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Abstract. We introduce an epsilon system on a geometric crystal of type An, which is
a certain set of rational functions with some nice properties. We shall show that it is
equipped with a product structure and that it is invariant under the action of tropical R
maps.
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1 Introduction

In the theory of crystal bases, the piecewise-linear functions εi and ϕi play many crucial roles,
e.g., description of highest weight vectors, tensor product of crystals, extremal vectors, etc.
There exist counterparts for geometric crystals, denoted also {εi}, which are rational functions
with several nice properties, indeed, they are needed to describe the product structure of geo-
metric crystals (see Section 2) and in sl2-case, the universal tropical R map is presented by using
them [12].

In [1], higher objects εi,j and εj,i are introduced in order to prove the existence of product
structure of geometric crystals induced from unipotent crystals, which satisfy the relation εiεj =
εi,j +εj,i if the vertices i and j are simply laced. It motivates us to define further higher objects,
“epsilon system”.

The aim of the article is to define an “epsilon system” for type An and reveal its basic
properties, e.g., product structures and invariance under the action of tropical R maps. An
epsilon system is a certain set of rational functions on a geometric crystal, which satisfy some
relations with each other and have simple forms of the action by ec

i ’s.
We found its prototype on the geometric crystal of the opposite Borel subgroup B− ⊂

SLn+1(C). In that case, indeed, the epsilon system is realized as a set of matrix elements
and minor determinants of unipotent part of a group element in B− (see Section 6). Therefore,
we know that geometric crystals induced from unipotent crystals are equipped with an epsilon
system naturally.

We shall introduce two remarkable properties of epsilon system: One is a product structure
of epsilon systems. That is, for two geometric crystals with epsilon systems, say X and Y, there
exists canonically an epsilon system on the product of geometric crystals X×Y (see Section 5.3).
The other is an invariance by tropical R maps: Let R : X×Y → Y×X be a tropical R map (see
Section 4) and εX×Y

J (resp. εY×X
J ) an arbitrary element in the epsilon system on X × Y (resp.

Y× X) obtained from the ones on X and Y. Then, we have the invariant property:

εY×X
J (R(x, y)) = εX×Y

J (x, y).

?This paper is a contribution to the Proceedings of the Workshop “Geometric Aspects of Discrete and Ultra-
Discrete Integrable Systems” (March 30 – April 3, 2009, University of Glasgow, UK). The full collection is available
at http://www.emis.de/journals/SIGMA/GADUDIS2009.html
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In the last section, we shall give an application of these results, which shows the uniqueness of
tropical R map on some geometric crystals of type A

(1)
n .

Since the sl2-universal tropical R map is presented by using the rational functions {εi} as
mentioned above, we expect that epsilon systems would be a key to find universal tropical R
maps of higher ranks. For further aim, we would like to extend this notion to other simple Lie
algebras, e.g., Bn, Cn, and Dn. These problems will be discussed elsewhere.

2 Geometric crystals and unipotent crystals

The notations and definitions here follow [2, 5, 6, 7, 8, 9, 10, 11].

2.1 Geometric crystals

Fix a symmetrizable generalized Cartan matrix A = (aij)i,j∈I with a finite index set I. Let
(t, {αi}i∈I , {hi}i∈I) be the associated root data satisfying αj(hi) = aij . Let g = g(A) =
〈t, ei, fi(i ∈ I)〉 be the Kac–Moody Lie algebra associated with A [5]. Let P ⊂ t∗ (resp.
Q := ⊕iZαi, Q∨ := ⊕iZhi) be a weight (resp. root, coroot) lattice such that C ⊗ P = t∗

and P ⊂ {λ |λ(Q∨) ⊂ Z}, whose element is called a weight.
Define the simple reflections si ∈ Aut(t) (i ∈ I) by si(h) := h− αi(h)hi, which generate the

Weyl group W . Let G be the Kac–Moody group associated with (g, P ) [6, 7]. Let Uα := exp gα

(α ∈ ∆re) be the one-parameter subgroup of G. The group G (resp. U±) is generated by
{Uα|α ∈ ∆re} (resp. {Uα|α ∈ ∆re∩ (⊕i±Zαi)). Here U± is a unipotent subgroup of G. For any
i ∈ I, there exists a unique group homomorphism φi : SL2(C) → G such that

φi

((
1 t
0 1

))
= exp(tei), φi

((
1 0
t 1

))
= exp(tfi), t ∈ C.

Set α∨i (c) := φi

((
c 0
0 c−1

))
, xi(t) := exp (tei), yi(t) := exp (tfi), Gi := φi(SL2(C)), Ti := α∨i (C×)

and Ni := NGi(Ti). Let T be the subgroup of G with P as its weight lattice which is called
a maximal torus in G, and let B±(⊃ T ) be the Borel subgroup of G. We have the isomorphism
φ : W

∼−→N/T defined by φ(si) = NiT/T . An element si := xi(−1)yi(1)xi(−1) is in NG(T ),
which is a representative of si ∈ W = NG(T )/T .

Definition 2.1. Let X be an ind-variety over C, γi and εi (i ∈ I) rational functions on X,
and ei : C× × X → X a rational C×-action. A quadruple (X, {ei}i∈I , {γi, }i∈I , {εi}i∈I) is a G
(or g)-geometric crystal if

(i) ({1} ×X) ∩ dom(ei) is open dense in {1} ×X for any i ∈ I, where dom(ei) is the domain
of definition of ei : C× ×X → X.changed

(ii) The rational functions {γi}i∈I satisfy γj(ec
i (x)) = caijγj(x) for any i, j ∈ I.

(iii) ei and ej satisfy the following relations:

ec1
i ec2

j = ec2
j ec1

i if aij = aji = 0,

ec1
i ec1c2

j ec2
i = ec2

j ec1c2
i ec1

j if aij = aji = −1,

ec1
i e

c21c2
j ec1c2

i ec2
j = ec2

j ec1c2
i e

c21c2
j ec1

i if aij = −2, aji = −1,

ec1
i e

c31c2
j e

c21c2
i e

c31c22
j ec1c2

i ec2
j = ec2

j ec1c2
i e

c31c22
j e

c21c2
i e

c31c2
j ec1

i if aij = −3, aji = −1.

(iv) The rational functions {εi}i∈I satisfy εi(ec
i (x)) = c−1εi(x) and εi(ec

j(x)) = εi(x) if ai,j =
aj,i = 0.
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The relations in (iii) is called Verma relations. If χ = (X, {ei}, {γi}, {εi}) satisfies the condi-
tions (i), (ii) and (iv), we call χ a pre-geometric crystal.

Remark. The last condition (iv) is slightly modified from [2, 9, 10, 11, 12] since all εi appearing
in these references satisfy the new condition ‘εi(ec

j(x)) = εi(x) if ai,j = aj,i = 0’ and we need
this condition to define “epsilon systems” later.

2.2 Unipotent crystals

In the sequel, we denote the unipotent subgroup U+ by U . We define unipotent crystals (see
[1, 9]) associated to Kac–Moody groups.

Definition 2.2. Let X be an ind-variety over C and α : U×X → X be a rational U -action such
that α is defined on {e} ×X. Then, the pair X = (X, α) is called a U -variety. For U -varieties
X = (X, αX) and Y = (Y, αY ), a rational map f : X → Y is called a U -morphism if it commutes
with the action of U .

Now, we define a U -variety structure on B− = U−T . As in [8], the Borel subgroup B− is an
ind-subgroup of G and hence an ind-variety over C. The multiplication map in G induces the
open embedding; B− ×U ↪→ G, which is a birational map. Let us denote the inverse birational
map by g : G −→ B−×U and let rational maps π− : G → B− and π : G → U be π− := projB−◦g
and π := projU ◦ g. Now we define the rational U -action αB− on B− by

αB− := π− ◦m : U ×B− −→ B−,

where m is the multiplication map in G. Then we get U -variety B− = (B−, αB−).

Definition 2.3.

(i) Let X = (X, α) be a U -variety and f : X → B− a U -morphism. The pair (X, f) is called
a unipotent G-crystal or, for short, unipotent crystal.

(ii) Let (X, fX) and (Y, fY ) be unipotent crystals. A U -morphism g : X → Y is called
a morphism of unipotent crystals if fX = fY ◦ g. In particular, if g is a birational map of
ind-varieties, it is called an isomorphism of unipotent crystals.

We define a product of unipotent crystals following [1]. For unipotent crystals (X, fX),
(Y, fY ), define a rational map αX×Y : U ×X × Y → X × Y by

αX×Y (u, x, y) := (αX(u, x), αY (π(u · fX(x)), y)).

Theorem 2.4 ([1]).

(i) The rational map αX×Y defined above is a rational U -action on X × Y .

(ii) Let m : B− × B− → B− be a multiplication map and f = fX×Y : X × Y → B− be the
rational map defined by

fX×Y := m ◦ (fX × fY ).

Then fX×Y is a U -morphism and (X×Y, fX×Y ) is a unipotent crystal, which we call
a product of unipotent crystals (X, fX) and (Y, fY ).

(iii) Product of unipotent crystals is associative.
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2.3 From unipotent crystals to geometric crystals

For i ∈ I, set U±
i := U± ∩ s̄iU

∓s̄−1
i and U i

± := U± ∩ s̄iU
±s̄−1

i . Indeed, U±
i = U±αi . Set

Y±αi := 〈x±αi(t)Uαx±αi(−t)|t ∈ C, α ∈ ∆re
± \ {±αi}〉,

where xαi(t) := xi(t) and x−αi(t) := yi(t). We have the unique decomposition;

U− = U−
i · Y±αi = U−αi · U i

−.

By using this decomposition, we get the canonical projection ξi : U− → U−αi . Now, we define
the function on U− by

χi := y−1
i ◦ ξi : U− −→ U−αi

∼−→C,

and extend this to the function on B− by χi(u·t) := χi(u) for u ∈ U− and t ∈ T . For a unipotent
G-crystal (X, fX), we define a function εi := εX

i : X → C by

εi := χi ◦ fX ,

and a rational function γi : X → C by

γi := αi ◦ projT ◦ fX : X → B− → T → C,

where projT is the canonical projection.

Remark. Note that the function εi is denoted by ϕi in [1, 9].

Suppose that the function εi is not identically zero on X. We define a morphism ei:
C× ×X → X by

ec
i (x) := xi

(
c− 1
εi(x)

)
(x).

Theorem 2.5 ([1]). For a unipotent G-crystal (X, fX), suppose that the function εi is not
identically zero for any i ∈ I. Then the rational functions γi, εi : X → C and ei : C× ×X → X
as above define a geometric G-crystal (X, {ei}i∈I , {γi}i∈I , {εi}i∈I), which is called the induced
geometric G-crystals by unipotent G-crystal (X, fX).

Proposition 2.6. For unipotent G-crystals (X, fX) and (Y, fY ), set the product (Z, fZ) :=
(X, fX)×(Y, fY ), where Z = X×Y . Let (Z, {eZ

i }i∈I , {γZ
i }i∈I , {εZ

i }i∈I) be the induced geometric
G-crystal from (Z, fZ). Then we obtain:

(i) For each i ∈ I, (x, y) ∈ Z,

γZ
i (x, y) = γX

i (x)γY
i (y), εZ

i (x, y) = εX
i (x) +

εY
i (y)

γX
i (x)

.

(ii) For any i ∈ I, the action eZ
i : C××Z → Z is given by: (eZ

i )c(x, y) = ((eX
i )c1(x), (eY

i )c2(y)),
where

c1 =
cγX

i (x)εX
i (x) + εY

i (y)
γX

i (x)εX
i (x) + εY

i (y)
, c2 =

c(γX
i (x)εX

i (x) + εY
i (y))

cγX
i (x)εX

i (x) + εY
i (y)

.

Here note that c1c2 = c. The formula c1 and c2 in [1] seem to be different from ours.



Epsilon Systems on Geometric Crystals of type An 5

3 Prehomogeneous geometric crystal

Definition 3.1. Let χ = (X, {ec
i}, {γi}, {εi}) be a geometric crystal. We say that χ is preho-

mogeneous if there exists a Zariski open dense subset Ω ⊂ X which is an orbit by the actions of
the ec

i ’s.

Lemma 3.2 ([3]). Let χj = (Xj , {ec
i}, {γi}, {εi}) (j = 1, 2) be prehomogeneous geometric crys-

tals. Let Ω1 ⊂ X1 be an open dense orbit in X1. For isomorphisms of geometric crystals
φ, φ′ : χ1 → χ2, suppose that there exists p1 ∈ Ω1 such that φ(p1) = φ′(p1) ∈ X2. Then, we have
φ = φ′ as rational maps.

Theorem 3.3 ([3]). Let χ = (X, {ec
i}, {γi}, {εi}) be a finite-dimensional positive geometric

crystal with the positive structure θ : (C×)dim(X) → X and B := UDθ(χ) the crystal obtained as
the ultra-discretization of χ. If B is a connected crystal, then χ is prehomogeneous.

In [2, 3], we showed that ultra-discretization of the affine geometric crystal V(g)l (l > 0)
is a limit of perfect crystal B∞(gL), where gL is the Langlands dual of g. Since for any k ∈
Z>0 a tensor product B∞(gL)⊗k is connected by the perfectness of B∞(gL) and we have the
isomorphism of crystals

UD(V(g)L1 × · · · × V(g)Lk
) ∼= B∞

(
gL
)⊗k

, L1, . . . , Lk > 0,

by Theorem 3.3 we obtain the following:

Corollary 3.4 ([3]). V(g)L1 × · · · × V(g)Lk
is prehomogeneous.

4 Tropical R maps

Definition 4.1. Let {Xλ}λ∈Λ be a family of geometric crystals with the product structures,
where Λ is an index set. A birational map Rλµ : Xλ ×Xµ −→ Xµ ×Xλ is called a tropical R
map if they satisfy:(

e
Xµ×Xλ

i

)c ◦ Rλµ = Rλµ ◦
(
e
Xλ×Xµ

i

)c
, (4.1)

ε
Xλ×Xµ

i = ε
Xµ×Xλ

i ◦ Rλµ, (4.2)

γ
Xλ×Xµ

i = γ
Xµ×Xλ

i ◦ Rλµ, (4.3)
RλµRµνRλµ = RµνRλµRµν (4.4)

for any i ∈ I and λ, µ, ν ∈ Λ.

Tropical R maps for certain affine geometric crystals of type A
(1)
n , B

(1)
n , D

(1)
n , D

(2)
n+1, A

(2)
2n−1

and A
(2)
2n are described explicitly [3, 4].

The following is immediate from Lemma 3.2 and Corollary 3.4.

Theorem 4.2 ([3]). Let R,R′ : VL × VM → VM × VL be tropical R maps. Suppose that there
exists p ∈ VL × VM such that R(p) = R′(p). Then we have R = R′ as birational maps.

Let us introduce an example of a tropical R map of type A
(1)
n .

Example 4.3. Set BL := {l = (l1, . . . , ln+1) | l1l2 · · · ln+1 = L}, which is equipped with an
A

(1)
n -geometric crystal structure by:

ec
i (l) = (. . . , c li, c

−1 li+1, . . . ), γi(l) = li/li+1, εi(l) = li+1, i = 0, 1, . . . , n.
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The tropical R map on {BL}L∈R>0 is given by [4]:

R : BL × BM → BM × BL, R(l, m) = (l′,m′), (4.5)

l′i := mi
Pi(l,m)

Pi−1(l, m)
, m′

i := li
Pi−1(l,m)
Pi(l, m)

, where Pi(l,m) :=
n+1∑
k=1

n+1∏
j=k

li+j

k∏
j=1

mi+j .

Remark. In the case g = A
(1)
n , we have BL

∼= VL.

5 Epsilon systems

5.1 Definition of epsilon systems

Definition 5.1. For an interval J := {s, s + 1, . . . , t− 1, t} ⊂ I = {1, 2, . . . , n} a set of intervals
P = {I1, . . . , Ik} is called a partition of J if disjoint intervals I1, . . . , Ik satisfy I1 t · · · t Ik = J
and max(Ij)<min(Ij+1) (j = 1, . . . , k − 1).

For a partition P = {I1, . . . , Ik} of some interval J , set l(P ) := k and called the length of P .
Let J be the set of all intervals in I. For an interval J ∈ J , define

PJ := {P |P is a partition of J}.

For a partition P = {I1, . . . , Ik} and symbols εIj (j = 1, . . . , k), define

εP := εI1 · εI2 · · · εIk
.

Definition 5.2. For an An-geometric crystal X = (X, {ec
i}, {γi}, {εi}), the set of rational func-

tions on X, say E = {εJ , ε∗J |J ∈ J is an interval }, is called an epsilon system of X if they
satisfy the following:

εJ(ec
ix) =

{
c−1εJ(x) if i = s,

εJ(x) if i 6= s− 1, s, t + 1,

ε∗J(ec
ix) =

{
c−1ε∗J(x) if i = t,

ε∗J(x) if i 6= s− 1, t, t + 1,
(5.1)

ε∗J =
∑

P∈PJ

(−1)|J |−l(P )εP , for any interval J = {s, s + 1, . . . , t} ⊂ I, (5.2)

and we set εJ := εi for J = {i}, which is originally equipped with X. Note that ε∗i = εi. We call
a geometric crystal with an epsilon system an ε-geometric crystal.

The actions of ec
s−1 and ec

t+1 will be described explicitly below, which are derived from (5.1)
and (5.2).

Proposition 5.3. The above definition is well-defined, that is, for any J ∈ J we have

εJ(ec1
i ec2

j x) = εJ(ec2
j ec1

i x), ε∗J(ec1
i ec2

j x) = ε∗J(ec2
j ec1

i x) if aij = aji = 0, (5.3)

εJ(ec1
i ec1c2

j ec2
i x) = εJ(ec2

j ec1c2
i ec1

j x),

ε∗J(ec1
i ec1c2

j ec2
i x) = ε∗J(ec2

j ec1c2
i ec1

j x), if aij = aji = −1. (5.4)

More precisely, we claim that if we calculate the both sides of the above equations by using (5.1)
and (5.2), they coincide with each other.
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The proof will be given in the next subsection.

Example 5.4.

(i) I = {1, 2}: E = {ε1, ε2, ε12, ε21 = ε∗12} with the relation ε21 = ε1ε2 − ε12.

(ii) I = {1, 2, 3}: E = {ε1, ε2, ε3, ε12, ε
∗
12, ε23, ε

∗
23, ε123, ε

∗
123} with the relations for rank 2 and

ε∗123 = ε123 − ε1ε23 − ε12ε3 + ε1ε2ε3.

The following lemma will be needed in the sequel. Set [l, m] := {l, l+1, . . . ,m−1,m} (l ≤ m)
and if l > m, [l,m] := ∅. We also put ε∅(x) = 1. Let {εJ}J∈J be an epsilon system on an
ε-geometric crystal X.

Lemma 5.5. One of the following relations (5.5) and (5.6) is equivalent to (5.2):

t∑
j=s−1

(−1)jε[s,j]ε
∗
[j+1,t] = 0, (5.5)

t∑
j=s−1

(−1)jε∗[s,j]ε[j+1,t] = 0, (5.6)

for any s, t ∈ I such that s ≤ t.

Proof. The proof is easily done by using the induction on t− s. �

The following describes the explicit action of ec
i on epsilon systems which is not given in

Definition 5.2.

Proposition 5.6. We have the following formula for s ≤ t:

ε[s,t](e
c
t+1(x)) = ε[s,t](x) +

(c− 1)ε[s,t+1](x)
εt+1(x)

, (5.7)

ε[s,t](e
c
s−1(x)) = cε[s,t](x) +

(1− c)ε[s−1,t](x)
εs−1(x)

, (5.8)

ε∗[s,t](e
c
t+1(x)) = cε∗[s,t](x) +

(1− c)ε∗[s,t+1](x)

εt+1(x)
, (5.9)

ε∗[s,t](e
c
s−1(x)) = ε∗[s,t](x) +

(c− 1)ε∗[s−1,t](x)

εs−1(x)
. (5.10)

Proof. Let us only show (5.7) since the others are shown similarly. It follows from (5.5) for
[s, t + 1] that

ε[s,t](x) =
1

εt+1(x)

(
ε[s,t+1](x) +

t−1∑
i=s−1

(−1)t−i−1ε[s,i](x)ε∗[i+1,t+1](x)

)
.

Then applying ec
t to x, we get

ε[s,t](e
c
t+1x) =

1
c−1εt+1(x)

(
ε[s,t+1](x) + c−1

t−1∑
i=s−1

(−1)t−i−1ε[s,i](x)ε∗[i+1,t+1](x)

)

=
1

εt+1(x)
(cε[s,t+1](x) + ε[s,t](x)εt+1(x)− ε[s,t+1](x))

= ε[s,t](x) +
(c− 1)ε[s,t+1](x)

εt+1(x)
. �

By this result, we know that all explicit forms of the action by ec
i on epsilon systems.
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5.2 The proof of Proposition 5.3

Let us prove Proposition 5.3. It is trivial to show (5.3). As for (5.4), the crucial cases are: for
J = [s, t]

εJ(ec1
s−1e

c1c2
s ec2

s−1x) = εJ(ec2
s ec1c2

s−1ec1
s x), (5.11)

εJ(ec1
t ec1c2

t+1 ec2
t x) = εJ(ec2

t+1e
c1c2
t ec1

t+1x), (5.12)
ε∗J(ec1

s−1e
c1c2
s ec2

s−1x) = ε∗J(ec2
s ec1c2

s−1ec1
s x), (5.13)

ε∗J(ec1
t ec1c2

t+1 ec2
t x) = ε∗J(ec2

t+1e
c1c2
t ec1

t+1x). (5.14)

Using the results in Proposition 5.6, let us show (5.11)

ε[s,t](e
c1
s−1e

c1c2
s ec2

s−1x) = c1ε[s,t](e
c1c2
s ec2

s−1x) +
(1− c1)ε[s−1,t](ec1c2

s ec2
s−1x)

εs−1(ec1c2
s ec2

s−1x)

= c−1
2

(
c2ε[s,t](x) +

(1− c2)ε[s−1,t](x)
εs−1(x)

)
+

(1− c1)ε[s−1,t](x)(ε[s−1,s](x) + c2ε
∗
[s−1,s](x))

c2εs−1(x)(c1ε[s−1,s](x) + ε∗[s−1,s](x))

= ε[s,t](x) +
ε[s−1,t](x)
c2εs−1(x)

(
1− c2 +

(1− c1)(ε[s−1,s](x) + c2ε
∗
[s−1,s](x))

c1ε[s−1,s](x) + ε∗[s−1,s](x)

)

= ε[s,t](x) +
ε[s−1,t](x)
c2εs−1(x)

(1− c1c2)(ε[s−1,s](x) + ε∗[s−1,s](x))

c1ε[s−1,s](x) + ε∗[s−1,s](x))

= ε[s,t](x) +
(1− c1c2)ε[s−1,t](x)εs(x)

c2(c1ε[s−1,s](x) + ε∗[s−1,s](x))
,

where the last equality is derived from ε[s−1,s](x) + ε∗[s−1,s](x) = εs−1(x)εs(x). We also have

ε[s,t](e
c2
s ec1c2

s−1ec1
s x) = c−1

2 ε[s,t](e
c1c2
s−1ec1

s x) = c−1
2

(
c1c2ε[s,t](e

c1
s x) +

(1− c1c2)ε[s−1,t](ec1
s x)

εs−1(ec1
s x)

)
= ε[s,t](x) +

(1− c1c2)ε[s−1,t](x)εs(x)
c2(c1ε[s−1,s](x) + ε∗[s−1,s](x))

.

Thus, we obtained (5.11). The others are also shown by direct calculations:

ε[s,t](e
c1
t ec1c2

t+1 ec2
t x) = ε[s,t](x) +

(c1c2 − 1)ε[s,t+1](x)εt(x)
ε[t,t+1](x) + c2ε∗[t,t+1](x)

= ε[s,t](e
c2
t+1e

c1c2
t ec1

t+1x),

ε∗[s,t](e
c1
s−1e

c1c2
s ec2

s−1x) = ε∗[s,t](x) +
(c1c2 − 1)ε∗[s−1,t](x)εs(x)

c1ε[s−1,s](x) + ε∗[s−1,s](x)
= ε∗[s,t](e

c2
s ec1c2

s−1ec1
s x),

ε∗[s,t](e
c1
t ec1c2

t+1 ec2
t x) = ε∗[s,t](x) +

(1− c1c2)ε∗[s,t+1](x)εt(x)

c1(ε[t,t+1](x) + c2ε∗[t,t+1](x))
= ε∗[s,t](e

c2
t+1e

c1c2
t ec1

t+1x). �

Let g be a Kac–Moody Lie algebra associated with the index set I and gJ be a subalgebra
associated with a subset J ⊂ I. Let X = (X, {γi}, {εi}, {ei})i∈I be a g-geometric crystal. Then
it has naturally a gJ -geometric crystal structure and denote it by XJ .

Definition 5.7. In the above setting, if gJ is isomorphic to the Lie algebra of type An for
some n and the geometric crystal XJ has an epsilon system EXJ

of type An, then we call it
a local epsilon system of type An associated with the index set J .

Remark. An ε-geometric crystal has naturally a local epsilon system associated with each
sub-interval of I.

Example 5.8. In Example 5.4(ii), {ε2, ε3, ε23, ε
∗
23} ⊂ E is a local epsilon system of type A2

associated with the interval {2, 3}.
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5.3 Product structures on epsilon systems

Theorem 5.9. Let X and Y be ε-geometric crystals. Suppose that the product X × Y has
a geometric crystal structure. Then X×Y turns out to be an ε-geometric crystal as follows: for
ε-systems EX := {εX

J , εX∗
J }J∈J of X and EY := {εY

J , εY ∗
J }J∈J of Y, set

ε[s,t](x, y) :=
t∑

k=s−1

εY
[s,k](y)εX

[k+1,t](x)
k∏

j=s
γX

j (x)
, (5.15)

ε∗[s,t](x, y) :=
t∑

k=s−1

ε∗X
[s,k](x)ε∗Y

[k+1,t](y)
t∏

j=k+1

γX
j (x)

. (5.16)

Then EX×Y := {ε[s,t](x, y), ε∗[s,t](x, y)}[s,t]∈J defines an epsilon system of X× Y.

Example 5.10. We have

ε123(x, y) = ε123(x) +
ε1(y)ε23(x)

γ1(x)
+

ε12(y)ε3(x)
γ1(x)γ2(x)

+
ε123(y)

γ1(x)γ2(x)γ3(x)
.

Proof. First, we shall show (5.1). For c ∈ C× and (x, y) ∈ X × Y , set ec
i (x, y) = (ec1

i x, ec2
i y)

where

c1 :=
cϕi(x) + εi(y)
ϕi(x) + εi(y)

, c2 :=
c

c1
, ϕi(x) := εi(x)γi(x).

Let us see ε[s,t](ec
s(x, y)) = c−1ε[s,t](x, y). Each summand

εY
[s,k]

(y)εX
[k+1,t]

(x)

k∏
j=s

γX
j (x)

in (5.15) is changed by

the action of ec
s as follows (we omit the superscripts X and Y):

ε[s,t](e
c1
s x) = c−1

1 ε[s,t](x), k = s− 1, (5.17)
εs(ec2

s y)ε[s+1,t](ec1
s x)

γs(ec1
s x)

=
εs(y)

c2
1c2γs(x)

(
c1ε[s+1,t](x) +

(1− c1)ε[s,t](x)
εs(x)

)
, k = s, (5.18)

ε[s,k](ec2
s y)ε[k+1,t](ec1

s x)
γs(ec1

s x) · · · γk(ec1
s x)

=
ε[s,k](y)ε[k+1,t](x)
cγs(x) · · · γk(x)

, k > s,

where the second formula is obtained by (5.8). Now, taking the summation of (5.17) and (5.18),
we have

ε[s,t](x)
(

c−1
1 +

(1− c1)εs(y)
cc1ϕs(x)

)
+

εs(y)ε[s+1,t](x)
cγs(x)

= c−1
1 ε[s,t](x)

cϕs(x) + εs(y)
c(ϕs(x) + εs(y))

+
εs(y)ε[s+1,t](x)

cγs(x)
= c−1

(
ε[s,t](x) +

εs(y)ε[s+1,t](x)
γs(x)

)
.

Thus we have ε[s,t](ec
s(x, y)) = c−1ε[s,t](x). The others are obtained by the similar argument.

Next, let us show (5.2). Set the right hand-side of (5.15) (resp. (5.16)) X[s,t](x, y) (resp.
X∗

[s,t](x, y)). By Lemma 5.5, it suffices to show that the relation (5.5) holds for X[s,t](x, y)
and X∗

[s,t](x, y)

t∑
j=s−1

(−1)jX[s,j](x, y)X∗
[j+1,t](x, y)
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=
t∑

j=s−1

(−1)j


j∑

k=s−1

ε[s,k](y)ε[k+1,j](x)
k∏

p=s
γp(x)




t∑
m=j

ε∗[j+1,m](x)ε∗[m+1,t](y)
t∏

q=m+1
γq(x)


=

∑
s−1≤k≤m≤t

ε[s,k](y)
k∏

p=s
γp(x)

ε∗[m+1,t](y)
t∏

q=m+1
γq(x)

 m∑
j=k

(−1)jε[k+1,j](x)ε∗[j+1,m](x)


=

1
t∏

p=s
γp(x)

∑
s−1≤k≤t

(−1)kε[s,k](y)ε∗[k+1,t](y) = 0

since
m∑

j=k

(−1)jε[k+1,j](x)ε∗[j+1,m](x) = 0 for k < m and
∑

s−1≤k≤t

(−1)kε[s,k](y)ε∗[k+1,t](y) = 0

by (5.5). Hence, we showed that {X[s,t](x, y), X∗
[s,t](x, y) | s, t ∈ I (s ≤ t)} satisfy (5.5), which is

equivalent to (5.2) by Lemma 5.5. �

Example 5.11. D
(1)
5 -case [3, 4]. Set the index set I = {0, 1, 2, 3, 4, 5}. The geometric crystal BL

is defined as follows:

BL := {l = (l1, . . . , l5, l4, . . . , l1) ∈ (C×)9|l1l2 · · · l2l1 = L},

ε0(l) = l1

(
l2

l2
+ 1
)

, εi(l) = li

(
li+1

li+1

+ 1
)

(i = 1, 2, 3), ε4(l) = l5l4, ε5(l) = l4,

γ0(l) =
l1l2
l1l2

, γi(l) =
lili+1

lili+1

(i = 1, 2, 3), γ4(l) =
l4

l5l4
, γ5(l) =

l4l5

l4
,

ec
0(l) = (ξ−1

1 l1, c
−1ξ1l2, . . . , ξ1l2, cξ

−1
1 l1),

ec
i (l) = (. . . , cξ−1

i li, c
−1ξili+1, . . . , ξili+1, ξ

−1
i li, . . . ) (i = 1, 2, 3),

ec
4(l) = (. . . , c · l4, c−1l5, . . . ), ec

5(l) = (. . . , c · l5, c−1l4, . . . ).

where ξi = li+1+cli+1

li+1+li+1
. There are several local epsilon systems of type A4 in the D

(1)
5 -geometric

crystal BL associated with e.g., {0, 2, 3, 4}, {0, 2, 3, 5} ⊂ I. Then, we have

ε02(l) = l1l2

(
l3

l3
+ 1
)

, ε∗02(l) = l1l2

(
l3

l3
+ 1
)

, εi i+1(l) = lili+1

(
li+2

li+2

+ 1
)

,

ε∗i i+1(l) = lili+1

(
li+2

li+2

+ 1
)

(i = 1, 2), ε34(l) = l3l4l5,

ε∗34(l) = l3l4l5, ε35(l) = l3l4, ε∗35(l) = l3l4,

ε023(l) = l1l2l3

(
l4

l4
+ 1
)

, ε∗023(l) = l1l2l3

(
l4

l4
+ 1
)

,

ε234(l) = l2l3l4l5, ε∗234(l) = l2l3l4l5,

ε0234(l) = l1l2l3l4l5, ε∗0234(l) = l1l2l3l4l5,

ε0235(l) = l1l2l3l4, ε∗0235(l) = l1l2l3l4, . . . etc.

◦ 0

??
??

??
?? ◦

4

��
��

��
��

◦
2

◦
3

◦ 1

�������� ◦
5

????????

6 Epsilon systems on the Borel subgroup B−

We shall show that there exists a canonical epsilon system on the (opposite) Borel subgroup B−.
Indeed, it is a prototype of general epsilon systems and derives an epsilon system to any An-
geometric crystals induced from unipotent crystals.



Epsilon Systems on Geometric Crystals of type An 11

In this section we shall identify B− with the set of lower triangular matrices in SLn+1(C).
Let T := {diag(t1, . . . , tn+1) ∈ SLn+1(C)} be the maximal torus in B−. For x ∈ B− there
exist a unique unipotent matrix x− ∈ U− and a unique diagonal matrix x0 ∈ T such that
x = x−x0. Then the geometric crystal structure on B− is described as follows: For x ∈ B−,
write x0 = diag(t1, . . . , tn+1) and (i, j)-entry of x− as

(x−)i,j =


uj if i = j + 1,

uj,i−1 if i > j + 1,

1 if i = j,

0 otherwise.

For example, for n = 2-case,

x− =

 1 0 0
u1 1 0
u12 u2 1

 , x0 =

t1 0 0
0 t2 0
0 0 t3

 , x =

 t1 0 0
t1u1 t2 0
t1u12 t2u2 t3

 .

Now, the rational functions γi and εi are given by γi(x) = ti/ti+1 and εi(x) = ui. The action ec
i

(c ∈ C×) is given by

ec
i (x) = xi

(
c− 1
εi(x)

)
(x) = xi

(
c− 1
εi(x)

)
· x · xi

(
c−1 − 1
ϕi(x)

)
,

where xi(z) = Idn+1 + zEi,i+1 ∈ B ⊂ SLn+1(C).

Proposition 6.1. In the above setting, the epsilon system on B− ⊂ SLn+1(C) are given by:

ε[s,t](x) = us,t, ε∗[s,t](x) = det(Ms,t), s < t,

where Ms,t is the minor of x− as:

Ms,t :=


us 1 0 · · · 0

us,s+1 us+1 1 · · · 0
· · · · · · · · · · · ·

us,t−1 us+1,t−1 · · · · · · 1
us,t us+1,t · · · ut−1,t ut

 .

Proof. By direct calculations, for x ∈ B− we have

(ec
i (x))−=



1 0 · · · · · · · · ·
u1 1 0 · · · · · ·
u12 u2 1 0 · · ·
· · · · · · · · · · · · · · ·

u1,i−1+
(c−1)u1,i

ui
· · · · · · ui−1 + (c−1)ui−1,i

ui
1 · · · · · · · · ·

u1,i u2,i · · · ui−1,i
ui
c 1 0 · · ·

· · · · · · · · · · · · ui,i+1

c c
(
ui+1+

(c−1−1)ui,i+1

ui

)
1 · · ·

· · · · · · · · · · · · · · · · · · · · ·
u1,n u2,n · · · · · · ui,n

c c
(
ui+1,n+ (c−1−1)ui,n

ui

)
un 1


.

The formula (5.1) in Definition 5.2 is shown by using this.
We can easily see

det(Ms,t) = us det(Ms+1,t)− us,s+1 det(Ms+2,t) + · · ·+ (−1)t−sus,t.

Thus, by the induction on t− s, we obtain (5.2). �
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Next, we shall see an epsilon system on a geometric crystal induced from a unipotent crystal.
Let (X, f) be a unipotent SLn+1(C) crystal, where f : X → B− is a U -morphism. We assume
that any rational function εi is not identically zero. By Theorem 2.5, we get the geometric
crystal X = (X, {ec

i}, {γi}, {εi}).

Theorem 6.2. The geometric crystal X as above is an ε-geometric crystal. Indeed, by setting

εX
[s,t](x) := εB−

[s,t](f(x)), (6.1)

ε∗X
[s,t](x) =

∑
P∈P[s,t]

(−1)(t−s+1)−l(P )εX
P (x), (6.2)

the set EX := {εX
[s,t](x), ε∗X

[s,t](x)|1 ≤ s ≤ t ≤ n} defines an epsilon system on X.

Proof. The relation (5.2) is immediate from (6.2). Since f(ec
i (x)) = ec

i (f(x)) and εB−

[s,t] sat-
isfies (5.1), we can easily obtain (5.1) for εX

[s,t]. �

7 Epsilon systems and tropical R maps

Let X = (X, {ec
i}, {γi}, EX) and Y = (Y, {ec

i}, {γi}, EY) be ε-geometric crystals, where EX
(resp. EY) is the epsilon system of X (resp. Y). Suppose that there exists a tropical R-map

R : X × Y → Y ×X.

Let EX×Y = {εX×Y
J , ε∗X×Y

J }J∈J (resp. EY×X = {εY×X
J , ε∗Y×X

J }J∈J ) be the epsilon system on
X× Y (resp. Y× X) obtained from EX and EY by Theorem 5.9.

Theorem 7.1. The epsilon systems EX×Y and EY×X are invariant by the action of R in the
following sense:

εY×X
J (R(x, y)) = εX×Y

J (x, y), ε∗Y×X
J (R(x, y)) = ε∗X×Y

J (x, y), (7.1)

for any J ∈ J .

Proof. Let us show the theorem by the induction on the length of intervals J , denoted |J |.
Assume that we have (7.1) for |J | < n. The case |J | = 1 is obtained from (4.2) in Definition 4.1:
the definition of tropical R maps. Now, we shall show

εY×X
I (R(x, y)) = εX×Y

I (x, y), ε∗Y×X
I (R(x, y)) = ε∗X×Y

I (x, y).

By Theorem 5.9, we have

ε∗X×Y
I (x, y) =

∑
P∈PI

(−1)n−l(P )εX×Y
P (x, y). (7.2)

In the above summation, if a partition P ∈ PI is different from I = {1, 2, . . . , n}, then εX×Y
P (x, y)

is invariant by the induction hypothesis. Thus, we have

ε∗Y×X
I (R(x, y)) = (−1)n−1εY×X

I (R(x, y)) +
∑

P∈PI , P 6=I

(−1)n−l(P )εX×Y
P (x, y). (7.3)

It follows from (7.2) and (7.3) that

ε∗Y×X
I (R(x, y))− ε∗X×Y

I (x, y) = (−1)n−1(εY×X
I (R(x, y))− εX×Y

I (x, y)). (7.4)
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Here, using (5.1) we have

ε∗Y×X
I (Rec

1(x, y)) = ε∗Y×X
I (ec

1R(x, y)) = ε∗Y×X
I (R(x, y)),

ε∗X×Y
I (ec

1(x, y)) = ε∗X×Y
I (x, y),

εY×X
I (Rec

1(x, y)) = εY×X
I (ec

1R(x, y)) = c−1εY×X
I (R(x, y)),

εX×Y
I (ec

1(x, y)) = c−1εX×Y
I (x, y).

Applying these to (7.4), for any c ∈ C× one has

ε∗Y×X
I (R(x, y))− ε∗X×Y

I (x, y) = (−1)n−1c−1(εY×X
I (R(x, y))− εX×Y

I (x, y)).

Hence, we obtain

ε∗Y×X
I (R(x, y)) = ε∗X×Y

I (x, y), εY×X
I (R(x, y)) = εX×Y

I (x, y),

which completes the proof. �

Observing this proof, it is easy to get the following:

Corollary 7.2. Let X (resp. Y) be an ε-geometric crystal with the epsilon system EX =
{εX

J , ε∗X
J }J∈J (resp. EY = {εY

J , ε∗Y
J }J∈J ) and F : X → Y a homomorphism of geometric crystals,

that is, F is a rational map commuting with the action of any ei and preserving the functions εi

and γi. Then we obtain for any J ∈ J

εY
J (F (x)) = εX

J (x), ε∗Y
J (F (x)) = ε∗X

J (x).

7.1 Application-uniqueness of A(1)
n -tropical R map

Let {BL}L>0 be the family of A
(1)
n -geometric crystals as in Example 4.3. If we forget the index 0,

BL can be seen as an An-geometric crystal and is equipped with following local epsilon system
of type An:

εi(l) = li+1 = ε∗i (l), ε∗[s,t](l) = 0, ε[s,t](l) = ls+1ls+2 · · · lt+1,

for l = (l1, . . . , ln+1) ∈ BL.

Proposition 7.3. Let R : BL×BM → BM ×BL be the tropical R map in Example 4.3. Then R
is the unique tropical R maps from BL × BM to BM × BL.

Proof. For BL × BM , by Theorem 5.9 we have

εi(l,m) = li+1 +
li+1mi+1

li
, i = 1, . . . , n,

ε∗i,i+1(l, m) = ε∗i,i+1(l) +
εi+1(m)εi(l)

γi+1(l)
+

ε∗i,i+1(m)
γi(l)γi+1(l)

= li+2mi+2, i = 1, . . . , n− 1.

Set l̃ := L
1

n+1 , m̃ := M
1

n+1 , l0 := (l̃, . . . , l̃) ∈ BL and m0 := (m̃, . . . , m̃) ∈ BM . Then it is
immediate from the explicit form of R as in (4.5) that

R(l0,m0) = (m0, l0).

Let R′ be an arbitrary tropical R-map from BL × BM to BM × BL. Set (l′,m′) := R′(l0,m0) ∈
BM × BL. By Theorem 7.1, for any interval J we have

εJ(l′,m′) = εJ(R′(l0,m0)) = εJ(l0,m0), ε∗J(l′,m′) = ε∗J(R′(l0,m0)) = ε∗J(l0,m0),
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and γi(l′,m′) = γi(l0,m0). These equations can be solved uniquely. Indeed, solving the system
of equations εi(l′,m′) = εi(l0,m0), γi(l′,m′) = 1(= γi(l0,m0)) (i = 1, . . . , n) and ε∗i,i+1(l

′,m′) =
ε∗i,i+1(l0,m0) (i = 1, . . . , n− 1), that is, for l′ ∈ BM and m′ ∈ BL,

l′i+1 +
l′i+1m

′
i+1

l′i
= l̃ + m̃, l′im

′
i = l′i+1m

′
i+1, i = 1, . . . , n,

l′i+2m
′
i+2 = l̃m̃, i = 1, . . . , n− 1,

we obtain the unique solution l′i = m̃ and m′
i = l̃ for any i = 1, . . . , n + 1, which implies

(l′,m′) = (m0, l0),

and then R′(l0,m0) = R(l0,m0). According to the remark in Section 4, we have BL
∼= VL and

then by Corollary 3.4, BL × BM is prehomogeneous. Therefore, by Lemma 3.2 or Theorem 4.2
we have R = R′. �

Remark. We expect that this method is applicable to the tropical R maps of other types [3].
But we do not have explicit answers.

Acknowledgments

The author thanks the organizers of the conference “Geometric Aspects of Discrete and Ultra-
Discrete Integrable Systems” for their kind hospitality. He is supported in part by JSPS Grants-
in-Aid for Scientific Research #19540050.

References

[1] Berenstein A., Kazhdan D., Geometric and unipotent crystals, GAFA 2000 (Tel Aviv, 1999), Geom. Funct.
Anal. (2000), Special Volume, Part I, 188–236, math.QA/9912105.

[2] Kashiwara M., Nakashima T., Okado M., Affine geometric crystals and limit of perfect crystals, Trans.
Amer. Math. Soc. 360 (2008), 3645–3686, math.QA/0512657.

[3] Kashiwara M., Nakashima T., Okado M., Tropical R maps and affine geometric crystals, Represent. Theory,
to appear, arXiv:0808.2411.

[4] Kuniba A., Okado M., Takagi T., Yamada Y., Geometric crystals and tropical R for D
(1)
n , Int. Math. Res.

Not. 2003 (2003), no. 48, 2565–2620, math.QA/0208239.

[5] Kac V.G., Infinite-dimensional Lie algebras, 3rd ed., Cambridge University Press, Cambridge, 1990.

[6] Kac V.G., Peterson D.H., Defining relations of certain infinite-dimensional groups, in Arithmetic and Geo-
metry, Editors M. Artin and J. Tate, Progress in Mathematics, Vol. 36, Birkhäuser Boston, Boston, MA,
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