, A, p,) are elements of A,,.
The equations in (5), 3.1, (29), (31), 3.4 may be viewed as details of the multiplicative
structure of A,. Garsia and Reutenauer proved a remarkable characterization of the
Solomon algebra: By means of certain Lie terms, they defined a set of subspaces of the
free associative algebra which are normalized by an element v € CS,, if and only if v € A,
([12, Theorem 4.5]).

15



In the following we give two rather different but equally simple proofs of 4.1. In the
first one we introduce a graph structure on the set of points S,,. The second one will
consist in showing 4.3.

We define a lexicographic ordering on S,, by putting 7rl< p if m # p and im < ip for
the smallest ¢ € n, such that iw #ip (m,p € S,).

An element o* € S, is called a neighbour of o € S,, if there is a number £k € n — 1
such that
o* =o(k,k+1)and [ko ' — (k+ 1)o7 | #£ 1.

The relation on S,, defined in this manner is obviously symmetric and hence yields a non-
oriented graph structure on the set of vertices S,,. We denote by [o] the component of o.
Then we have D(p) = D(o) for every p € [o]. This observation is the trivial part of the

following result:
4.2 Proposition. Let D Cn —1,,0 € S,(D). Then [¢g] =S, (D).

Proof. For all ¢ € Ny we put M, := {pu|p € Sy, (i + 1)y =ip — 1 for all i € D(p)}. The

following statement is easily seen:

(33) Let A € S, k:=nA. Then X € M, if and only if (k+ j)A =n — j for all
jen—k U{0}

and )\|ﬂl € My_;.
As a consequence, we show
(34) For every T'C n — 1, there exists a unique element ! € M, N'S,(T),

in other words, M, is a set of representatives for the defect classes in S,,. In order to prove
(34) by induction on n, we put k := maxz((n —1, U{0})\T) + 1. Then we may assume
that My_1 NSk_1(T'Nk — 1,) contains a unique element p. By (33), M, NS, (T) contains

the permutation

N T S R T R R
S\ o k=D on o n—1 ... k+1 k

as its only element.

Our next step is to prove
(35) If p € S,,\M,, then there exists a neighbour p* of p such that p* <p

16



We have to show that there is a number k& € n — 1, such that kp™' — (k+ 1)p™' > 1 as
then the element p* := p(k,k + 1) has the required properties. By hypothesis we have
ip—(i+1)p > 2 for some i € n —1,. Now it suffices to put k := min{j|(i + 1)p < j <
ip, jp~t >} — 1.

By (34), M, N [p] € M, NS,.(D(p)) = {MB(”} for all p € S,. The assumption that
1) ¢ [p] leads, by (35), to the contradiction that [p] is infinite. Hence pm® € [p] for all
p € S,. In particular, u2 € [p] N [o] for all p € S, (D). O

Proof of 4.1. For any o,0* € S,, which are neighbours of each other we set

Nl ={(6.p)€.p €Sus Ep=0, (0°0"")E is a neighbour of ¢},

N2, ={(&p)E,peSn, Ep=0, plo~'o") is a neighbour of p}.

Let £ € n—1, such that o7 'o* = (k,k+1). If {,p € S, such that {p = o, then
Ekp™ (k+1)p™) = &plk,k+ 1)p™' = o(k,k+ 1)pt = 6*c7 . Hence o*0™ !¢ is a
neighbour of ¢ if and only if |kp™ — (k + 1)p~!| = 1, i.e., if and only if po~'c* is not a
neighbour of p. We write II, for the set of all pairs (§,p) € S,, X S,, such that {p = o.
Then it follows that

(36) I, is the disjoint union of N ,. and N?

o,0*%"

It is straightforward to verify the following, for any &, p € S,:

(37) (gvp) € N;,a* = (O-*U_lé.ap> € N;*,a7
(38) (é—vp) € Nia* — <§7p0-_10-*) S Ng*,o'

By symmetry, we conclude that, in particular, ]N§U| = \Nga| (7 = 1,2). We observe

that the mapping
(O_*O—_167 p) (57 p) € Nal,a*
(57[)) = —1 _* 2
(é,pO’ 9 ) (57/)) € Na,o’*
is a bijection of II, onto IT,«. In (37), we have D(§) = D(c*0~1¢), and in (38), similarly,

D(p) = D(po~to*). As a consequence, we obtain

if
if

(39)  |IL, N (Sp(D) X Su(D))] = [Iy- N (Sp(D) x Sp(D))| for all D, D' Cn —1;.

Up to this point our hypothesis was that o, c* were neighbours of each other. But 4.2
shows now that (39) holds, in fact, for any o,0* € S,, such that D(c) = D(c*). Hence

0p-0pr = M N (Sp(D) x Su(D))|oe =D ey N (Su(D) x Su(D'))[dr

€S, TCn—1

17



where, for T C n — 1, , the element or is an arbitrary representative of S, (7). O

It is obvious that the coefficient of the basis element d7 in the representation of dp - p
must necessarily be the one given in the last formula of the proof once it is known that
Op - Opr is contained in A,. Therefore, the essential statement which yields the claim is
not that formula but the foregoing assertion (39) and its subsequent comment.

We now describe another basis of A,, and prove a formula for the product of any two of
its elements as a linear combination of basis elements whose coefficients, by contrast, turn
out to be combinatorially interesting and not obvious at all (4.3). This formula, in a more
general context, is essentially due to Solomon ([24, Theorem 1]). A simple application of
Coleman’s lemma [15, 4.3.7] suffices to gather from Solomon’s result the special version
which is of interest here. It has been stated explicitly by Garsia and Reutenauer in [12,
Proposition 1.1] who refer to [11]. We give an independent elementary proof.

If ¢1,...,9, € N such that ¢; + -+ + ¢ = n, the l-tuple ¢ = (q1,...,qe) is called a
decomposition of n, and we write ¢ = n. We define the length of ¢ by |q| := ¢. Then
D(q) ={q1,q1 +q2,---,q1 + -+ q_1} is a subset of n — 1,. The mapping ¢ — D(q) is

a bijection from the set of all decompositions of n onto the power set of n — 1,. We put
=1 = Z 5T-
TCD(q)

Then {Z%q¢ = n} is a basis of A,,. For r = (r1,...,7r), ¢ = (q1,-..,q) E nlet M, , be
the set of all (k x ¢)-matrices M = (m,;) over Ny such that

>omy; =1, foralliek,

Jjeb

>omy; =gq; foralljed.

icky

In short, summing up the rows (columns resp.) of M gives r (q resp.). Furthermore, let
w(M) be the sequence of all non-zero entries of M written according to the natural order
of its rows. More formally, if ¢ is the number of all non-zero entries of M and s € t, , we
set w, 1= my; if m;; # 0 and if there exist exactly s — 1 entries m,, # 0 such that (x,y)
is lexicographically smaller than (7, 7). Then w(M) = (w1, ..., w;).

4.3 Proposition. Z"- 27 = Y Z¥M) for all r,q |= n.
MeM: 4

The sum on the right is equal to > ¢, ,s=° where ¢, 4 s is the number of all M € M, , such
sEn
that w(M) = s. Obviously, 4.1 is an immediate consequence of 4.3. We will derive 4.3 from

our next lemma for which we need some more preparations. For every ¢ = (q1,...,q) F n,
the standard partition relative to ¢ is defined to be the (-tuple P?:= (P, ..., P}) where

Pli=(q+-+¢q-1) +4q (jeb).
18



The stabilizer of P?1in S, is a Young subgroup Y7 of S,, of type Sy, x ---xSg,. Every coset
Y (0 € S,,) contains a lexicographically smallest element. The set S? of these elements

is called the Solomon system of Y9 in S,,. We have the following obvious characterization:
(40) o € §?if and only if U\qu is increasing, for all j € £ .

This implies that

[1]

q:Za for all ¢ = n.

oeS
For every r, ¢ = nand M = (m;;) € M,., we put (following the main idea of Coleman’s
lemma [15, 4.3.7])

S' (M) :={plpeS, |PPNPlp|=myforallick jel}
where k = |r|, £ = |q|. We have the following remark:
(41) P'N P;’ﬂ’p_1 is an interval, for alli € k1, je b ,pe S".

For, if x,y € P’ N P]q,o’1 and z € N such that * < z < y, then z € P/ and, by (40),

(3
xp < zp < yp. Now zp,yp € P, hence zp € P, ie., z € P/p~'. %)

4.4 Lemma.’) Let r,¢ E n and M € M,,. Then the product mapping (p,o) —
po (p,o € S,) induces a bijection of S"(M) x S onto S,

Proof. Let M = (my;), k:=|r|, £ :=|q|. For all (i,7) € k, x {, we put

R;; = E Mgy + g Miy | + Mij).
(z,y)€i=1 x4 yej—1,

Up to empty sets (which arise if m;; = 0), the sequence (Ry1, Ria, . .., Rie) is the standard
partition of n, relative to w(M). As |P/| =) my;; = > |R;;|, we have
J J

(42) Pl =|JR;; forallick.

J

Next we prove

(43) PrnPlpt =R foralliek ,jel,peS(M).

“The proof shows that (41) holds for arbitrary intervals I, .J instead of P/, ij whenever p|r
is increasing or decreasing.
5D. B.
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We have P/ = J(P/ N P/p~') and, by definition of S"(M), [P/ N P/p~"| = my = |Ry|.

Hence it sufﬁceé to show that for any ji,jo € £ such that j; < jo every element x; €
PO P p~! is smaller than every element x5 € P/ N P p~ 1. But for such elements zy, o
we have x1p € ijl, Top € Pjgz, hence x1p < z9p as P? is a standard partition of n, . This
implies, by (40), that 1 < xs.

In particular, (43) implies that

(44) P! =|JRypforall jeti,peS (M)

Now we show that

(45) po € 8™ for all p € S"(M), o € SU.

By (43) and (40), po
Therefore, po induces an increasing function on every part of the standard partition of n,
relative to w(M). Now (45) follows from (40).

Let 7 € S*M)_If p € S"(M), o € 87 such that po = 7, then, by (44), we have

Rry; 18 the composition of two increasing functions, hence is increasing.

(46) Plo = (U Rij> Tforall j €.

Hence o is the uniquely determined permutation of n, which maps P;] increasingly onto

<U Rl-j) 7, for all j € 4 . The uniqueness of ¢ implies that of p as p = 70!, On the
other hand, to prove existence, we note first that

1P = "my =Rl = [ JRyj)7| for all j € &1
Hence there exists an element o € S with the property (46). Let p := 70!, We claim

(47) peds.

Let ¢ € k; and z1,z9 € P! such that x; < xy. By (42), there exist ji,j2 € £ such that
71 < joand zy € R;j,, 2 € R;;,. By definition of o we have (46), hence z;,7 € R, j, 7 C
Pfha (h =1,2). If j; = jo, then 217 < 297 as 7 € S*™) hence

4,Jh
1

(48) T1p = 2170 L < xoro ! = 29p,
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since o € 89. Finally, if j; < j», then again (48) holds, because z,p = zp707 ! € Pl (h=
1,2). This proves (47).
Furthermore, (46) and (42) imply that Py N P/p~" = PrNPlor™" = RiyNU Ry; =
g h

R;;. This and (47) show that p € S"(M). O

Proof of 4.3. Using 4.4, we obtain that for all r,q = n,

SHRC =Zp-20=<2 ZM)p>-ZU

pEST oeS1 MeM: 4 peST( oeS1

- ¥ ( > p-Za)z I
MeM, 4 \ peST(M)  0€ST MeM; g reSw(M) MeM,

There is a strong connection between the Solomon algebra and the character theory
of S,,. For every q = n we write {? for the Young character with respect to Y9, that is,
€9 = (1yq)5". If ¢,r = n such that &7 = £ (or, equivalently, Y7 is conjugate to Y in S,,),
we write g ~ r.

It is well known that the same rule as in 4.3 holds for the (tensor) product of two
Young characters £",£9 if the =’s are replaced by &’s ([14, 2.9.16]). Hence

2= ¢ (qFE=n)

extends linearly to an algebra epimorphism ¢ of A, onto the character ring CI(S,,) of S,

over C. Solomon [24] showed that its kernel is the Jacobson radical of A,,:
(49) ker c = J(A,).

This may be seen as follows: By the semisimplicity of C1(S,,) we know that J(A,,) C ker c.
On the other hand, ker c is the linear span of the elements =7 —=" where ¢ ~ r. Exploiting
the multiplication rule 4.3, the nilpotency of ker c is readily seen (see the proof of Theorem
3.4 in [1]). Hence ker c is a nilpotent ideal, and (49) follows.

Moreover, Atkinson has shown that the nilpotency index of J(A,,) is n — 1 ([1, 3.5]).

If £ € CI(S,) and C is a conjugacy class of S,, we write {(C) for the unique value
of £ on C'. The conjugacy classes of S,, may be indexed by the partitions of n. More
precisely, we define C? (where p - n) to be the set of all elements of S,, which have a cycle

decomposition of type p. We note:
(50) The linear mappings ¢ (where p = n) such that
(29 = £1(CP) forall g =n
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are a full set of irreducible representations for A,,.

(For a different description see [1,3.].) To prove (50) it suffices to define dP(§) := &(CP)
for all £ € CI(S,), pF n, and to observe that the mappings d? are a full set of irreducible
representations of C(S,,). Since ¢ is the composition of ¢ and dP, this yields (50), in view
of (49).

Furthermore, it should be mentioned here (without proof) that ¢(dp) is the character
of a certain skew representation of S,,, for every D Cn —1,.

We conclude this exposition by some remarks about the ideal of A,, generated by all
Lie idempotents in A,. Using (7) and 3.1, this is easily seen to be v,A,,. Moreover, the
ideal v, A, N J(A,) has codimension 1 in v,A,,, and the coset v, + (v,A, NJ(A,)) is the

set of all Lie idempotents in A,,. We state, without giving details here:

4.5 Proposition. The dimension of v,4,, is the number of all decompositions of n which

are Lyndon words over the alphabet N.

(A proof of this result and related topics will be given in a forthcoming paper.)
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