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1. Introduction

I will begin by reviewing briefly some aspects of the theory of symmetric
functions. This will serve to fix notation and to provide some motivation
for the subject of these lectures.

Let =1, ..., z, be independent indeterminates. The symmetric group
S, acts on the polynomial ring Z[x1,...,z,] by permuting the z’s, and
we shall write

A, =Zxq,... ,xn]G"
for the subring of symmetric polynomials in z1, ..., x,. If f € A, we
may write
=3
r>0

where f(") is the homogeneous component of f of degree r; each f(") is
itself symmetric, and so A,, is a graded ring :

An = @A27

r>0
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where A] is the additive group of symmetric polynomials of degree r in
Z1, ..., Tn. (By convention, 0 is homogeneous of every degree.)

If we now adjoin another indeterminate z,.1, we can form A, ;; =
Zlxy,...,Tny1)®+1, and we have a surjective homomorphism (of graded
rings)

An—l—l - An

defined by setting x,, 1 = 0. The mapping A}, ; — A7, is surjective for all
r > 0, and bijective if and only if r < n.
Often it is convenient to pass to the limit. Let
A" =1lim A},

n

A:@A"”.

r>0

for each r > 0, and let

By the definition of inverse (or projective) limits, an element of A] is
a sequence (f,)n>0 where f, € A} for each n, and f, is obtained from
fn+1 by setting z,,11 = 0. We may therefore regard the f, as the partial
sums of an infinite series f of monomials of degree r in infinitely many
indeterminates z1, x3, ... For example, if f,, = x1 + --- + x,, then
[ =>.;2, z;. Thus the elements of A are no longer polynomials, and we
call them symmetric functions. (Of course, they aren’t functions either,
but they have to be called something!)

For each n there is a surjective homomorphism A — A,,, obtained by
setting £, 41 = Tp+2 = --- = 0. The graded ring A is the ring of symmetric
functions. If R is any commutative ring, we write

AR=A®, R, Aur=A,®,R

for the ring of symmetric functions (resp. symmetric polynomials in n
indeterminates) with coefficients in R.

There are various Z-bases of the ring A, some of which we shall review.
They all are indexed by partitions. A partitions A is a (finite or infinite)
sequence

A= (A1, A2, As,.0 )

of non-negative integers, such that \;y > Ay > --- and

A=)\ < oo,

so that from a certain point onwards (if the sequence A is infinite) all the )\;
are zero. We shall not distinguish between two such sequences which differ
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only by a string of zeros at the end. Thus (2,1), (2,1,0), (2,1,0,0,...)
are all to be regarded as the same partition.

The nonzero \; are called the parts of A\, and the number of parts is
the length £(X\) of A. If A\ has my parts equal to 1, my parts equal to 2,
and so on, we shall occasionally write A = (1™12™2 .. ) although strictly
speaking we should write this in reverse order.

Let P denote the set of all partitions, and P,, the set of all partitions
of n (i.e. partitions A such that |A\| = n). The natural (or dominance)
partial ordering in P is defined as follows :

(1) A>p<= N =g and \y+---+ X > pg +- -+ p, for all r > 1.

It is a total order on P,, for n <5, but not for n > 6.

With each partition A we associate a diagram, consisting of the points
(i,§) € Z? such that 1 < j < )\;. We adopt the convention (as with
matrices) that the first coordinate i (the row index) increases as one goes
downwards, and the second coordinate j (the column index) increases from
left to right. Often it is more convenient to replace the lattice points (i, j)
by squares, and then the diagram of A consists of A\; boxes in the top row,
Ao boxes in the second row, and so on; the whole arrangement of boxes
being left-justified.

If we read the diagram of a partition A by columns, we obtain the
conjugate partition \'. Thus )} is the number of boxes in the j-th column
of A, and hence is equal to the number of parts of A that are > j. It is not
difficult to show that

A> =y >N

Bases of A.
1. Monomial symmetric functions. — Let A be a partition. It
defines a monomial 2* = xi‘lxg‘Q ... The monomial symmetric function m

is the sum of all distinct monomials obtainable from z* by permutations
of the x’s. For example, m 3 1) = > z?z;, summed over all (7, j) such that

i 7.

In particular, when A = (1") we have

m(lr) = €y = E Liq - Ly

1< <y

the r-th elementary symmetric function. Their generating function is

(1.2) E(t)=>) et =[] +z),

r>0

where t is another indeterminate, and ey = 1.
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At the other extreme, when A = (r) we have

me)y = Pr = Zx:7

the r-th power sum.
It is clear that every f € A is uniquely expressible as a finite linear
combination of the my, so that (my)xep is a Z-basis of A.

2. — For any partition A, let

EXN = €EN,€6)5 - -

The ey form another Z-basis of A. Equivalently, we have Zeq, es,...] and
the e, are algebraically independent. Indeed, it is not difficult to show that

ex =my + E A My
p<A

for suitable coefficients a,,, from which the assertion follows immediately.

3. — Foreachr >0 let
hr = Z my,

|Al=r

the sum of all monomials of total degree r in the z’s. The generating
function for the h, is

(1.3) H(t) =Y ht" =1 —zt)",

r>0

as one sees by expanding each factor (1 — x;t)~! in the product on the
right as a geometric series, and then multiplying these series together.
From (1.2) and (1.3) it follows that

H)E(-t) =1
so that
(1.4) > (=1)7ephy =0
r=0

for each n > 1.
Since the e, are algebraically independent, we may define a ring
homomorphism w : A — A by
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for all 7 > 1. The symmetry of the relations (1.4) as between the e’s and the
h’s then shows that w(h,.) = e, i.e., w? = 1. Thus w is an automorphism
(of period 2) of A, and therefore we have A = Z[hq, ho, ...]. Equivalently,
the products

h)\ = h)\lh,\2 R w(e,\)

form another Z-basis of A.

4. — The generating function for the power-sums p, = > a7 is
P(t)=> pit!
r>1
S DI
i r>1
N 1-— l‘it
and therefore
d H'(t)
1.5 P(t)=—logH(t) =
(1.5) (1) = G 0w Ht) = s

Hence we have H'(t) = H(t)P(t), so that

nhn - Z prhn—r
r=1

for all n > 1. These relations enable us to express the h’s in terms of the
p’s, and vice versa, and show that

hn € Q[plu oo 7pn]7
Pn € Zlhy, ..., hy]
so that

Qp1,---,pn] =Qlh1, ..., hy)
for all n > 1. Letting n — oo, we see that
Ag = Q[h1, ha,...] = Q[p1,p2,...].
For each partition A let

PXx = PxiPxy - -

(with the understanding that pp = 1). The py form a Q-basis of Ag, but
do not form a Z-basis of A.
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Analogously to (1.5) we have

(1.6) P(—t) = % log B(1).

Since the involution w interchanges E(t) and H(t), it follows from (1.5)
and (1.6) that it interchanges P(t) and P(—t), so that

(1.7) wpr) = (=1)""'pr

for all r > 1.
Finally, we may compute h, as a polynomial in the power sums, as
follows : from (1.5) we have

H(t) = exp( prﬂ)

_ 1 tr\"
SIS ()
r>1m,.>0

Let us pick out the coefficient of py in the product. If A = (11272 ...),
it is z;l, where

(1.8) Z\ = H(rmT.mr!)

r>1

h, = Z z;lpA.

[Al=n

and therefore

This numerical function z, (which will occur frequently in the sequel)
has the following interpretation. Let |A| = n, and let w € &, be a
permutation of cycle-type A. Then z) is the order of the centralizer of
win G,.

5. Schur functions. — Let A be a partition of length < n, and form
the determinant ‘
Dy = det (xAﬁ_n_j

‘ >1§aj5n

This vanishes whenever any two of the x’s are equal, hence is divisible by
the Vandermonde determinant

DO = H(LL’Z — fL’j).
1<J
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The quotient
8)\(1.17 .- '71:?1) = D)\/DO

is a homogeneous symmetric polynomial of degree |A| in zq, ..., z,.
Moreover we have

sx(x1,...,20,0) = sx(z1, ..., %)

and hence for each partition \ a well-defined element s) € A, homogeneous
of degree |A|. These are the Schur functions.
Let us define a scalar product ( , ) on A as follows :

(1'9) <p)\:p,u> = 5)\uz)\

where 0y, = 1if A = p, and d), = 0 otherwise. Then one can show (see
e.g. [My], ch. I) that the Schur functions sy have the following properties,
which characterize them uniquely :

(A) Sy =m) + Z Kkum,u
A<
for suitable coefficients K, ;

(B) (san,su) =0 if X\#p.

6. Zonal symmetric functions. — These are certain symmetric
functions Zy, at present more familiar to statisticians than combinatorial-
ists, which (when restricted to a finite number of variables z1, ..., x,,) arise
naturally in connection with Fourier analysis on the homogeneous space
G/K, where G = GL,,(R) and K = O(n), the orthogonal group (so that
G/K may be identified, via X — X X* with the space of positive definite
real symmetric n X n matrices). I shall not give a direct definition here,
but will only remark that the Z, (suitably normalized) are characterized
by the following two properties :

(A) Z) = my + lower terms
where by “lower terms” is meant a linear combination of the m, such that

p< A,
(B) (Z074,=0 ifA#£p,
where the scalar product ( , ), on A is defined by

(1.10) <p>\apu>2 = 5>\M'2£(/\)Z(/\)7
£(A) being the length of the partition .
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7. Jack’s symmetric functions [S]. —  These are a common
generalization of the Schur functions and the zonal symmetric functions,
and again I shall not give a direct construction of them at this stage. Let
a € R, a > 0, and define a scalar product ( , ) on Agr by

(1.11) (Pxs D), = Oxpu-0fP 2y,

Then Jack’s functions Py = Py(x; «) are characterized by the two proper-
ties

(A) P\ =my + lower terms,
(B) (PnP,), =0if A#p.

The symmetric functions P, depend rationally on «, i.e. they lie in Ag
where F' is the field Q(a), and we may if we prefer regard the parameter «
as an indeterminate rather than a real number. Clearly when o = 1
they reduce to the Schur functions sy, and when o = 2 to the zonal
functions Zy. They also tend to definite limits as o — 0 and as a — oo
(even though the scalar product (1.11) collapses), and in fact

Py(z;a) —en asa—0,

Pyx(z;a) = my as o — o0.

Also when o = % they occur in nature, as zonal spherical functions on the
homogeneous space G/K, where now G = GL,,(H) and K = U(n,H), the
quaternionic unitary group of n X n matrices.

8. Hall-Littlewood symmetric functions [M;, ch. ITI]. — These
symmetric functions arose originally in connection with the combinatorial
and enumerative lattice properties of finite abelian p-groups (where p is
a prime number). Let ¢ be an indeterminate, let F' = Q(t) and define a
scalar product ( , ) (1) O Ar by

£(X)
(113) <p)\,pu>(t) - 6)\MZ)\ H(l - t)\i)_l'

=1

Then the Hall-Littlewood symmetric functions Py (x;t) are characterized
by the two properties

(A) P\ =my + lower terms,
(B) <P>\7Pu>(t) =0if A # p.

When t = 0, the Py reduce to the Schur functions sy, and when ¢t = 1 to
the monomial symmetric functions m.
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Remarks.

1. — Let n be a positive integer, and arrange the partitions of n
in lexicographical order, so that (1™) comes first and (n) comes last. For
example,

(1%), (2,1%), (2%), (3,1), (4),

if n = 4. This is a total ordering L,, of the set P, of partitions of n, and
correspondingly defines a totally ordered basis of A" :

m(ln)(: en), ey MM, .. ,m(n)(z pn).

Now suppose we are given a (positive definite) scalar product ( , ) on the
space Ag. Then by the Gram-Schmidt process we can derive a unique basis
(ux) of AR with the following two properties :

(A")  wuy =m) + a linear combination of the m,,

for partitions p that precede A in L, ;
(B) (ur,up), = 0if A4

If we replace L, by some other total ordering of P,,, and apply Gram-
Schmidt as before, we should expect in general to end up with a different
basis (uy). What in fact happens in each of the cases (5) — (8) is that, for
the appropriate scalar product, the basis obtained is independent of the
total ordering chosen, provided only that it is compatible with the partial
ordering (1.1). (The lexicographical order L,, satisfies this condition : if
i < A then p precedes A in L,,.) In other words, the conditions (A) and (B)
(in each of the cases (5) — (8)) overdetermine the corresponding family
of symmetric functions.

2. — Let V be a vector space (over some field F') and let S = S(V)
be the symmetric algebra of V. (If x1, xo, ... is a basis of V' then
S = Flx1,xa,...], the polynomial algebra over F' generated by the z;.)
Now suppose we are given a scalar product (u,v) on V| with values in F.
This scalar product has a natural extension to S, defined by

0, if m #n,

@v~“W”“““”:{pa«mm»» it m = n,

where per((u;,v;)) is the permanent of the matrix of scalar products
(uj,v) (1 <i,j <n). Here the u’s and v’s are arbitrary elements of V.

In particular, let V' be the vector subspace of Ar spanned by the power
sums p, (r > 1), so that S = F[p1,p2,...] = Ap. Suppose that ( , ) is a
scalar product on V' for which the p, are mutually orthogonal, say

<p7"7ps> - 5rsar-

139



1.G. MACDONALD
Then the natural extension of this scalar product to S = Ap is such that

(Px, Pu) = Oap2ran,

where a) = ay,ay, ... for any partition \.
For the scalar products (5) — (8) above, the a, are respectively 1, 2,
a, and (1 —¢")~L

2. The symmetric functions Py(q,1t)

Let g,t be independent indeterminates and let F' = Q(q,t) be the field
of rational functions in ¢ and t. We shall now change the scalar product
yet again, and define

(21) <p)\;pu>(q’t) = 5)\;LZ>\(Q7t>
where
£(N)

(2.1) zx(q,t) = 2z H T o
=1

1— gt

(3

It is perhaps better to think of the parameters ¢ and t as real variables
lying in the interval (0,1) of R, so that the scalar product (2.1) is positive
definite. The main result of this section is the following existence theorem.

(2.3) THEOREM. —  For each partition \ there is a unique symmetric
function Py = P\(q,t) € Ap such that

(A) Pyx=my+ Z UnpMpy
p<A
with coefficients uy, € F';

(B) <P/\7Pu>(q,t) =0 if A #pu.

As remarked in the previous section, these two conditions overdetermine
the Py, and their existence therefore requires proof. Before embarking on
the proof, let us consider some particular cases.

(1) When g = t, the scalar product (2.1) reduces to the ‘usual’ scalar
product (1.9), and hence Py(q, q) is the Schur function s.

(2) When ¢ = 0, (2.1) reduces to (1.13), and hence P5(0,t) is the Hall-
Littlewood function Pj(t).

(3) Let ¢ =t* (¢ € R, a>0) and let ¢ — 1, so that ¢ — 1 also. Then

1—¢m  1_gm @
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as t — 1, for all m. Hence the scalar product (2.1) tends to (1.11) ast — 1
and hence
PII{ P)\ (ta, lf)

is the Jack symmetric function Py («).
(4) When t = 1 (and ¢ is arbitrary) we have Py(q,1) = my.
(5) When ¢ = 1 (and t is arbitrary) we have Py(1,t) = ey.
(6) Finally, it is clear from (2.2) that

(g ) = (1) (g, 1),

if A is a partition of n. Hence on each A%, the scalar products ( , >(q "

and ( , >q_1 ,—1 are proportional, and therefore

P/\(q_17t_1) = P)\((Lt)

We may summarize these special cases in the following diagram, in
which the point (g, t) represents the basis (Px(q,t)) of Ap (or of Ag, since
we are regarding ¢, ¢t as real numbers).

(0,0) (1,0)

At each point (g, ¢) on the diagonal of the square we have the Schur func-
tions sy, at each point on the upper edge (¢ = 1) the monomial symmetric
functions my, and so on. In this scheme the Jack functions Py («), for vary-
ing «, correspond to the points in the infinitesimal neighbourhood of the
point (1, 1), and more precisely Py («) corresponds to the direction through
(1,1) with slope 1/a. Notice that the bottom edge (¢ = 0) of the square
remains unmarked; I do not know if the Py(g,0) have any reasonable in-
terpretation (except that they can be derived from the Hall-Littlewood
functions Py (0,t) by duality (§3)).
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Let © = (x1,22,...) and y = (y1,¥2,...) be two sequences of indepen-
dent indeterminates over F' = Q(q,t), and define

(t73Y55 @)oo
2.4 I =1l(z,y;q,t) = -—
(24 ( ) g (T35 @)oo
where as usual
(a;q)00 = [ J(1 — aq")
r=0

for any a for which the product on the right makes sense.
Then we have

(2.5) I(z,y;q,t) = 3 2a(q,t) ' pa(2)pa(y).
A

Proof. — We compute exp(logII); first of all,

logIl = Z Z(log(l —2iy;4") "t —log(1 — txiyjqr)_l)

i,j r=0

1,7 r>0n>1

11-—t"
- E 1 — qnpn(x)pn(y)
n>1

and therefore

=] exp(l - 1t:pn(ﬂ?)pn(y))

1 nl—q
oo m
1 11—t "
Y (s @)
n>1my,=0

in which the coefficient of py(x)px(y), where A = (1™12™2 ) is seen to
be 2x(q,t)"". [l

(2.6) For each integer n > 0 let (uy), (va) be F-bases of A}, indexed by
the partitions A of n. Then the following statements are equivalent :

(a) <U>\7Uu>(q 1y = Oap for all A, p (i.e., (un), (va) are dual bases of A%
for the scalar product (2.1)) ;

(b) Y ua(z)valy) = (x,y50,t).
A
Proof. — Let p5 = 2x(g,t)"'pa, so that
<p§7pl£>(q,t) = 6z\u-
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Suppose that

UN =) axPh U= ) GuoDo-
p o
Then we have
(ux, UM)(q,t) = Z axpbpip)
p

so that (a) is equivalent to

(a") Zakpbup = dxu-
p
On the other hand, by (2.5), (b) is equivalent to

S us@oaly) = 3 p(@)p )
A p

and hence to

(b/) Z aApbAa = 5/)0-
A

Since (a’) and (b) are equivalent ((a’) says that AB' = 1, where A is
the matrix (ay,) and B the matrix (by,), and (b’) says that A'B = 1), it
follows that (a) and (b) are equivalent. []

After these preliminaries we can embark on the proof of the existence
theorem (2.3). The idea of the proof is as follows : we shall work initially
with a finite set of variables x = (z1,...,x,) and construct an F-linear
map (or operator)

D= Dq7t . An,F — An,F

having the following properties :

(2.7.1) Dmy = Z CaxuMy,
759

for each partition X of length < n;

(2.7.2) (Df, 9>(q,t) = ([, D9>(q7t)

for all f,g € Ap;

(273) AF = ca\ F Cpp-

These three properties say respectively that the matrix of D relative to
the basis (my) is triangular (2.7.1) ; that D is self-adjoint (2.7.2); and that
the eigenvalues of D are distinct (2.7.3).

The Pj are then just the eigenfunctions (or eigenvectors) of the operator
D. Namely we have
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(2.8) For each partition A (of length < n) there is a unique symmetric
polynomial Py € A, r satisfying the two conditions

(A) Pr= Z Urp My

759
where uy, € F and uyy = 1;
(C) DP)\ = C)\)\P)\.

Proof. — From (A) and (2.7.1) we have

DPy = uy,Dm,
H<A

= Z UNp Cp My
v<p<A
and
Py =) ey,
r<A
so that (A) and (C) are satisfied if and only if
Co\Uxy = Z U uCpuv,
v<p<A
that is to say, if and only if

(C)\)\ - Cl/l/)u)\u = E UNpCpv
r<pu<A

whenever v < A. Since cxx # ¢, by (2.7.3), this relation determines wuy,
uniquely in terms of the uy, such that v < o < X. Hence the coefficients
uy, in (A) are uniquely determined, given that uyy =1. []

With the Py as defined in (2.8) we have, by the self-adjointness of D,

e (Pa, Pu)q,t = (DPx, Pu>q,t
= (Px,DPu)q,t = cup{Px, Pu)qt-

But cax # cup if A # p, hence (P, P,)g: = 0if X # p.

This establishes (2.3) when the number of variables is finite (i.e. in A,,
rather Ap). As explained in §1, we may then compute the coefficients
uyy, in (A) by Gram-Schmidt; they will involve only the scalar products
(my, my)qt, which are independent of n. Hence the Py are well-defined as
elements of Ap.
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The proof of (2.3) therefore reduces to the construction of an operator
D satisfying (2.7.1) — (2.7.3). Let

A= [ @i-=)

1<i<j<n
(2.9) = ) e(w)a”’

weS,
be the Vandermonde determinant in x1, ..., x,, where e(w) is the sign of
the permutation w, and § = (n—1,n—2,...,1,0). Next, for any polynomial
f(x1,...,x,), symmetric or not, we define

( q;xzf)(x:l?" ) f(xlw"aqxia"wxn)y
(Tyw, )1, oymn) = f(T1, .o txg, o Ty)
for 1 <47 <n. Then D is defined as follows :

D=A""1 Z(Tt,xiA)Tq’mi

(2.10) - Z(H ml__%')Tq,xi.

A more useful expression for D is, from (2.9) above,

(2.10") D=A" " e(w)) tiaT, , .
=1

wes,

We must now verify that D satisfies (2.7.1) — (2.7.3). Let A be a
partition of length < n, and let &) be the subgroup of &, that fixes

A, so that
—1
my = ‘62‘ Z g
w1 €S,
From (2.10") we have

‘62‘ Dmy = A~1 Z e(w) Zt(wg)iq(wl)\)ixwﬁ—i—wl)\.

w, w1 =1

In this sum w and w; run independently through G,,. Put w; = wws, and
we obtain :

’62’ Dmy = AL Z E(w) (Z q(wZA)itéi)xW(w2A+5)

w,wa

= % (S

w2 €S,
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Hence if we define
u(p) =Yy gt
i=1

for any p = (p1,...,un) € N, we have

Dmy = Z u(fe) sy
I
summed over all distinct derangements p of A = (A1,..., A, ). In this sum
f is not a partition (unless pr = X), but s, is defined for all 1 € N™ and is
either zero or equal to +s, for some partition v < \. Hence
Dmy =u(N)sy+---

where the terms not written are a linear combination of the Schur functions
s, such that v < A, and therefore finally

Dmy = E CapMy

with BEA
(2.11) e =u(N) =) Mt
=1

This establishes (2.7.1) and also (2.7.3), since the eigenvalues cyy of D
given by (2.11) are visibly all distinct.

It remains to show that D is self-adjoint (2.7.2). The proof is in several
stages :

(2.12) D is self-adjoint when q = t.
Proof. — We have, when q = t,

D - A_l Z(Tt@iA)Tt,xi

i=1
so that
Dsy = AL Z Ttﬂvi (AS)\).
i=1
Since

Asy = Z e(w)z A+

Dsy = (zn: t>\i+ni> S\

i=1
and hence that (Dsy,s,) =0 if A # pu. So
<DS>\7 S#> = <3/\7 D5M>
for all A\, i, and therefore D is self-adjont. []

it follows that
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(2.13) D = Dy is self-adjoint if and only if
D,I1 = D,II,

where I = Il(x,y;q,t) (2.4) and D, (resp. D,) means D operating on
symmetric functions in the x (resp. y) variables.

Proof. — Let (uy), (vy) be dual bases of A,, p as in (2.6), and let
(2.14) ary = (Dux,upy) gt

Clearly, D is self-adjoint if and only if ay, = a, for all A, p.
From (2.14) we have

Duy = Za/\/ﬂ’u
m
and therefore, since IT = > uy(z)va(y),

D, Il = Za,\uvu(x)v,\(y).
A1
Likewise

DI =) " ax,vu(y)va(z)

A p

and therefore D,II = D,II if and only if ay, = a, for all A, u. []
From the definition (2.4) of IT we have

A =Ty
II =
Ty H 1 —txy;

which is independent of q. Hence II"'D,II is independent of ¢. Hence
we may assume that ¢ = t. But then by (2.13) and (2.14) we have
I 'D,II = II"'D,II, and so by (2.14) again D, is self-adjoint for all
q,t. This completes the proof of (2.3). []

We shall see in the subsequent sections that the formal properties of the
symmetric functions Py(z;q,t) generalize to a remarkable extent familiar
properties of Schur functions. What is lacking (at any rate at present) is
any sort of usable “closed formula” for Py. This has the effect that the
proofs we shall give are usually indirect and quite complicated in detail,
compared to the usual proofs of the corresponding properties of Schur
functions.
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3. Duality

It is well known (see, e.g., [M;], ch. I, (3.8)) that the involution
w: A — A of §1 permutes the Schur functions, namely that

w(s )\) = S)/.
The duality theorem to be stated below generalizes this fact. Let

(3.1) bx = 0ba(q,t) = (Px, Py)_, € F.

(We shall later (§5) obtain an explicit formula for by(g,t) in terms of A, ¢
and t.) Now define

(32) Q)\ = b)\P)\
so that
<P>\7 Pu>q,t = 5)%“

ie., (Py), (@x) are dual bases of Ap for the scalar product ( , )

qt°
We also define an automorphism

Wq,t - AF — AF
by

r— 1— q
(3.3) w,t(pr) = (1) o—
Clearly w;tl = wy g, and wy; = w. Also we have

(34) <Wq,tf7 g>t,q = <CUf, g>

for all f,g € Ap, where the scalar product on the right is that defined
by (1.9).

It is enough to check (3.4) when f = py) and g = p,, and then it is
immediate from the definitions.

We can now state the duality theorem :

(3.5) THEOREM. — For all partitions A\ we have

wq,tP)\ <Q; t) = Q)\’ (t7 Q)
or equivalently

wq,tQ)\ (q7 t) = PA/ (tu q)
(The equivalence of these two statements follows from the fact that
~1
Wyt = Wigq)

For the proof of (3.5) we require the following lemma, whose proof we
leave as an exercise.
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(3.6) Let \ be a partition, thought of as an infinite sequence, and let
(x .
gty =1 -1 gt
i=1

Then fx(q,t) = fx (t,q).
Let D = Dy be the operator defined in §2, acting on symmetric

polynomials in n variables x1, ..., x,. We need to modify it slightly :
we define
(3.7) E=E.; =t"(1+({t—1)Dgy).

From (2.11) we have, for any partition A of length < n,

EP\(q,t) =t "(1+ (t—1)>_¢*t" ") Pr(q,1)

i=1
(38) = f)\((btil)P)\(QJS)'
Next we have
(3.9) W Eqwy i = Ey-1 41

The only proof I have of (3.9) at present is rather messy, and I shall not
give it here. Assuming (3.9), the proof of (3.5) proceeds as follows : we

have
Etfl,qflwq,tPA((L t) = wq,tEq,tP)\ <Q7 t)

= falg, 7w Palg,t)
= f)\’(t_la Q)wq,tp)\ (q7 t)

by (3.9), (3.8) and (3.6). Hence w,:Px(q,t) is an eigenfunction of
E;-1 .1 with eigenvalue fy (¢!, ¢). Hence it must be a scalar multiple
of Py (t71,q71) = Py (t,q). We want to show that it is actually Qx (¢, q),
so we must show that

(wq,ePx(g,t), Px(t: ), , = 1.
By (3.4) this is equivalent to showing that
(3.10) (WPx(g,t), Py (t,q)) =1
for the “usual” scalar product (1.9).
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To prove (3.10), we shall express Py and Py as linear combinations of
Schur functions : say

Px(q,t) = sx + Z AxpSp;
<A

P)\/('[,'?q) = Sy —|— Z bAVSV"

V<N

Since ws,, = s,/ it follows that

wPA(q, t) =Sy + Z A\pSp
w' >N

and therefore Py/(t,q) and wPy(q,t) have only s/ in common, so that
<wp)\(q7 t)? P)\’<t7 Q)> = <8)\’7 8)\’> =1

as required. This completes the proof of (3.5). []
Since (Py), (@x) are dual bases of Ap, we have from (2.6)

(3.11) Y Pa@at)Qayia.t) = Mz, y54,1).
A

Apply w, ¢ to the y-variables; from (2.5) it is easily computed that

weTl(z,y;q,t) = [ (1 + 2iy;).
ij

Hence it follows from (3.5) that

(3.12) > Puxiq,t)Py(yst.q) = [ (1 + zyy).
A

ihj

When ¢ =t¢, (3.11) and (3.12) reduce to the familiar identities

Y sa@saly) = [ [ —zigy) ™!
A

,J
and
D sa(@)sa(y) = [ [+ ziy;)
A i
respectively.
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Finally, we can now identify the symmetric functions Py(q,t) when
either ¢ = 1 or ¢t = 1. Suppose first that ¢ = 1. Then from (2.10) we have

n
DQ71 = : :T y L4
=1

so that (for any partition A of length < n)

n
Dgamy = (Z q’\’)m,\.
i=1

Hence the m) are the eigenfunctions of the operator D, 1, and therefore
(3.13) Py(q,1) = my

for all partitions A.
Next, it follows from (3.5) that

(wq,tPr(q,t), Py (t, q)>t7q = O
and hence by (3.4) that

(Px(q,t),wPy (t,q)) = 6xrp-

By (3.13) this gives
(mx, wPy(1,q)) = dxu
when ¢t = 1. But the basis dual to (m)) for the usual scalar product is

(ha) ([M4], ch.I). Hence wP,/(1,q) = h,, i.e., P, (1,q) = wh, = e,. Hence
(replacing g, p’ by t, )

(3.14) PA(l,t) = €e).
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4. Skew P and (@ functions

Let p and v be two partitions. Then the product P,P, is a linear
combination of the Py, say

(4.1) P.Py=>_ fuPu
A

where

:‘V: ;i\u(%) <Q)\>PP> e F.

q,t
In particular

(1) £, (t,t) is the coefficient ¢, of s in s,s,, which may be calculated
by the Littlewood-Richardson rule.

(2) ;L\U(O,t) is the Hall polynomial ;L\,/(t) ([My], ch. II). It may be
written as a sum
() =" fr(t)
T

of monic polynomials, where T runs through the set of LR-tableaux of
shape X' — p/ and weight v (loc. cit.)

(3) ﬁ‘y(q, 1) is the coefficient of my in m,m,, and so is independent
of q.

(4) ;L\,/(l,t) =1if A = p+ v, and is zero otherwise. For P,(1,t) = e,
and e, e, = e;uu:/ = €(utv) -

(5) fa (a1 = £, (q.1), since Po(g~',471) = Pr(g.8) (52).

(6) By duality (3.5) we have

o (@:8) = For (6, @)bu (£, @) (t,0) /by (£, q).

In view of (1) and (2) above, it is natural to ask whether it is possible to
attach to each LR-tableau T a non zero rational function f..(¢,t) so that

uu Qv ZfT q,t

where 7" runs through the set of LR-tableaux of shape A — 1 and weight v.
(If so, then by duality ((6) above) there will be likewise a decomposition
jy over the LR-tableaux of shape N — i/ and weight v/.) Again, is it true
that f7,(g,t) # 0 if and only if ¢}, # 07 The answers to these questions
are not known, at any rate to the author.
Clearly we shall have = 0 unless |\| = || + |v|. In fact, more is

true :

;U/
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(4.2) f2, = 0 unless X D p and X\ D v (i.e., the diagram of X contains
those of 1 and v).

STANLEY [S] gives a proof of (4.2) in the context of Jack’s symmetric
functions. His proof can be transposed to the present context without
difficulty.

We now define skew Q-functions as follows. If A, u are partitions, define

(43) Q)\/,u = Z f/i\yQV

so that
<Q)\/u7 PV>q’t - <Q)\7 P,LLPU>q’t'
From (4.2) if follows that @5/, = 0 unless A D p.
Let © = (21,22,...) and y = (y1,¥2,...) be two sequences of indepen-
dent indeterminates. If f is any symmetric function, f(z,y) shall mean

f(x1,y1,22,92,...), and likewise we define f(x,y, z,...) for three or more
sequences r,v, z,... Then we have

(44) Q)x/u T y ZQ)\/V Qu/,u )

summed over partitions v such that A D v D pu.

Proof. — We have

Z Qx/u(z)Pr(y) = Z fns@u(x)Pa(y)
\

by (3.11). Hence
ZQW (¥)Qu(2) = Mz, y)IL(2,y)

=3 PA)Qa(a, 2)
A

by (3.11) again. By comparing the coefficients of Py(y) on either side, we
obtain

(4.5) Qx(@:2) = ) Qx/u(@)Qu(z).
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If we now replace x by z,y in (4.5), we have

ZQA/M(xay)QH<Z) = Qk(xvya z)
= ZQ)\/V Ql/ Y,z )
= ZQ)\/U Qu/p, )Qu(z)

by two applications of (4.5). If we now equate the coefficients of @),,(s) at
either end of this string of equalities, we shall obtain (4.4). []

The identity (4.4) clearly generalizes to n sets of variables TS GO
if A\, pu are partitions, then

(46) Q)\/,u(x(l)v"' (n) ZHQVZ/VZ 1 ( )

() i=1

summed over all sequences (v) = (VO, vt ... v™) of partitions such that

p=»crvtc...cv=\

Let us apply (4.6) in the case where each set of variables 2(*) consists
of a single element z;. For a single x, we have

(4.7) Qx/u(T) = ©r/p A=nl

say, where ¢/, = ©a/u(q,t) € F, and in fact
(4.8) ©x/u = 0 unless X D p and X\ — pu is a horizontal strip, i.e., unless
the partitions X\, i are interlaced :

AL > > A > g >

Again we refer to [S] for a proof of this. As in the case of (4.2), STANLEY’s
proof (for Jack’s functions) can be transposed without difficulty (and
indeed (4.2) is a a consequence of (4.8)).

From (4.6) and (4.7) we obtain

(4.9) Qx/p(z1,. .. 2y Zng,ﬁ/w 1.CE|V -

(v) i=1

with (v) as in (4.6) and each skew diagram v* — v*~! a horizontal strip.
The sequence (v) of partitions determines a (column strict) tableau T of
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shape A\ — 1, in which the symbol ¢ occurs in each square of v* — i~ for
1 < ¢ < n. If we now define

(410) (pT = H goyi/yi—l

i>1
then we shall have

(4.11) Qx/p = ngTxT
T

summed over all tableaux T of shape A — yu, where 27 is the monomial

determined by the tableau T, i.e., 7 = 2%, where a is the weight of T
Later (§5) we shall derive an explicit formula for ¢/, and hence also
for ., and then (4.11) will provide an explicit (if complicated) expression
for @/, as a sum of monomials.
Finally, one can define skew P-functions P, by interchanging the roles
of the P’s and the )’s throughout. The relation between the two is

(4.12) Py /e = b5 8uQ

with by as defined by (3.1).

5. Explicit formulas

We have introduced various scalars by, ¢x/u, ¢, in the preceding
sections, but so far we have no way of computing them explicitly. The
key to this is a specialization theorem, which will be stated in a moment.

Let u be a new indeterminate, and define a homomorphism (or special-
ization)

€ut : Ap — Flu]
by

(5.1) eun(py) = =

1—1tr

for each r > 1.
To motivate this definition, suppose that © = t", n a positive integer.

Then

1_t’)’l'f’

1—¢

— 14t 4 gD
=pp(1,t, ..., t" 1)

€tn,t(pr) =
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so that
6t",t<f) = f(lvtv cee 7tn_1)

for any symmetric function f : i.e., the effect of € ; is to evaluate at
(1, Ty Ty, -+ ) = (1,t,...,t"710,0,...).

There is a nice formula for €, :(Px(q,t)). In order to state it in a
convenient form, let us introduce the following notation. For each square
s = (i,7) in the diagram of a partition A, let

a(s) =X —j, ad(s)=7j—1,
(5.2) {l(s) =N — ;-7, I'(s) = z:]— 1,

so that I'(s), I(s), a(s) and a’(s) are respectively the numbers of squares
in the diagram of A to the north, south, east and west of the square s.
The numbers a(s) and a/(s) may be called respectively the arm-length and
the arm-colength of s, and I(s), I'(s) the leg-length and leg-colength. The
hook-length at s is a(s) + I(s) + 1.

(5.3) THEOREM. — We have

qal(s)u — tl/(s)
qa(s)tl(s)+1 -1

€t (P,\(q, t)) =

SEA

Proof. — Since by (5.1) €,.¢(pr) is a polynomial of degree r in u with
coefficients in F, it follows that €, (Py) is a polynomial of degree < ||,
say

€ut (Pr(g:1)) = Pa(usq,t) € Flul.

The idea of the proof is first to locate the zeros of this polynomial, which
will give the numerator of the expression in (5.3). For this we require two
relations. The first comes from the formula (4.5) (with @Q’s replaced by
P’s), which gives

(5.4) Pa(z1,....20) = Y Paju(1)Puaa, ..., 2n).

Set (1,...,2,) = (1,¢,...,t" 1) and let

(5:5) Ua/u = Prju(lig,t).

Then (5.4) becomes

Pt 0,0) = Y asulg, )@, (4" q,1)
%
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for all n > 1, and hence we have
(A) Ox(uiq,t) =Y asula, @, (ut ™5 g, ).
o

Next we have

(5.6) €utwiq(f) = (=a) " euq-1(f)
if f € A%. (Since both € and w are ring homomorphisms, it is enough to
check (5.6) when f = p,,.) Hence by duality (3.5) we have
€ut Pa(q, 1) = €utwr,gQx (1, q)

= (—q) ey g1Qu(t,q)

= (=) Mox (¢, Qe g1 Pu(t g7 )
(since Py (t,q) = Py (t71,q71)) and therefore
(B) O (u; g, 1) = (—¢) Mox ()@ (wst 1,7,

We observe next that

(5.7) Px(z1,...,2,) =0 if n < L(N).
For P, is a linear combination of the m, such that px < A, and

p<A=p 2N =) =p) 2N =LA) >n
= () >n=my(z1,...,2,) =0. []

It follows from (5.7) that
®y(u;q,t) =0 foru=1,¢t,... "ML
Hence by (B) the polynomial ®y/(u;t~1, ¢g~1) vanishes also for these values
of u. By replacing (A, ¢,t) by (N,t71,¢71), we see that

Oy(u;q,t) =0 foru=1,¢""% ..., ¢ ™M

and therefore
A1
(C) D (u;q,t) is divisible in Flu] by H(qj_lu— 1).
j=1
Now we consider the relation (A) above. By (C), each term on the right

of (A) is divisible by
A2

[[(@ w1

J=1
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(because the sum in (A) is over partitions g that interlace A). Hence
) (u; q,t) is divisible by this product. We now repeat the argument : each
term on the right-hand side of (A) is divisible by

A3

[T u—1%

j=1

(since o > A3) and therefore ®)(u;q,t) is also divisible by this product.
Thus finally ®,(u;q,t) is divisible in F'[u] by

LX) i
HH =1y, ti—l):H(qa’(s)U_tl’(s))‘
i=1 j=1 SEX

(Observe that all these linear factors are distinct.) But we know that &
has degree at most |\| in u. Hence we have

(D) <I>>\(u; q,t) :U,\(q,t) H(q“/(s)u—tl'(s))’
SEA

and it remains to identify the scalar factor vy(q,t). For this purpose we
require

(5.8) Let X be a partition of length n, and let A = (A — 1,..., A\, — 1).
Then
Py(x1,...,2p) =x1...2, P (21,...,2y).

Compute D, (1 ...z, P,) and show that z; ...z, P, is an eigenfunction
q, 12 3 H
of D, ; with eigenvalue > ¢*it" %))

From (5.8) it follows that
(1" q,1) = t"" V2@, (17 4, 1)
if £(\) = n, and hence from (D) that

UA(Q? ) _ 4n(n—=1)/2 H a(s)tn_ '(s))*1

n
_ H(q)\i—ltn—i—l—l . 1)—1.
i=1

Now the factors in this product are precisely (q“(s)tl(s)Jrl — 1)_1 for s in
the first column of A. Hence by induction on the number of columns of A
we conclude that

et = L — 1)~

SEA

and the proof of (5.3) is complete. []
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From (B) we have

(I))\(U, q, t)

by (t,q) = (—¢)N
A ( 7Q) ( Q) @A/(u;t_l,q_l)

which together with (5.3) leads to the formula

1— qa(s)tl(s)+1
b)\(Qat) = H 1 — qa(s)—i-ltl(S) ’

SEA

So we know now the value of (P, P, = ba(q, t)~L.
Knowing the by, it turns out that 1t is now quite straightforward to
calculate the scalars

Oa/u = Qx/pu(1)

defined in § 4. I will omit the details and merely state the result. For each
square s and each partition A, define

1 — qa(s)tl(s)-l-l

(5.10) ba(s) = ba(s;q,t) = 1 — @) 1(s)

if se A and by(s) =1if s ¢ A.
Next, if S is any set of squares (contained in the diagram of A or not),
let

(5.11) bx(S) = ] bals)

seS

Now let A, p be partitions such that \y > pu3 > Ao > puy > -+ or
equivalently such that A D p and A — p is a horizontal strip. Let C)/,
denote the union of the columns that contain squares of A — . Then the
formula for ¢/, is

(5.12) Pa/u = 0A(Cx/p) /0 (Cyp)
and for a tableau T'

(5.13) Hb)" i)/bxi (Cit1),

>0

where A\ C A! C --- is the sequence of partitions defined by the tableau,
and C; is the union of the columns that contain a symbol i (so that Cy is
empty).

In the case of Jack’s symmetric functions, the results of this section are
all due to Richard STaNLEY [S], and the transposition of his proofs into
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the present context is quite straightforward. Also when ¢ = 0 the formulas
(5.9), (5.12) and (5.13) reduce respectively to [M;], ch. III, (2.12), (5.8)
and (5.9).

Finally we may remark that the identities of Schur and Littlewood

ZazHl—xz A =z

1<J

~1

E SM—H 1 —zz;) 7,
1<j

E Sy = H 1 —mx;)~?
v 1<J

in which A runs through all partitions, x through all even partitions (i.e.
with all parts even) and v through all partitions such that v/ is even,
generalize to identities for the Py(q,t) as follows. For any partition A, let

= [ wa(s), = [ bas).
SEA SEX
I(s) even a(s) odd

(so the superscripts el and oa stand for “even legs” and “odd arms,”
respectively. Then there are product expressions for the four series

S a1, (b)Y 6a.)Pa(g.b),
A A
D> Mg, )Pulg,t),  (d) > bMg,t)P(q,1),

where as before A runs through all partitions, u through all even partitions
and v through partitions such that v/ is even. For example, the sum (a) is
equal to the product

H (txi;q) oo H (ta; :L‘j,
; xza oo i<q QT iLj3q
and (d) is equal to

H (tﬂmﬂl:j7 q) oo

i<j (le'j>Q)oo
The products for (b) and (c) are a little more complicated : they may be

derived from (a) and (b) by duality (3.5). In the case of Jack’s symmetric
functions, (a) is due to K. KADELL.
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6. The Kostka matrix

Let
(6.1) ha(g,t) = [J(1 = g* et
SEA
(6.2) MA(g,t) = [J(1 = ")),
SEA
- h)\’ (tu q)7

so that by (5.9) we have
ba(g;t) = ha(g,t)/P)(q,1).
Now define

(63) J)\(CL t) - hA(Q? t)PA(CL t)
= hi\(qa t)Q)x ((L t)

It seems likely that when the Jy(q,t) are expressed in terms of the mono-
mial symmetric functions, the coefficients are polynomials, i.e. elements of
Z[q,t]. I shall make a more precise conjecture later.

When ¢ = t, we have

Ia(t,t) = Hx(t)sn,
where

Hy(t) = (1 =)

SEA

is the hook-length polynomial (h(s) = a(s) +I(s) + 1).
When ¢ =0,

(64) JA(()? t) = Qx (07 t)

because h)(0,t) = 1.
Duality (3.5) now takes the form

(6.5) wa,tIx(q,t) = I (t,q)

and the specialization theorem (5.3) takes the form

€utIr(q,t) = H(tl/(s) _ qa’(s)u)‘
SEA
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From the fact (§2) that Py(q,t) = Px(¢~',t~!) we deduce that

(6.6) Talg™ 171 = (—)Plgm =N 7y (g, 1),
where
M
n(A) =) (i—1A =) (2)
i>1 i>1
Recall ([M;], ch. I, § 6) that the Kostka numbers K, are defined by
(67) S\ = ZK)\MTTL“.
I

We have K, = 0 unless p < A, and K,y = 1. They generalize to the
Kostka-Foulkes polynomials Ky, (t) ([M], ch. III) defined as follows :

(6.8) (@) = 3 Ko () Pulast),

where the P,(z;t) = P,(0;z,t) are the Hall-Littlewood functions. Let
Sx(z;t) denote the Schur functions associated with the product

[Tt/ — i)

they form a basis of Ag) dual to the basis (sx(z)), relative to the scalar
product (1.13), and therefore (6.8) is equivalent to

(6.8") Qula;t) =Y  Kxu(t)Sa(w;t).
>\

Since P, (z;1) = my,, it follows from (6.7) and (6.8) that Ky, (1) = Ky,.
Now K, is the number of tableaux of shape A and weight . FOULKES
conjectured, and Lascoux and SCHUTZENBERGER proved, that K, (t) is
a polynomial in t with positive integral coefficients, and more precisely

that
Kyu(t) = § e(D)
T

summed over all tablelaux 7" of shape A and weight p, where ¢(7") (the
charge of T') is a well-defined N-valued function of the tableau 7'
In the present context we now define K,(q,t) € F' by

(6.9) Ju(xiq,t) = Kxu(q,t)Sx(x:t).
A

Computations of the Ky,(q,t) suggest the
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CONJECTURE. — K\, (q,t) is a polynomial in q and t with positive
integral coefficients.

Here are some partial results which tend to confirm this conjecture.

(1) We have K),(0,t) = K),(t) (by (6.4) and (6.8')). In particular,
K)\M(O, 0) = 5)\,“ and K)\M(O, 1) = K)\#.

(2) From (6.5) and (6.6) we deduce that

K/\u(% t) = K/\’p,’ (tv Q)a
Kaulgt) = ¢" "W K (q7h 7).
(3) Another special case is (A, u partitions of n)
n!
h(A)’

where h(A) is the product of the hook lengths of A. In other words,
K, (1,1) is the number of standard tableaux of shape A (and in particular
does not depend on p). This prompts the following question, which refines
the conjecture above : can one find N-valued functions a,(T"), b,(T),
defined for standard tableaux T, such that

(g t) =) g™
T

K)\u(]-a 1) =

summed over the standard tableaux 1" of shape A7 Of course this question,
as I have stated it, is not well-posed. The point is to find some “natural”
bijection between the monomials ¢t® that occur in Ky,(q,t) (assuming
the truth of the conjecture) and the standard tableaux of shape .

(4) When ¢ =t we have Ky,(t,t) € Z[t], by a result of STANLEY.

(5) K».(1,t) is a polynomial in t with positive integer coefficients.
(Recall that Py(1,t) = ey ; this makes it feasible to compute Ky, (1,?).)
By duality ((2) above) K3, (g, 1) is a polynomial in ¢ with positive integral
coefficients.

(6) Let A = (r,1°). Then for each partition p of r + s, K),(q,t) is the
coefficient of u® in the product

[+

over all (4,7) € p with the exception of (1,1).

The symmetric functions Sy(x,t) are linear combinations of the m,(x)
with coefficients in Z[t], from the table on p. 128 of [M;]. Hence the
conjecture would imply that

It =3 vnula.t)m,

HSA
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with coefficients vy, € Z[q, 1], divisible by (1—¢)"#). Another consequence
of the conjecture is that

(In: Judv), ; € Zla, 1]

q,t

for any three partitions A, u, v

Let K, (q,t) denote the matrix (Ky,(q, t))/\ wep, Forn=1,...,6 the

matrices K, (or rather their transposes K/ ) are shown in the appendix.

7. Another scalar product

We have seen that the symmetric functions Py(q,t) are pairwise or-
thogonal with respect to the scalar product ( , >q7 .- 1t will appear that
they are also pairwise orthogonal with respect to another scalar product
(, >; ,» which I shall now define.

We shall work throughout with a finite number of indeterminates
x = (x1,...,2,) (ie., in A, p rather Ap). Moreover we shall assume
(although it is not strictly necessary) that t = ¢* where k € N.

Let

L, = FlzF!, ... 2]

be the F-algebra of Laurent polynomials in z1, ..., Zp, i.e. of polynomials
in the 2; and z; ' If f € L, let f = f(x7",...,2,; ') and let [f]; denote
the constant term in f. Moreover let

(7.1) A = A(x;q,t) = H u

i,j=1 (tIE ‘r'c ,Q)
i?fj
S CRrery
i#5 r=0
so that A € L,,.
For f,g € A,, r we now define
1
/ o —
(7.2) (f,9),, = [faAl.

This is a symmetric, positive definite scalar product on A, . It is not
difficult (in fact, it is a good deal easier than it was in §2) to show that

(7.3) The operator Dy, (2.10) is self-adjoint for this scalar product :
/ . /
<Df7 g>q,t - <f7 Dg>q,t
forall f,g € Ay, F.
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From (7.3) it follows, just as in § 2, that

<P>\7PM> =0

/
q,t

if A # pu.

Remark. — When g =t (i.e., when k = 1) the two scalar products are
the same. Otherwise they are different.

It remains to compute (P, PA>; ,» and the answer is as follows :

k-1 i

1— q/\i—)\j—l—r ti—t

I
<P)" P/\>q,t - H H 1 — in—)\j—r ti—t

1<i<j<nr=1

(7.4)
. H 1 — qa'(s) tn—l/(s)
n _ qa’(8)+1 tn—1'(s)—1"
U @O e
where
1 r ik —1
— [ —
(7.5) cn_(1,1>q7t_a[A]1_H[k_l},

=2

a product of g-binomial coefficients. (Notice that when A = 0, (7.4) reduces
to a special case of the g-Dyson conjecture.)

8. Conclusion

In the definition (7.1) of A, and in the first of the two products (7.4)
the structure of the root system of type A,,_; is clearly visible. In fact this
aspect of the theory generalizes to other root systems, and I shall conclude
these lectures with a brief and simplified account of this generalization.
For full details and proofs, see [M3].

So let R be a reduced root system, R a system of positive roots in R;
let Q be the root lattice of R, and QT the positive cone in ), spanned
by R*;let P be the weight lattice, and P+ the cone of dominant weights;
and let W be the Weyl group of R. Define a partial order on P by

A>pe=A—pnecQt.
Now let ¢ and ¢ be indeterminates, and F' as before the field Q(g,t).
Let A = F[P] be the group algebra of the lattice (or free abelian group)
P over F. To each A € P there corresponds an element e* of A, such that

eret = erMH and €® = 1 is the identity element of A. The Weyl group
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W acts on P, hence on A : w(e) = e%* (w € W, X € P). Let AW be the
subalgebra of W-invariants in A.
We can easily describe two F-bases of AW. One consists of the orbit-

sums
my = Z et (Ae Pt
peEWA

and is the counterpart of the monomial symmetric functions denoted by
the same symbols. The other basis consists of the Weyl characters : let

1
-1
acRt
and let

§ = H (eo‘/2 - e*a/2) = Z e(w)e?

aERT weW
(where e(w) = det(w) = +£1). For each A € PT" we define the Weyl

character
Xy = 5t Z e(w)ew(k+p)
weWw

which is the counterpart of the Schur function s). We have

Xy = mx+ E : Kyumy,
<A
H€P++

with coefficients Ky, € N.
If feA ssay f=3,cpret, let

F=> e

and let [f]; denote the constant term fy of f.
For simplicity we shall assume as in § 7 that t = ¢*, k € N, and define,
in analogy with (7.1),

A=Aqt)=]] —((ea;Q)oo

acR tea; Q)oo

= H(ea;Q)k

aER

so that A € AW . Now define a scalar product on A" by

(f.9)=W|"" [fgAl;
for f,g € AW. Then we have
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THEOREM. — There erxists a unique basis (Py)xcp++ of AW such that

(A) Py=my+ Z Unp My

<A
N€P++

with coefficients uy, € F';
(B) (PP =0 if A p.

When R is of type A,_1, these P, are essentially the symmetric
functions Py(q,t), restricted to n variables z1, ..., x,. For arbitrary R,
when k£ = 0 (i.e., t = 1) we have Py, = m), and when k =1 (i.e., ¢ = t)
we have Py = x,.

I will conclude with two conjectures which generalize (7.4) and the
specialization theorem (5.3) respectively. For each root a € R let " be
the corresponding co-root, and let

:%Zav.

a€ERT
CONJECTURE 1. — For all A\ € PTT,
1—q° a (A+kp)+i
PA? H H _ av()\—i—kp) i’
aERT i=1

This is non trivial even when A\ = 0 (so that P\ = 1); in that case it
reduces to the constant term conjectures of [Ma].

CONJECTURE 2. — Let P\(ko) denote the image of Py under the
mapping e — ¢** W) =17 (4 € P). Then for all X\ € Pt+,

Py (ko) = g k™) H

aER*

g A+ke). Q)
aV (kp); ) Q)k
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9. Appendix

The matrices K(q,t)', n <6

3 21 13
2 12 311 |qg+¢% |
1 2 11 q‘ 21|t | 14qt | ¢q
1 12t1‘ B t+¢2 ] 1
4 31 22 212 14
4 1+ +¢ | P+d* | P+t +5 |
31 |t |14qt+q® | g+d%* | q+d®+%t | ¢
22 2 | t4qt+qt? | 1+ %2 | g+ qt +¢%t | ¢°
212 | 3 | t+t2+qt3 | t+qt? | 1+qgt+qt? | ¢
14 [0 | 34t | 246 | t42 413 | 1
5 41 32
5011 g+ +é+¢* | d+EP+¢*+5+4°
41|t [14+qgt+ Pt + 5%t | ga+d® + Pt + Pt +q't
32 | 12 |t + gt + qt* 4+ ¢*t%|1 + qt + ¢*t + ¢*t* + ¢3t?
312| 3 |t + 12 + g3 + ¢2¢3 |t + gt + qt? + ¢%t2 + ¢3t3
221| t* [¢2 + 13 + qt3 + qt?| t + 2 + qt% + 3 + ¢*t*
2136 [ 13 4+ ¢4 + 15 4+ qtb | 2 + 13 + ¢ + gt* + qt®
15 th t6+t7+t8+t9 t4+t5+t6+t7+t8
312 221 213 15
5 @ +qt+2¢°+¢°+ 47 P+ +® | P+ + B+ |
4| g+ +E+Et+d*t+ Pt | P+E+ P+t + Pt [P+t + P+ ¢8| O
32| qt+at+2¢*t+¢Pt+ P |a+ P+ P+ P+ | ® + 3+ P+t ¢
312 1+qt+q2t+qt2+q2t2+q3t3q+qt—|—q2t+q2t2—|—q3t2q+q2+q3t+q3t2 q3
221 t4qt+2qt2 +qt> + ¢%t2 |1+ qt +qt> + ¢?t2 + ¢*t3 | g+ qt + ¢°t + ¢*t?| ¢?
23| t4+ 2+ B3 4 g3+ gt +qt® | t+ 2 gt gt +qtt |1+ qgt+qt2 4 qt3 | g
15 t3 4 td 25 6 147 2413 42 415 416 t+t2 3 +t4 |1
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6 51 42
6 i+ +E+t+ PP +2¢" +¢° +2¢° +4" +¢°
51 | ¢ 1+ qt + g%t + 3t + q*t g+ %+ ¢ + Pt + @Bt + 2¢%t + ¢t + ¢5¢t
42 | t2 | t+ qt + qt? + ¢%t% + ¢33 1+ gt + 2¢°%t + g3t + ¢°t% + 3% + 2¢*¢2
412 |83 | 14+ 12+ g + P2 + 383 [t+qt + Pt + qt® + *1% + 312 4+ P23 + 43 + ¢
32 |3 12 + qt? + ¢?t? + qt® + 23|t + qt + ¢%t + qt? + ¢*1% + @312 + ¢t + ¢33 + A3
321 | ¢4 | 2 413 4 qt3 + qt* + 2t t+ 2 4 2qt2 + qt3 + 2¢%t3 + ¢?t* + ¢>3t*
313 [ 46 | 3 414 + 5 4 qtb + ¢2t6 12 413 + qt3 + 4 + qt* + 2t + qt® + g2t + ¢21F
25 16| 12 p gt 15+ qt® +qtb | 2 13 gt +t* gt + Pt + qt® + 20 + Pt
2212\ ¢7 | ¢4 415 + 46 4+ 16 + gt” 2t3 4+ t4 4 qt* + 15 + 2qt° + qtb + ¢*t7
214 [t10] 6 447 448 £ 49 4 qt10 t4 445 4246 417 4+ qgt7 + 18 + qt® + qt?
16 t15 th +t11 +t12 +t13 +t14 t7 —|—t8 —|—2t9 +t10 —|—2t11 —|—t12 —|—t13
412 32
6 q3+q4+2q5+2q6+2q7+q8+q9 q3+q5+q6+q7+q9
51 1+ P+ P+ + P+ gt +2¢°t 4+ %t 4+ 47t P+ + P+ P+ ¢%
49 g+ qt + 2¢%t + 263t + g4t + @312 + g2 + ¢5t2 g+ ¢t + @Bt + ¢3t2 + ¢ot2
412 1+ gt + @t + Bt + qt? + 2 + 312 + 1% 4+ ¢*3 + P13 | gt + ¢t + 1% + ¢*t% 4 ¢33
32 gt + q%t + @3t + qt2 + 2¢2t2 + 26312 + ¢4 + ¢33 1+ q2t2 + ¢342 + g2 + ¢3¢3
321 t + gt + 2qt2 + ¢2t2 + qt3 + 2¢%t3 + ¢3t3 + ¢>3t* t+ qt? + ¢%t2 + ¢%t3 + ¢3¢t
313 | t 442 + 13 + qt3 + ¢2t3 + qtt + ¢2t4 + qt® + ¢%t5 + 3t | qt? + 13 + qt* + @24 + ¢2t°
23 qt? + 13 + 2qt3 + g3 + 2qt* + ¢?t* + qt® + ¢*t° qt? + 13 + qt® + qt* + 38
2212 t2 + 3 4 qt3 + t* + 2qt* + 2qt° + 18 + ¢%t8 t2 4+ t* + gt* + qtd + ¢3S
214 3 4t 4265 416 4+ qtb 417 + gt7 4 qt8 + ¢t? Pt 4 b + 17+ gt
16 t6 —|—t7 + 2t8 + 2t9 + 2t10 —|—t11 —|—t12 t6 +t8 +t9 +t10 +t12

51
42
412
32
321
313
23
2212
214
16

321

q4+2q5+2q6+3q7+3q8+2q9+2q10+q11

@ +2¢% +2¢* +2¢° + ¢ + ¢*t + 2¢%t + 2¢5t + 2¢7t + ¢Bt

q+ ¢ +qt +2¢°t +2¢3t + gt + ¢°t* + 241> + 2"t + ¢°t% + ¢*t° + g5

g+ @ + qt + 2¢%t + 2¢3t + ¢*t + ¢*t% + 2¢3t% + 2¢*% + ¢°t? + ¢*3 + 513

1+ 3qt + g%t + qt? + 4¢%t% + 312 + ¢*13 + 34313 + ¢*¢*

t+ qt 4+ t2 + 2qt2 + ¢%t2 + 2qt3 4 26263 + qt* + 2¢%t1 + Bt + %15 + ¢3t°

t+2t% 4 qt? + 3 + 3qt® + 3qt* + ¢*t* + qt® + 2¢°t° + ¢*1°

12 4 2t3 4+ 2t* + qt* + 2t° + 2qt® + 6 + 26 + 2qt7 + g8

t* 4 265 4 265 4 3¢7 + 3¢8 + 2¢% + 2410 4 ¢!
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313

23

q6+q7+2q8+2q9+2q10+q11+q12

q6+q8+q9+q10+q12

51

¢ +a* +2¢° +¢° + 9" +¢%t +q"t + ¢®t + %t

q4+q5+q7+q6t+q8t

42

q2 _|_q4 +q4t—|—q5t—|—q6t2

412

a+ ¢+ + Pt +q't + Pt + P17 + ¢t + g7 + ¢OF°

@ + ¢t +q't + q*t? + ¢

32

¢ + ¢°t + 2¢%t + 2¢*t + ¢°t + ¢*1% 4 ¢** + ¢°1?

@+ 2t + Bt + gt + ¢5¢3

321

g+ qt + 2%t + >t + ¢*t? + 24312 + 13 4 ¢*¢3

q+q2t+q2t2 +q3t2 +q4t3

313

1 +qt+q2t+qt2 +q2t2 +qt3 +q2t3 +q3t3 +q3t4 —|—q3t5

at +qt® + *1° + 1% + ¢t

23

qt + ¢*t + gt + 2¢°1 + qt® + 2¢%¢% + ¢33 + ¢*1*

1 _|_ q2t2 _I_ q2t3 _I_ q3t3 _I_ q2t4

2212

t+ gt + 2t + 2qt° + ¢*13 + qt* + ¢*t* + ¢*°

t+ qt* + qt® + ¢?t3 + 315

214

t4t2 + 13 + qt3 + t* + qt* + 2qt5 + qt® + qt”

t2+qt3+t4+qt5+qt6

16

3+ %+ 2t° + 266 4 2¢7 4+ ¢8 +¢9

51
42
412
32
321
313

2212
214
16

2212

214 16

q7+q8+2q9+q10+2q11 +q12 +q13

q10 +q11 _,’_q12 +q13 _,’_q14 15

Q

q6+q7+q8 +q9+q10t 10

Q

2¢% 4+ q* + ¢ + ¢*t + 2¢°t + ¢%t + ¢"t?

P+ P+ +q5t+4q"t |47

Q

P+ @ +¢* + Pt + ¢'t + Pt + ¢ + ¢t + O

q3+q4+q5 —|—q6t—|—q6t2 6

Q

q2 +q3 +q4 +q3t+q4t+q5t+q4t2 +q5t2 +q6t2

q4+q5 +q4t+q5t+q6t

Q

q2 + q3 + q3t—|- q4t—l—q4t2 4

B

q+qt + ¢*t + qt® + ¢*12 + P12 + ¢*15 4+ 313 + B!

G+ @2+ Pt+ P2+ @33 | 3

L)

g+ gt + ¢*t + qt® + ¢°t* + 31 + ¢*1* + ¢*t® + ¢3¢

w

7+ Pt + ¢t + ¢*t* + 312

Q

t+ 12 + qt2 + 3 + gt3 + 2qt* + qt® + qt® 1+qgt+qt2+qt3+qt* | g
t2 413 + 201 + 5 + 245 + 17 448 t+t2 83 +tt 410 1
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