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Abstract. We introduce an epsilon system on a geometric crystal of type A,, which is
a certain set of rational functions with some nice properties. We shall show that it is
equipped with a product structure and that it is invariant under the action of tropical R
maps.
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1 Introduction

In the theory of crystal bases, the piecewise-linear functions e; and ¢; play many crucial roles,
e.g., description of highest weight vectors, tensor product of crystals, extremal vectors, etc.
There exist counterparts for geometric crystals, denoted also {&;}, which are rational functions
with several nice properties, indeed, they are needed to describe the product structure of geo-
metric crystals (see Section 2) and in slp-case, the universal tropical R map is presented by using
them [12].

In [1], higher objects €; ; and €;,; are introduced in order to prove the existence of product
structure of geometric crystals induced from unipotent crystals, which satisfy the relation €;e; =
€i,j +¢€j if the vertices i and j are simply laced. It motivates us to define further higher objects,
“epsilon system”.

The aim of the article is to define an “epsilon system” for type A, and reveal its basic
properties, e.g., product structures and invariance under the action of tropical R maps. An
epsilon system is a certain set of rational functions on a geometric crystal, which satisfy some
relations with each other and have simple forms of the action by ef’s.

We found its prototype on the geometric crystal of the opposite Borel subgroup B~ C
SL,+1(C). In that case, indeed, the epsilon system is realized as a set of matrix elements
and minor determinants of unipotent part of a group element in B~ (see Section 6). Therefore,
we know that geometric crystals induced from unipotent crystals are equipped with an epsilon
system naturally.

We shall introduce two remarkable properties of epsilon system: One is a product structure
of epsilon systems. That is, for two geometric crystals with epsilon systems, say X and Y, there
exists canonically an epsilon system on the product of geometric crystals X x Y (see Section 5.3).
The other is an invariance by tropical R maps: Let R : X x Y — Y x X be a tropical R map (see
Section 4) and a?,gXY (resp. a}{XX) an arbitrary element in the epsilon system on X x Y (resp.
Y x X) obtained from the ones on X and Y. Then, we have the invariant property:

eV H(R(z,y)) =& (x,y).

*This paper is a contribution to the Proceedings of the Workshop “Geometric Aspects of Discrete and Ultra-
Discrete Integrable Systems” (March 30 — April 3, 2009, University of Glasgow, UK). The full collection is available
at http://www.emis.de/journals/SIGMA /GADUDIS2009.html
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In the last section, we shall give an application of these results, which shows the uniqueness of
tropical R map on some geometric crystals of type A,(ll).

Since the slp-universal tropical R map is presented by using the rational functions {e;} as
mentioned above, we expect that epsilon systems would be a key to find universal tropical R
maps of higher ranks. For further aim, we would like to extend this notion to other simple Lie

algebras, e.g., B,, C,, and D,. These problems will be discussed elsewhere.

2 Geometric crystals and unipotent crystals

The notations and definitions here follow [2, 5, 6, 7, 8, 9, 10, 11].

2.1 Geometric crystals

Fix a symmetrizable generalized Cartan matrix A = (az‘j)z‘,je 7 with a finite index set I. Let
(t,{ci}ier, {hi}icr) be the associated root data satisfying «j(h;) = a;j. Let g = g(4) =
(t,ei, fi(i € I)) be the Kac-Moody Lie algebra associated with A [5]. Let P C t* (resp.
Q = ®iZ«a;, Q¥ = ®;Zh;) be a weight (resp. root, coroot) lattice such that C @ P = t*
and P C {\|A(QY) C Z}, whose element is called a weight.

Define the simple reflections s; € Aut(t) (i € I) by s;(h) := h — «;(h)h;, which generate the
Weyl group W. Let G be the Kac-Moody group associated with (g, P) [6, 7]. Let Uy, := exp ga
( € A™) be the one-parameter subgroup of G. The group G (resp. UT) is generated by
{Uy|a € AT} (vesp. {Uyla € A™N (D, 4+ Za;)). Here U* is a unipotent subgroup of G. For any
i € I, there exists a unique group homomorphism ¢;: SLy(C) — G such that

bi << (1) i >> = exp(te;), o (( 1 (1) >> = exp(tfi), teC.

Set o () == ((&.21)), wi(t) :==exp (te;), yi(t) :=exp (tfi), Gi == i(SL2(C)), T; := o) (C*)
and N; := Ng,(T;). Let T be the subgroup of G with P as its weight lattice which is called
a mazimal torus in G, and let B*(D T') be the Borel subgroup of G. We have the isomorphism
¢ : W-—5N/T defined by ¢(s;) = N;T/T. An element 3; := x;(—1)y;(1)x;(—1) is in Ng(T),
which is a representative of s; € W = Ng(T')/T.

Definition 2.1. Let X be an ind-variety over C, 7; and &; (i € I) rational functions on X,
and e; : C* x X — X a rational C*-action. A quadruple (X, {e;}ier, {7V, }icr, {€i}icr) is a G
(or g)-geometric crystal if

(i) ({1} x X)Nndom(e;) is open dense in {1} x X for any i € I, where dom(e;) is the domain
of definition of ¢;: C* x X — X.
(ii) The rational functions {v; }icr satisfy v;j(e§(z)) = c¢*9~;(x) for any i, j € I.

(iii) e; and e; satisfy the following relations:

e;lel’ =eje; if a;j = a;; =0,
651651026? = 6526?62651 if a;; = a;; = —1,
112010202 — 0201021201 if 4y = ~2, aj = —1,
6?165:{)62 ;3%02 ;‘;’C% ?162652 — 65265102€;§C% ;%02 ;:1)’02 ?1 if aij = -3, aji = —1.

(iv) The rational functions {e;};cs satisfy ;(e§(x)) = ¢ 1g;(z) and gi(€(z)) = ei(x) if a;; =
aji = 0.
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The relations in (iii) is called Verma relations. If x = (X, {e;}, {7}, {€i}) satisfies the condi-
tions (i), (ii) and (iv), we call x a pre-geometric crystal.

Remark. The last condition (iv) is slightly modified from [2, 9, 10, 11, 12] since all &; appearing
in these references satisfy the new condition ‘c;(e§(z)) = &;(x) if a;; = a;; = 0 and we need
this condition to define “epsilon systems” later.

2.2 Unipotent crystals

In the sequel, we denote the unipotent subgroup U™ by U. We define unipotent crystals (see
[1, 9]) associated to Kac-Moody groups.

Definition 2.2. Let X be an ind-variety over C and o : U x X — X be a rational U-action such
that « is defined on {e} x X. Then, the pair X = (X, «) is called a U-variety. For U-varieties
X =(X,ax)andY = (Y, ay), arational map f : X — Y is called a U-morphism if it commutes
with the action of U.

Now, we define a U-variety structure on B~ = U~ T. As in [8], the Borel subgroup B~ is an
ind-subgroup of G and hence an ind-variety over C. The multiplication map in G induces the
open embedding; B~ x U — G, which is a birational map. Let us denote the inverse birational
map by g : G — B~ xU and let rational maps 7~ : G — B~ and 7 : G — U be ™~ := projg-og
and 7 := projy; o g. Now we define the rational U-action ag- on B~ by

ag-:=m om: Ux B~ — B™,
where m is the multiplication map in G. Then we get U-variety B~ = (B~,ag-).
Definition 2.3.

(i) Let X = (X, «) be a U-variety and f : X — B~ a U-morphism. The pair (X, f) is called
a unipotent G-crystal or, for short, unipotent crystal.

(ii) Let (X, fx) and (Y, fy) be unipotent crystals. A U-morphism g : X — Y is called
a morphism of unipotent crystals if fx = fy o g. In particular, if g is a birational map of
ind-varieties, it is called an isomorphism of unipotent crystals.

We define a product of unipotent crystals following [1]. For unipotent crystals (X, fx),
(Y, fy), define a rational map axxy : U x X xY — X xY by

axxy (u,z,y) = (ax(u,z), ay (r(u- fx(2)),y)).
Theorem 2.4 ([1]).

(i) The rational map axxy defined above is a rational U-action on X X Y.

(it) Let m : B~ x B~ — B~ be a multiplication map and f = fxxy : X XY — B~ be the
rational map defined by

[xxy :=mo (fx X fy).

Then fxxy is a U-morphism and (X XY, fxxy) is a unipotent crystal, which we call
a product of unipotent crystals (X, fx) and (Y, fy).

(#ii) Product of unipotent crystals is associative.
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2.3 From unipotent crystals to geometric crystals

For ¢ € I, set Uii =U*nN EiU:FE;l and U:it =U*N .§Z-Ui§;1. Indeed, Uii = U4q,. Set
Yia, = (T1q, O)Usziq,(—t)[t € C, a € A\ {£a4}),
where x4, (t) = x;(t) and z_4,(t) := y;(t). We have the unique decomposition;

U = Ui_ . Y:tai — U_ai . Ui.

By using this decomposition, we get the canonical projection §; : U~ — U_,,. Now, we define
the function on U~ by

Xi=y; o0& U — U_y,——C,

~—

and extend this to the function on B~ by x;(u-t) := x;(u) foru € U~ and ¢t € T'. For a unipotent
G-crystal (X, fx), we define a function ¢; :=¢;* : X — C by

R

€ :=Xi o [x,
and a rational function v; : X — C by
Yi = ajoprojpo fx: X - B~ =T —C,

where projp is the canonical projection.
Remark. Note that the function ¢; is denoted by ¢; in [1, 9].

Suppose that the function ¢; is not identically zero on X. We define a morphism e;:
C*x X — X by

e2(z) = 2, (g@) (2).

Theorem 2.5 ([1]). For a unipotent G-crystal (X, fx), suppose that the function &; is not
identically zero for any i € I. Then the rational functions v;,e;: X - C ande; : C* x X — X
as above define a geometric G-crystal (X,{e;}ier, {i}ier, {€i}icr), which is called the induced
geometric G-crystals by unipotent G-crystal (X, fx).

Proposition 2.6. For unipotent G-crystals (X, fx) and (Y, fy), set the product (Z, fz) =
(X, fx)x (Y, fy), where Z = X xY . Let (Z,{e? }icr, {77 }ic1,{e? }ic1) be the induced geometric
G-crystal from (Z, fz). Then we obtain:

(i) For eachi€ I, (z,y) € Z,

Wy =t @ (), ey =" (@) + %

(ii) For anyi € I, the action e? : C* x Z — Z is given by: (eZ)°(z,y) = ((eX)(x), (e))2(y)),
where

_ o (@)e (2) + <) (y) _ (¥ @)X (@) +e)

. Y (y)
W@k @ +el(y) 7 e @)X (@) el (y)

2

C1

Here note that ¢jcy = ¢. The formula ¢; and ¢ in [1] seem to be different from ours.
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3 Prehomogeneous geometric crystal

Definition 3.1. Let x = (X, {eS},{7i}. {ei}) be a geometric crystal. We say that x is preho-
mogeneous if there exists a Zariski open dense subset 2 C X which is an orbit by the actions of
the ef’s.

Lemma 3.2 ([3]). Let x; = (Xj,{e}, {7}, {ei}) (j = 1,2) be prehomogeneous geometric crys-
tals. Let Q11 C X1 be an open dense orbit in X1. For isomorphisms of geometric crystals
¢, ¢ x1 — X2, suppose that there exists p1 € Q1 such that ¢(p1) = ¢'(p1) € X2. Then, we have
¢ = ¢ as rational maps.

Theorem 3.3 ([3]). Let x = (X,{ef}, {7} {ei}) be a finite-dimensional positive geometric
crystal with the positive structure 8: (C*)™X) — X and B :=UDgy(x) the crystal obtained as
the ultra-discretization of x. If B is a connected crystal, then x is prehomogeneous.

In [2, 3], we showed that ultra-discretization of the affine geometric crystal V(g); (I > 0)
is a limit of perfect crystal By (g”), where g is the Langlands dual of g. Since for any k €
Z~¢ a tensor product Be,(g”)®* is connected by the perfectness of By (g”) and we have the
isomorphism of crystals

~ k
UD(V(Q)Ll Xowee XV(G)Lk):BOO(gL)® 9 le"‘vaJ >0)
by Theorem 3.3 we obtain the following:

Corollary 3.4 ([3]). V(g)r, X --- X V(g)1, is prehomogeneous.

4 Tropical R maps

Definition 4.1. Let {X)}xca be a family of geometric crystals with the product structures,
where A is an index set. A birational map Ry, : X\ x X, — X, x X}, is called a tropical R
map if they satisfy:

(ei'XuXXA)C °oRaxu = Rauo (erAXXH)C’

XAXXH _ XHXX)\

€; =g o R,
XAXX,,‘ XNXX)\

Vi =% OR)\/J,’

RauRuw Ry = R RauRyuw
for any ¢ € I and A\, u,v € A.

Tropical R maps for certain affine geometric crystals of type A,gl), BT(LI), D,gl), Dgzl, Agb)_l
and Aéi) are described explicitly [3, 4].
The following is immediate from Lemma 3.2 and Corollary 3.4.

Theorem 4.2 ([3]). Let R,R' : Vi, x Vpy — Vi X Vg, be tropical R maps. Suppose that there
exists p € Vi X YV such that R(p) = R'(p). Then we have R = R’ as birational maps.
Let us introduce an example of a tropical R map of type AS).

Example 4.3. Set By := {l = (l1,...,lnt1) |lila---lp4+1 = L}, which is equipped with an
A%l)—geometric crystal structure by:

)= (..,cliyc ™ iyr,..), ) =0/ liv, &)=Ly, i=0,1,...,n.
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The tropical R map on {Br}rer., is given by [4]:

R : BL XBM—>BM XBL, R(l,m) = (l’,m'), (4 5)
Pi(l,m) Pi_1(l,m) (aRgias

/N ) ’ [ ?

l; = m27¢—1(l, 5 m; = 1; Pl,m) where g | | litj | | My j-

k=1 j=k J=1

Remark. In the case g = A%l), we have By, £ V;.

5 Epsilon systems

5.1 Definition of epsilon systems

Definition 5.1. For an interval J :={s,s+1,...,t—1,t} C I ={1,2,...,n} a set of intervals
P ={I,..., I} is called a partition of J if disjoint intervals I, ..., I} satisfy Iy .- U I = J
and max(/;)<min(lj41) (j =1,...,k—1).

For a partition P = {I,...,I;} of some interval .J, set [(P) := k and called the length of P.
Let J be the set of all intervals in I. For an interval J € 7, define

Pj:={P|P is a partition of J}.
For a partition P = {I1,..., I} and symbols e/, (j = 1,..., k), define
Ep =€ "€, €I, -

Definition 5.2. For an A,-geometric crystal X = (X, {ef}, {7i}, {ei}), the set of rational func-
tions on X, say £ = {es,e%|J € J is an interval }, is called an epsilon system of X if they
satisfy the following:

. clej(z) ifi=s,
es(efx) = oy
eg(x) ifi£s—1,st+1,

1 % =t
(e =4 €, S T (5.1
e%(x) ifi#s—1,t,t+1,
ey = Z (=DWI=UP) g for any interval J = {s,s+1,...,t} C I, (5.2)
PeP;

and we set ¢ := ¢; for J = {i}, which is originally equipped with X. Note that €/ =¢;. We call
a geometric crystal with an epsilon system an e-geometric crystal.

The actions of e§_; and ef,; will be described explicitly below, which are derived from (5.1)
and (5.2).

Proposition 5.3. The above definition is well-defined, that is, for any J € J we have

ej(eflefr) = g (efef' x), eyeflefr) = (e el x) if  aiy =aj =0, (5.3)
EJ(eflejlchCQx) = EJ(602601626§1.'I}),
eylef'ef e n) = ej(effef el w), if aij = aj; =—1. (5.4)

More precisely, we claim that if we calculate the both sides of the above equations by using (5.1)
and (5.2), they coincide with each other.
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The proof will be given in the next subsection.
Example 5.4.
(1) I= {1, 2}1 E = {51, £€9,€12,€21 = 5?2} with the relation £921 = €1€2 — €12.
(i) I ={1,2,3}: E = {e1,¢€2,€3,€12,€]9,€23,E53,€123, €193} With the relations for rank 2 and
€193 = €123 — €1€23 — €12€3 + £1€2€3.

The following lemma will be needed in the sequel. Set [I,m] := {l,I+1,...,m—1,m} (I < m)
and if [ > m, [[,m] := @. We also put eg(x) = 1. Let {e;}se7 be an epsilon system on an
e-geometric crystal X.

Lemma 5.5. One of the following relations (5.5) and (5.6) is equivalent to (5.2):

t

Z (—1)Js[s,j]s@+1,t] =0, (5.5)

Jj=s—1
t

> (—1)ef, 6414 = 0, (5.6)

j=s—1
for any s,t € I such that s <t.

Proof. The proof is easily done by using the induction on t — s. |

The following describes the explicit action of ef on epsilon systems which is not given in
Definition 5.2.

Proposition 5.6. We have the following formula for s <t:

(c— 1)5[s,t+1} (z)

ot (b1 (%)) = (@) + —— =0 (5.7)
o (651(0)) = exp ) + ), 5:5)
e 0) = s o) + (5.9
el q(e5 1 (x) = e,y (2) + e gljjs(;l)’” 2 (5.10)

Proof. Let us only show (5.7) since the others are shown similarly. It follows from (5.5) for
[s,t+ 1] that

t—1
1 —i—1 *
Es,1] (x) = m (5[s,t+1] (z) + igl(_l)t €1s,i] (x)g[i-i-l,t-s-l] (x)) .
Then applying ef to z, we get
1 t—1 '
Es,q(€f117) = e (@) <€[s,t+1](x) +c! Z (_1)tl1€[s,i](x)€>[ki+1,t+1](x)>
1=s—1
1
= e (2) (05[s,t+1] (z) + €1s,1] ()ers1(x) — €ls,t+1] (7))
-1
e (c )6[3,t+1]($). -

et+1(z)

By this result, we know that all explicit forms of the action by ef on epsilon systems.
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5.2 The proof of Proposition 5.3

Let us prove Proposition 5.3. It is trivial to show (5.3). As for (5.4), the crucial cases are: for
J = [Sa t]
er(esh el el m) = ey(ePefFed

z),
c1 _ci1c2 C2 ) e ( c1c2 C1 )7
x)

eJ(e; €116 X et+1et €111 %

cic2 ,C2 Cc2 CICQ Cl
EJ(es 165 "€ 1.’L’) _EJ(e € )

eyl eiiefs) = 6J(€t+1€§”2€§i1x)
Using the results in Proposition 5.6, let us show (5.11)

(1 —c1)eps—1,q(egt el 1 x)

eo—1(es' e )

els(esi165' e ) = crgpe (et Pe 1 7) +

o1, . (1 —c2)es—1,(z) (1= cr)efs—1, (@) (Efs—1,5)(x) + c2ef,_y (@)
= Cy <25[s,t]( )+ 85—1(1‘) > 6263_1( )(6165 13]( )—i—es 15]( ))

E[s—1,] (l‘) (1 — Cl)({f[sfl,s] ((l)) + 626[5—1,8}( ))
=ep@)+ ———= | 1—c+
(5,4 (2) cocs_1() ( 2 C1€[s—1,6 (%) + [s 1,5] ()
s 19(@) (L= e102)(Epam1,9(2) + £,y ()
= €[S’t] (x) + *
0255_1(1’) C1€[s—1 S]( ) + E[s—l,s]( ))

(1—0162)5[5 1t]( z)es(z)
02(615[5—1,3}( )"‘5[3_175]( z))

)

= Es,t] (.%‘) +

where the last equality is derived from ef,_y g() + €ls—1,6] (x) = es—1(x)es(z). We also have

(1- 6162)5[5—1,t}(€§1~’f)>

es—1(es'x)

el (es?est FTedte) = ¢y 6[5 yq(estTeste) = 02_1 <clcgs[s7ﬂ(e§1x) +

(1- 6162)5[5—1,t] (z)es()

ca(cr€fs—1,5)(x) + el (@)

Thus, we obtained (5.11). The others are also shown by direct calculations:
(c1ca — 1)e(s 41y (z)er()
Elt,t4+1] (z) + 0253”1] (z)
(crer = 1)ef_y (x)as(x)
c1€s—1,6) () + ETS,LS] (z)
0o oAy

Let g be a Kac-Moody Lie algebra associated with the index set I and g; be a subalgebra
associated with a subset J C I. Let X = (X, {vi},{ei}, {ei})ier be a g-geometric crystal. Then
it has naturally a gj-geometric crystal structure and denote it by X .

= Es,t] (1’) +

c1 Ci1cC2 C2 _
Els, t}(et Cii6 T T) = 5[s,t](33 +

i Cc2 c1c2 C1
_E[st](et—‘rlet 6t+1$)

C1C2

grs,t}( s—1%s es 11’) 5rs,t](x + >[k5 t}(€c2601612601{[})

Definition 5.7. In the above setting, if g; is isomorphic to the Lie algebra of type A, for
some n and the geometric crystal X; has an epsilon system FEx, of type A,, then we call it
a local epsilon system of type A, associated with the index set J.

Remark. An e-geometric crystal has naturally a local epsilon system associated with each
sub-interval of I.

Example 5.8. In Example 5.4(ii), {e2,¢€3,¢23,€53} C E is a local epsilon system of type A
associated with the interval {2, 3}.
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5.3 Product structures on epsilon systems

Theorem 5.9. Let X and Y be e-geometric crystals. Suppose that the product X X Y has
a geometric crystal structure. Then X X Y turns out to be an e-geometric crystal as follows: for
e-systems Ex := {e¥,e5*}jeq of X and By := {e¥,e¥*} jeq of Y, set

i 5?;1?] (y)g[)lg+1,t] ()

Els,t (T, Y) 1= - , (5.15)
A VR
t E*X (x)g*Y (y)
* s,k k+1,
ehgley) =y L (5.16)

t
k=s=1 [] ~+¥(x)
j=k+1

Then Exxy = {€[s (x,y),ers 1 T,Y)}sgeg defines an epsilon system of X x Y.
Example 5.10. We have

e1(y)eas(x)  er2(y)es(x) €123(y)
71 () n(@)y2(r)  n(z)re(z)ys(z)

e123(z,y) = €123(x) +

Proof. First, we shall show (5.1). For ¢ € C* and (z,y) € X x Y, set ef(z,y) = (ej'x,€;%y)
where
cpi(z) +&i(y) c

c1 = m, ORES o pi(z) = &i(2)7i(x).

1 EY k (3/)5)12 1.t (I) . .
Let us see €[5 (e5(7,y)) = ¢ €54 (2, y). Each summand LML i (5.15) is changed by
IT 7% (@)
Jj=s

the action of €¢ as follows (we omit the superscripts X and Y):

Es,(€5'T) = cl_ls[s’t] (x), =s—1, (5.17)
es(€52y)ersq1, (et w) es(y) < (1—c1)esy ($)>
L, - 1oty (@) 4 —— BN o (518
’)/s(esl.f) C%CQ’}/S(x) 1 [-‘rl,t]( ) Es(x) ( )
sk (€2Y)ERr1(e8T) s i (Y)ERt1,(2)

k> s,

vsles'a) o lesta)  evs(@) ()

where the second formula is obtained by (5.8). Now, taking the summation of (5.17) and (5.18),
we have

L (U —e)s®) | esWeig(@)

£let] (%) <Cl T (@) >+ cys(2)
T cps(x) + e5(y) es(y)€[s+1,t](f’3)_c—1 . M
= o @) ) () <[8’t]( N )

Thus we have ef y(€5(z,y)) = ¢ 'e[s y(x). The others are obtained by the similar argument.

Next, let us show (5.2). Set the right hand-side of (5.15) (resp. (5.16)) X[ (,y) (resp.
X (z,y)). By Lemma 5.5, it suffices to show that the relation (5.5) holds for X, (z,y)
and X[ (z,9)

t

Z (_1)JX[S,j] (l’, y)X[*j-}—Lt] (‘T? y)

j=s—1
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1 (@) g1 (Y)

_ i (—1)] i €15,k (Y)E[k+1,5) ()

k t
R T | RN B = | R ACD
pP=s qg=m+1

m

€ls,k (y) E*m 1, (y) 1 *
= > k[ ] o D (W ey (@)ef g (@)
1t [ yyla) 11 le) \iE

p=s g=m+1
1 .
= Z (—1)k5[5,k] (y)g[kJrl,t] (y) =0

H fyp(m) s—1<k<t

p=s
since Z(—l)ja[kﬂﬂ(a:)er.“ m(x) = 0 for kb < m and 3 (—1)k5[37k](y)€rk+1 gw) =0

i=k I s—1<h<t ’

by (5.5). Hence, we showed that { X[, (=, y), X (z,y)|s,t €I (s <t)} satisfy (5.5), which is
equivalent to (5.2) by Lemma 5.5. [

Example 5.11. Dél)—case [3, 4]. Set the index set I = {0,1,2,3,4,5}. The geometric crystal By,
is defined as follows:

BL = {l = (lla . '7l57i47' e azl) € (Cx)g|l1l2 o '2271 = L}’

! s (1l . -
@@:h<;+g, am:u(j*+9 (=123, el =bl, =)=1
2 i+1

111 L;l; . l lal
70(1) = ﬂ’ Vl(l) =3 = (Z = 17 273)7 74(l) = 7%7 75(1) - 4% 57
lila liligq l5l4 ly

e(c)(l) = (51_1117 Cil§1l27 .. 761227 651_121)7
()= (..o e e lig, . Gl &, ) (1= 1,2, 3),
eSO =(..,c-lyc s, ), D) =(..,c-ls, ¢ y,..).

where & = % There are several local epsilon systems of type A4 in the Dél)—geometric

crystal By, associated with e.g., {0,2,3,4},{0,2,3,5} C I. Then, we have

l - (1 - l;
c0a(l) = l1ly (f’ + 1) . et =1y (l?’ + 1) , i (D) =il <z 2 4 1) :

3 3 i+2

77 Li . 3
grip1(l) = lilipa ( 2 4 1) (i=1,2), e34(1) = l3l4ls,

liyo
e34(1) = I3lals, e35(1) = I3ly, eis(1) = lsla,
eo23(l) = lilals (Z + 1) : ehas(l) = lilals (Z + 1> ) 00 °
eosa(l) = lolslals,  hay(l) = lolslals, \O O/
coosa(l) = lilolslals,  etss() = lilalslals, / 2 3\
cooss(l) = hilalsly,  ehnss(l) = Lilalsly, ... etc. S S

6 Epsilon systems on the Borel subgroup B~

We shall show that there exists a canonical epsilon system on the (opposite) Borel subgroup B~.
Indeed, it is a prototype of general epsilon systems and derives an epsilon system to any A,-
geometric crystals induced from unipotent crystals.
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In this section we shall identify B~ with the set of lower triangular matrices in SL,1(C).
Let T := {diag(t1,...,tnt1) € SL,+1(C)} be the maximal torus in B~. For z € B~ there
exist a unique unipotent matrix x_ € U~ and a unique diagonal matrix x¢g € T such that
r = x_xg. Then the geometric crystal structure on B~ is described as follows: For z € B,
write xg = diag(ty,...,tn4+1) and (7, j)-entry of z_ as

uj ife=7541,
uji—1 ifi>j+1,
(x)ij=< """ 7°
1 if i = j,

0 otherwise.

For example, for n = 2-case,

1 0 0 t7 0 O t1 0 0
r_— = (75} 1 0 y Trog — 0 tg 0 y xr = t1u1 tQ 0
Uy Uy 1 0 0 t3 tiu1a tousg t3

Now, the rational functions v; and ¢; are given by v;(z) = t;/t;+1 and €;(z) = u;. The action ef
(c € C*) is given by

where z;(z) = Idp41 + 2E; 41 € B C SLy41(C).
Proposition 6.1. In the above setting, the epsilon system on B~ C SLy4+1(C) are given by:
E[Svt} (x) = uszt7 E?s,t] (':U) = det(Ms,t)7 S < t?

where M, ; is the minor of x_ as:

Ug 1 0 S 0
Us, s+1 Us+1 1 ce 0
My, =
Ust—1 Ust1t—1 " ° T 1
Us,t Us+1,t o U1t Ut

Proof. By direct calculations, for x € B~ we have

1 0
Ug 1 0
U192 u9 1 0
(c—1)uy (c—1)ui—1,
(ec(x)) ul,i—1+ ” ool .. u’L—l + u-z L 1
i - — 1 1 ul
Ui U9 Ui—1 = 1 0
-1
Uj i+1 ) e —1ug 41
...... .. T C ul+1_|_ W ) 1
Uq, (c™1—1)uy,
Ul p Ugp - - ch c (ui+17n+u7i““‘> up 1

The formula (5.1) in Definition 5.2 is shown by using this.
We can easily see

det(Msyt) = Ug det(MerLt) — ’UJS’8+1 det(MerQ,t) e (*1)1&_8’11,57,5.

Thus, by the induction on t — s, we obtain (5.2). [
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Next, we shall see an epsilon system on a geometric crystal induced from a unipotent crystal.
Let (X, f) be a unipotent SL,1(C) crystal, where f : X — B~ is a U-morphism. We assume
that any rational function ¢; is not identically zero. By Theorem 2.5, we get the geometric

crystal X = (X, {ef}, {7}, {ei}).

Theorem 6.2. The geometric crystal X as above is an e-geometric crystal. Indeed, by setting

eis (@) =l g (f(2)), (6.1)
ety = Y (—)It P (), (6.2)
PePs 4

the set Fx = {z—:fi 1 (:L‘),s’["s ]( x)|1 < s <t <n} defines an epsilon system on X.

Proof. The relation (5.2) is immediate from (6.2). Since f(ef(x)) = ef(f(x)) and 5[3 j sat-
isfies (5.1), we can easily obtain (5.1) for 5f§, " [

7 Epsilon systems and tropical R maps

Let X = (X, {ef}, {7}, Ex) and Y = (Y,{ef}, {7}, Ey) be e-geometric crystals, where Ex
(resp. Ey) is the epsilon system of X (resp. Y). Suppose that there exists a tropical R-map

R: XxY—-Y xX.

Let Bxxy = {577, e" Y} jes (vesp. Byxx = {e7%,e57*1 ;c7 ) be the epsilon system on
X x Y (resp. Y x X) obtained from Ex and Ey by Theorem 5.9.

Theorem 7.1. The epsilon systems Exxy and Eyxx are invariant by the action of R in the
following sense:

e R(,y) = (@y), e Rz, y)) = 5V (2, y), (7.1)
forany J € J.

Proof. Let us show the theorem by the induction on the length of intervals J, denoted |J|.
Assume that we have (7.1) for |J| < n. The case |J| = 1 is obtained from (4.2) in Definition 4.1:
the definition of tropical R maps. Now, we shall show

ePER(z,y) =7V (x,y), & VFR(x,y) =Y (2, ).

By Theorem 5.9, we have

ey = Y ()P (). (7.2)
PePy
In the above summation, if a partition P € Py is different from I = {1,2,...,n}, then e5*¥(z, y)

is invariant by the induction hypothesis. Thus, we have

€7YXX(R(SL',y)) _ (—l)n_lff}(XX(R(.’L‘,y)) + Z (_1)n—l(P) XXY(ZE y) (73)
PePy, PAI

It follows from (7.2) and (7.3) that

e PR () — e ) = (1" E R y) - (). (7.4
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Here, using (5.1) we have
er "H(Rei(x,y)) = €7 T (iR (2, y)) = ] T (R(z, ),
&J}XXY( (IE, y)) - &?XXY([Bu y),
el “(Ref(x,y)) = %(XX( iR(z,y)) = ¢ e[ (R(z,y)),
P ek () =

€7 x,y).

Applying these to (7.4), for any ¢ € C* one has
er VR Rz, y) = ep T (w,y) = (1) e e (R, y)) — e (2,y).
Hence, we obtain
ef "ER(,y) = @), e (Riay) = 67 (@),
which completes the proof. |
Observing this proof, it is easy to get the following:

Corollary 7.2. Let X (resp. Y) be an e-geometric crystal with the epsilon system Ex =
{e%, %%} je g (resp. By = {e¥,e% Y} jeq) and F : X — Y a homomorphism of geometric crystals,
that is, F is a rational map commuting with the action of any e; and preserving the functions &;
and v;. Then we obtain for any J € J

ej(F(x) =ej(x), &5 (F(x) = 5" ().
7.1 Application-uniqueness of Ag)-tropical R map

Let {Br,} >0 be the family of Ag)—geometrie crystals as in Example 4.3. If we forget the index 0,
B1, can be seen as an A,-geometric crystal and is equipped with following local epsilon system
of type Aj:

EZ(Z) =lip1 = E;k(l)? EE;’t](l) =0, E[s,t](l) = lst1lst2 - L,
for [ = (ll, .. .,ln+1) € Br.

Proposition 7.3. Let R : By, x By — By x By, be the tropical R map in Example 4.3. Then R
1s the unique tropical R maps from By, x By to By x By,

Proof. For Br x By, by Theorem 5.9 we have

Livim;
eill,m) = lipg + 2L =1,

l;
gi+1(m)ei(l) 5f,¢+1(m)
Yi+1(1) Yi(l)vir1 (1)

eriv1(lm) =€l ;1) + = litamio, i=1,...,n—1

Set [ := Ltt, i := M#+1, Iy == (I,...,1) € By, and mg := (, ...,7m) € By. Then it is
immediate from the explicit form of R as in (4.5) that

R(lo, mo) = (mo,lp).

Let R’ be an arbitrary tropical R-map from By x Bys to By x Br. Set (I',m') := R'(lp,mg) €
Byr x Br,. By Theorem 7.1, for any interval J we have

€J(l/, m/) = €J(Rl(l0,m0)) = 8]([0, TH()), 63(l/, m/) = €§(Rl(l0,m0)) = 83([0, TH()),
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and v;(I',m") = v;(lo, mp). These equations can be solved uniquely. Indeed, solving the system

of equations &;(I',m’) = &;(lo, mo), vi(l',m') = 1(= 7i(lo,mo)) (i =1,...,n) and &f,, ,(I',m') =
€fir1(lo,mo) (i =1,...,n — 1), that is, for I’ € By and m' € By,
U -m! -
1
l;+2m;+2:iﬁl7 i:17...,n_1,
we obtain the unique solution = 7 and m/ = [ for any i = 1,...,n + 1, which implies

(l,, m') == (mo, lo),

and then R'(ly, mg) = R(lp,mo). According to the remark in Section 4, we have By, =V} and
then by Corollary 3.4, B, x By is prehomogeneous. Therefore, by Lemma 3.2 or Theorem 4.2
we have R = R/. [ |

Remark. We expect that this method is applicable to the tropical R maps of other types [3].
But we do not have explicit answers.
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