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1 Introduction

Non-Hermitian Hamiltonians and complex extension of quantum mechanics have recently re-
ceived a lot of attention (see review [1]). This field of mathematical physics came into flower
due to the eigenvalue problem

—"(x) +iz’P(z) = Ey(z),  —oo <x < oo, (1.1)

where () is a desired solution, i = \/—1 is the imaginary unit, F is a complex parameter
(“energy” or spectral parameter).

A complex value Ej of the parameter E is called an eigenvalue of equation (1.1) if this
equation with E = FEj has a nontrivial (non-identically zero) solution y(x) that belongs to the
Hilbert space L?(—o00,00) of complex-valued functions f defined on (—oo, 00) such that

/ (@) P dr < oo

with the inner (scalar) product

o= | " f(@)g(a)de (1.2)

in which the bar over a function denotes the complex conjugate. The function vy (z) is called
an eigenfunction of equation (1.1), corresponding to the eigenvalue Ej.

If we define the operator S : D C L?(—o0,00) — L?(—00, 00) with the domain D consisting of
the functions f € L?(—o0, 00) that are differentiable, with the derivative f’ absolutely continuous
on each finite subinterval of (—oo, 00) and such that

—f" +iz®f € L*(—o0, 00),
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by letting
Sf=—f"+iz®f for feD, (1.3)

then eigenvalue problem (1.1) can be written as Sy = Ev, v € D, ¢ # 0. Consequently,
eigenvalues of equation (1.1) are eigenvalues of the operator S.

Because of the fact that the operator S defined by (1.3) has the complex non-real coefficient
(potential) equal to iz3, this operator is not Hermitian with respect to the inner product (1.2),
that is, we cannot state that

(Sf,9) =(f,Sg)  forall fgeD.

Therefore it is not obvious that the eigenvalues of S may be real (remember that the eigenvalues
of any Hermitian operator are real and the eigenvectors corresponding to the distinct eigenvalues
are orthogonal).

Around 1992 Bessis and Zinn-Justin had noticed on the basis of numerical work that some
of the eigenvalues of equation (1.1) seemed to be real and positive and they conjectured (not in
print) that for equation (1.1) the eigenvalues are all real and positive.

In 1998, Bender and Boettcher [2] generalized the BZJ conjecture, namely, they conjectured
(again on the basis of numerical analysis) that the eigenvalues of the equation

— " (x) — (iz)™p(x) = Ey(x), —00 < x < 00, (1.4)

are all real and positive provided m > 2. Note that in equation (1.4) m is an arbitrary positive
real number and equation (1.1) corresponds to the choice m = 3 in (1.4).

Bender and Boettcher assumed that the reason for reality of eigenvalues of (1.4) (in particular
of (1.1)) must be certain symmetry property of this equation, namely, the so-called PT-symmetry
of it (for more details see [1]).

P (parity) and T' (time reversal) operations are defined by

Pf(z)=f(-z) and  Tf(x)= f(z),
respectively. A Hamiltonian

d2

.
dx?

+ V(x) (1.5)
with complex potential V' (z) is called PT-symmetric if it commutes with the composite opera-
tion PT"

[H, PT] = HPT — PTH = 0.

It is easily seen that PT-symmetricity of H given by (1.5) is equivalent to the condition

The potentials i3 and —(ix)™ of equations (1.1) and (1.4), respectively, are PT-symmetric
(note that iz is not P-symmetric and T-symmetric, separately).

The first rigorous proof of reality and positivity of the eigenvalues of equation (1.4) was given
in 2001 by Dorey, Dunning, and Tateo [3] (see also [4]).

Note that for 0 < m < 2 the spectrum of (1.4) considered in L?(—o0,00) is also discrete,
however in this case only a finite number of eigenvalues are real and positive, and remaining
eigenvalues (they are of infinite number) are non-real. Besides, if m = 4k (k =1,2,...) then for
any complex value of E all solutions of equation (1.4) belong to L?(—o00, 00) (the so-called Weyl’s
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limit-circle case holds) and, therefore, all complex values of E are eigenvalues of equation (1.4)
and hence the spectrum is not discrete for m = 4k (k = 1,2,...) if we consider the problem
in L2(—o00,00). In order to have in the case m > 4 a problem with discrete spectrum Bender
and Boettcher made in [2] an important observation that the equation can be considered on an
appropriately chosen complex contour. Namely, it is sufficient to consider the equation

—Y"(2) = (i2)"Y(z) = EY(z), z€T (1.6)
together with the condition that

|(z)] — 0 exponentially as z moves off to infinity along T, (1.7)
where I is a contour of the form

F={z=z—i|z|[tand : —o0 < = < 00}
with

_ m(m —2)
2(m+2)

Note that the contour I' forms an angle in the lower complex z-plane, of value m — 29 with the
vertex at the origin and symmetric with respect to the imaginary axis.

Next, Mostafazadeh showed in [5] that problem (1.6), (1.7) is equivalent to finding solutions
in L?(—00,00) of the problem

—"(x) + 2| P(z) = Ep(x)p(z), € (—00,0)U (0,00), (1.8)
$(07) =9(0%),  ¥/(07) =ey(0T), (1.9)
where
€2i6 i T
s ={ s i T30 (1.10)

The main distinguishing features of problem (1.8), (1.9) are that it involves a complex-valued
coefficient function p(x) of the form (1.10) and that transition conditions (impulse conditions)
of the form (1.9) are presented which also involve a complex coefficient. Such a problem is
non-Hermitian with respect to the usual inner product (1.2) of space L?(—00,0).

Our aim in this paper is to construct and investigate a discrete version of problem (1.8), (1.9).
Discrete equations (difference equations) form a reach field, both interesting and useful [6, 7).
Discrete equations arise when differential equations are solved approximately by discretization.
On the other hand they often arise independently as mathematical models of many practical
events. Discrete equations can easily been algorithmized to solve them on computers. There is
only a small body of work concerning discrete non-Hermitian quantum systems. Some examples
are [8, 9, 10, 11, 12, 13, 14, 15]. Note that in [15] the author considered a finite discrete
interval version of the infinite discrete interval problem (1.12), (1.13) formulated below, and
found conditions that ensure the reality of the eigenvalues. In the finite discrete interval case
with the zero boundary conditions the problem is reduced to the eigenvalue problem for a finite-
dimensional tridiagonal matrix.

Let Z denote the set of all integers. For any [, m € Z with [ < m, [, m] will denote the discrete
interval being the set {l,I+1,...,m}. Semi-infinite intervals of the form (—oo,!] and [I, 00) will
denote the discrete sets {...,l—2,1— 1,1} and {l,l+ 1,1+ 2,...}, respectively. Throughout the
paper all intervals will be discrete intervals. Let us set

Zo=7\{0,1} ={...,—3,-2, -1} U{2,3,4,...} = (—o0, —1] U [2, 00). (1.11)
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We offer a discrete version of problem (1.8), (1.9) to be

—AN’Yp 1+ GnYn = Apnn, 1 € L, (1.12)
yr =y, Ay = Ay, (1.13)
where y = (yn),cz is a desired solution, A is the forward difference operator defined by Ay, =

Yn+1 — Yn SO that A%y, = Yn+1 — 2Yn + Yn—1, the coefficients ¢, are real numbers given for
n € Zo, 0 € [0,7/2), and p,, are given for n € Zg by

pn = { 22_;55 g Z§ ;1’ (1.14)
One of the main results of the present paper is that if
qn > ¢ >0 for n € Zg (1.15)
and
lim ¢, = oo, (1.16)

In|—o0

then the spectrum of problem (1.12), (1.13) is discrete.

The paper is organized as follows. In Section 2, we choose a suitable Hilbert space and define
the main linear operators L, M, and A = M 'L related to problem (1.12), (1.13). Using these
operators we introduce the concept of the spectrum for problem (1.12), (1.13). In Section 3,
we demonstrate non-Hermiticity of the operators L and A. In Section 4, we present general
properties of solutions of equations of type (1.12), (1.13). In Section 5, we construct two special
solutions of problem (1.12), (1.13) under the condition (1.15). Using these solutions we show in
Section 6 that the operator L is invertible and we describe the structure of the inverse opera-
tor L~!. Finally, in Section 7, we show that the operator L™! is completely continuous if, in
addition, the condition (1.16) is satisfied. This fact yields the discreteness of the spectrum of
problem (1.12), (1.13).

2 The concept of the spectrum for problem (1.12), (1.13)

In order to introduce the concept of the spectrum for problem (1.12), (1.13), define the Hilbert
space [3 of complex sequences y = (yy,) such that

Z ’yn‘Q < oo

n€Zg

n€”Zo

with the inner product and norm

WA= v =V ={ > wl}"

neZo ne€Zo

where Zg is defined by (1.11) and the bar over a complex number denotes the complex conjugate.
Now we try to rewrite problem (1.12), (1.13) in the form of an equivalent vector equation

in [ using appropriate operators. Denote by D the linear set of all vectors y = (yn)nezo €2

such that (qﬂ?/n)nezo € l%. Taking this set as the domain of L, L : D C lg — l% is defined by

(Ly)n = _A2yn—1 + dnYn fOl“ n e ZO,
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where 39 and y; are defined from the equations
Yy-1=y1, Ay_1 = e** Ay;.
Note that yp and y; are needed when we evaluate (Ly),, for n = —1 and n = 2, respectively:

(Ly)-1 = —A% 2+ q 1y-1 = (yo — 2y—1 +y—2) + q-1y—1,
(Ly)a = —A%y1 + qoy2 = (y3 — 2y2 + v1) + q212

and (1.13) gives for y1, yo the expressions
Y1 =Y-1,
Yo =y-1+ e (y2 —y1) = (1 — €*)y_1 + *yp.
Next, define the operator M : lg — l% by
(My),, = pnYn for n € Zy,
where p,, is given by (1.14). Obviously, the adjoint M* of M is defined by

(M*y)n = PpYn; ne Z07
and since |p,| = 1, we get that M is a unitary operator:
MM* = M*M =1,

where the asterisk denotes the adjoint operator and I is the identity operator.
Therefore problem (1.12), (1.13) can be written as

Ly = \My, y € D, or M 'Ly=M\y, y € D.
This motivates to introduce the following definition.

Definition 1. By the spectrum of problem (1.12), (1.13) is meant the spectrum of the operator
A = M~'L with the domain D in the space lg.

Remember that (see [16]) if A is a linear operator with a domain dense in a Hilbert space,
then a complex number A is called a regular point of the operator A if the inverse (A — Al )_1
exists and represents a bounded operator defined on the whole space. All other points of the
complex plane comprise the spectrum of the operator A. Obviously the eigenvalues A of an
operator belong to its spectrum, since the operator (A — )\I)fl does not exist for such points
(the operator A — AI is not one-to-one). The set of all eigenvalues is called the point spectrum of
the operator. The spectrum of the operator A is said to be discrete if it consists of a denumerable
(i.e., at most countable) set of eigenvalues with no finite point of accumulation.

A linear operator acting in a Hilbert space and defined on the whole space is called completely
continuous if it maps bounded sets into relatively compact sets (a set is called relatively compact
if every infinite subset of this set has a limit point in the space, that may not belong to the set).
Any completely continuous operator is bounded and hence its spectrum is a compact subset of
the complex plane. As is well known [16], every nonzero point of the spectrum of a completely
continuous operator is an eigenvalue of finite multiplicity (that is, to each eigenvalue there
correspond only a finite number of linearly independent eigenvectors); the set of eigenvalues is
at most countable and can have only one accumulation point A = 0. It follows that if a linear
operator A with a domain dense in a Hilbert space is invertible and its inverse A~! is completely
continuous, then the spectrum of A is discrete.

In this paper we show that the operator L is invertible under the condition (1.15) and that its
inverse L' is a completely continuous operator if, in addition, the condition (1.16) is satisfied.
This implies that the operator A = M~'L is invertible and A~! = L~'M is a completely
continuous operator. Hence the spectrum of the operator A is discrete.
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3 Non-Hermiticity of the operators L and A

Let (fx) be a given complex sequence, where k € Z. The forward and backward difference

operators A and V are defined by

Afe = frr1— fr and  Vfy = fi — fr-1,

respectively. We easily see that

Vi =Afi-1,
A’ fr = AAfr) = frra — 2fri1 + fro
Ve =V(Vfi) = fx = 2fr1 + fr2,
AV fi = ferr — 2k + fee1 = VASr = A% fry = V2 frqa.
For any integers a,b € Z with a < b we have the summation by parts formulas

b

k=a k=a =
b

k=a k=a

b b
> (AVfi)g = (Afu)gel) | - > (V) (Vgr),
k=a k=a

b b
STAVge = (Afe)grr|l , — Y (Afi)(Agr),
k=a k=a

b
> AV fi)ge — fr(AVg)] = [(Afe)ge — fr(Ag)l_,
k=a

= [(Afo)go — fo(Agp)] = [(Afa-1)ga—1 = fa-1(Dga-1)]-
Theorem 1. Let § € [0,7/2). If 6 = 0, then the operator L is Hermitian:
(Ly,z) = (y, Lz) forall y,z € D.
But if § # 0, then the operator L is not Hermitian.

Proof. Using formula (3.3) and equation
(Ly),, = =A%Yn-1+ n¥yn = —AVYn + quyn  for n € Zy,
where yg and y; are defined from the equations

Y—1 = Y1, Ay 1 = P Ay,

b b
D (Afu)gr = skl — > 1e(Var) = for1gs — faga1 — > fr(Var),
k=a

b b
> (Vie)gr = Fregre o — > fe(Age) = fogosr — fa19a — > fr(Agk),
k=a

(3.3)

(3.4)

and taking into account that for any y = (yn),cz, € 12 we have y, — 0, Ay, — 0 as |n| — oo,

we get for all y,z € D,

<Lya Z> - <y,Lz> = - Z [(AVyn)En - yn(szn)]
neZo

n=—1 o0

=~ Y (AVY)Z0 — 9(AVZ)] = D [(AVYL)Z, — yn(AVZ,)]

n=2
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= —[(Ay-1)z—1 —y-1(AZ-1)] + [(Ay)Z1 — y1(AZ1)]
—[(Ay-1)z-1 —y-1(AZ-1)] + [E_Qié(ﬁy—l)?q - y*leQid(Azfl)]
= (6722’6 — 1) (Ay_1)§_1 — (€2i6 — 1)y_1(A§_1).

Thus,

(Ly,z) — (y,Lz) = (72 —1)(Ay_1)7_1 — (¢ — 1)y_1(AZ_1), (3.5)
for all y, z € D. Formula (3.5) shows that if § = 0, then the operator L is Hermitian:

(Ly,z) = (y, Lz) for all y,z € D.

The same formula shows that if § # 0 (recall that § € [0,7/2)), then the operator L is not
Hermitian:

(Ly, z) # (y, Lz) for some y,z € D.
The theorem is proved. n
Theorem 2. Let § € [0,7/2). If § = 0, then the operator A = M 'L is Hermitian:

(Ay, z) = (y, Az) forall y,z € D.
But if § # 0, then the operator A is not Hermitian.
Proof. We have for any y,z € D,

(Ay,z) — (y,Az) = (M 'Ly, 2 ) —(y M71L2> = (Ly,Mz) — (My, Lz)

= > [~(AVY) + @atnlpnzn — Y puynl—(AVZ,) + g0

neZo neZo
= Z [((AVYn)Przn — pryn(AVZ,)] + Z (Pn. = Pn)@nYnZn.
n€Zo n€Zo
Next, from
_ e if p < -1, q _ e~ if n < -1,
Pn 20 if > 2, an Pn= % if pn> 2,
we find

_ { —2isin2d if n < -1,
Pn =

Pn 2isin28  if n> 2,
so that
n=—1
Z (p pn)Qnynzn = —2isin 20 Z GnYnZn + 2isin 20 Z AnYnZn-
neZo n=2

Besides, using formula (3.2) and equations in (3.4), we obtain

n=-—1

=) [(AVY)PrZn — pryn(AVEZR)] = 720 Y " (AVY, )2, — 70> (AVY,)Z,
neZo —00 n=2

n=-—1

+ 20 Z Yn(AVZ,) + 29 Z Yn(AVZy)

n=2
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n=-—1 00
== Ay 1)Z 1+ e D (V) (VZEn) + €2 (Ay1)Z1 + €20 (Vi) (VZn)
—00 n=2
+ ey (AZ ) = 0 Y (Vyn)(VEn) — e 20y (AZ1) — e 0> (V) (VEn)
—00 n=2
= (1 — 6_2i6) (Ay,1)§,1 — (1 — €2i6)y,1(A§,1)
n=-—1 o]
—2isin25 Y (Vyn)(VZn) +2isin20 > (Vyn)(VZn).
—00 n=2
Thus,
(Ay,z) = (y,Az) = (1 — ) (Ay_1)z-1 — (1 — )y 1(AZ1)
n=-—1 0o
—2isin26 Y [(Vyn)(VZn) + @nynZn + 205020 > [(Vyn)(VZn) + GutnZnl.  (3.6)
—00 n=2

Formula (3.6) shows that if § = 0, then the operator A is Hermitian and if 6 # 0, then A is not
Hermitian. |

Remark 1. In the case § =0 we have A = L.

4 Second order linear difference equations with impulse
Consider the second order linear homogeneous difference equation with impulse

— A%y, 1 4 payn = 0, n € Zy=2Z\{0,1} = (—o0, —1] U [2, 00), (4.1)
y—1=diy1,  Ay-_1 =d2Ayi, (4.2)

where y = (y,,) with n € Z is a desired solution, the coefficients p,, are complex numbers given
for n € Zp; di, da presented in the “impulse conditions” (transition conditions) in (4.2) are
nonzero complex numbers.

Using the definition of A-derivative we can rewrite problem (4.1), (4.2) in the form

—Yn—1 +5nyn — Ynt1 = 0, ne <_OO> _1] U [27 OO), (4-3>
y—1 = d1y1, Yo — y—1 = da(y2 — y1), (4.4)

where
Dn = Pn + 2, n € (—oo, —1] U [2, 00).

Theorem 3. Let ng be a fized point in Z and cg, c1 be given complex numbers. Then problem
(4.1), (4.2) has a unique solution (yy), n € Z, such that

Yny = €0, Ayn, = 1, that is, Yny = €0, Ynog+1 = Co +¢1 = ). (4.5)
Proof. First assume that ng € (—oo, —1]. We can rewrite equation (4.3) in the form

Yn—1=DnYn — Yn+1 =0,  n € (—o0,—1JU[2,00) (4.6)
as well as in the form

Yn+1 = ﬁnyn — Yn—1 = 07 n e (_007 _1] U [27 OO) (47)
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Using the initial conditions (4.5) we find, recurrently (step by step), y, for n < ng+ 1 uniquely
from (4.6) and for ng + 2 < n < —1 uniquely from (4.7). Then we find y; and y from the
transition conditions (4.4) and then we find y, for n > 3 uniquely from (4.7).

In the case ng € [1,00) we are reasoning similarly; using equations (4.6), (4.7) we first
find y,, uniquely for n > 1 and then using the transition conditions (4.4) we pass to the interval
(—o0, —1].

Finally, if ng = 0, then we find yy and y; uniquely from the initial conditions (4.5) with ng = 0.
Then we find y_; and y» from the transition conditions (4.4). Next, solving equation (4.6) at
first on (—oo, —1] we find ¥, uniquely for n € (—oo,—2] and then solving (4.7) on [2,00) we
find y,, uniquely for n € [3,0). [

Definition 2. For two sequences y = (y,,) and z = (z,) with n € Z, we define their Wronskian by
Wn(ya Z) = ynlzp — (Ayn)zn = YnZn+1 — Yn+12n, n € 7.

Theorem 4. The Wronskian of any two solutions y and z of problem (4.1), (4.2) is constant
on each of the intervals (—oo, —1] and [1,00):

R P A e o
In addition,

w™ = dydaw™ (4.9)
and

Woly, 2) = —daw™. (4.10)

Proof. Suppose that y = (y,) and z = (z,), where n € Z, are solutions of (4.1), (4.2). Let us
compute the A-derivative of W, (y, z). Using the product rule for A-derivative

A(fngn) = (Afn)gn + fn+1Agn = angn + (Afn)gnJrla
we have
AW, (y,2) = A [ynAzn, — (Ayp)zn] = (Ayn) Az, + yn+1A22n — (Ayp)Az, — (Azyn)an
= yn+1A22n - (A2yn)zn+1-

Further, since y,, and z, are solutions of (4.1), (4.2),

A2yn = Pn+1Yn+1, nc (_007 _2] U [17 OO),
A2271 = Pn+12n+1, n e (—OO, _2] U [17 OO)
Therefore

AWp(y,z) =0  for n e (—oo0,—2]U[l,00).

The latter implies that W, (y, z) is constant on (—oo,—1] and on [1,00). Thus we have (4.8),
where w™ and w™ are some constants (depending on the solutions y and z).
Next using (4.8) and the impulse conditions in (4.2) for y,, and z,, we have

wo =W_oi(y,2) =y-1Az_1 — (Ay_1)z—1 = di1da[y1Az1 — (Ay1)z1]
= d1dsWi(y, 2) = didow™,

so that (4.9) is established.
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Finally, from the impulse conditions in (4.2) we find that

Yo = (di — d2)y1 + dayso.

Substituting this expression for yy and zy into

Woly, 2) = yoz1 — Y120,

we get
Wo(y, 2) = —daWi(y, z) = —daw™.
Therefore (4.10) is also proved. [

Corollary 1. Ify and z are two solutions of (4.1), (4.2), then either Wy, (y,z) = 0 for alln € Z
or Wy(y,z) #0 for alln € Z.

By using Theorem 3, the following two theorems can be proved in exactly the same way when
equation (4.1) does not include any impulse conditions [6].

Theorem 5. Any two solutions of (4.1), (4.2) are linearly independent if and only if their
Wronskian is not zero.

Theorem 6. Problem (4.1), (4.2) has two linearly independent solutions and every solution
of (4.1), (4.2) is a linear combination of these solutions.

We say that y = (y,,) and z = (z,), where n € Z, form a fundamental set (or fundamental
system) of solutions for (4.1), (4.2) provided that they are solutions of (4.1), (4.2) and their
Wronskian is not zero.

Let us consider the nonhomogeneous equation

_Azyn—l + DnYn = hn: ne (—007 _1} U [27 OO), (411)
with the impulse conditions

y—1=diy1,  Ay-1 =d2Ayi, (4.12)

where h,, is a complex sequence defined for n € (—o0,—1] U [2,00). We will extend h,, to the
values n = 0 and n = 1 by setting

ho = hy = 0. (4.13)

Theorem 7. Suppose that u = (uy) and v = (vy,) form a fundamental set of solutions of the
homogeneous problem (4.1), (4.2). Then a general solution of the corresponding nonhomogeneous
problem (4.11), (4.12) is given by

Yn = ClUp + C2Up + T, n € Z,
where c1, ca are arbitrary constants and
O s — Ugv
_ Z s S i n<o0,
— Ws(u,v)
Tn=9 " (4.14)

UpVs — UsUp .
———h > 1.
Wi(u,v) ° iz
s=1
Proof. Taking into account (4.13) it is not difficult to verify that the sequence z,, defined
by (4.14) is a particular solution of (4.11), (4.12), namely, x,, satisfies equation (4.11) and the

conditions
r_1 = Ax_l = 0, Ir1 = Aa:l =0.

This implies that the statement of the theorem is true. |
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5 Two special solutions
Consider the homogeneous problem

“A%yp 1+ Gy =0, 0 € Zo=Z\{0,1}, (5.1)
yi=y, Ay =eAy, (5.2)

where 6 € [0,7/2) is a fixed real number and
Ggn >c>0 for n € Zy. (5.3)

In this section we show that under the condition (5.3) problem (5.1), (5.2) has two linearly
independent solutions 1 = (¢,) and x = (x»), where n € Z, such that

oo n=0
Z |thn|* < 00 and Z Ixn|* < 0. (5.4)
n=0 —00

These solutions will allow us to find the inverse L~! of the operator L introduced above in
Section 2 and investigate the properties of L~!.
First we derive two simple useful formulas related to the nonhomogeneous problem

_AQynfl + qnYn = fna n € Zo, (55)
y1=y1,  Ay_1=e" Ay, (5.6)

where (gy) is a real sequence with n € Zg, and § € [0,7/2); (fn) is a complex sequence with
n € Zy.

Lemma 1. Let y = (y,) withn € Z be a solution of problem (5.5), (5.6) and a, b be any integers
such that a < —1 and b > 2. Then the following formulas hold:

b b
S (1A%l + o [yal*) = (Ayn)Tnga | + D Falns (5.7)
n=2 n=2
-1 L -1
Z ( ’Ayn|2 +qn |yn‘2) = (Ayn)yn—&-l{;_l + Z JnUn- (5.8)

Proof. To prove (5.7), multiply equation (5.5) by ¥,, and sum from n = 2 to n = b

b b

b
- Z(AQynfl)gn + Z 4n |yn|2 = Z fngn
n=2

n=2 n=2
Next, applying the summation by parts formula (3.1) we get that

b b b
S (A )T = = D (VAT = — (ATt |y + D 1A

n=2 n=2 n=2

Therefore the formula (5.7) follows.
The formula (5.8) can be proved in a similar way. [ |

Theorem 8. Under the condition (5.3) problem (5.1), (5.2) has two linearly independent solu-
tions 1 = (¢n) and x = (xn) with n € Z, possessing the properties stated in (5.4).
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Proof. Denote by ¢ = (¢p) and 8 = (6,), where n € Z, solutions of problem (5.1), (5.2)
satisfying the initial conditions
Y1 = 1, A@l = _]-7 (59)
0r=1,  Af =0. (5.10)

Such solutions exist and are unique by Theorem 3. It follows from (5.9), (5.10) that @2 = 0,
A2 = 1. According to Theorem 4 we find that

WO(@: 6) = _622'57 Wn(@, 0) =

210 <
{e if n<-1, (5.11)

1 it n>1.

Therefore W,,(¢,0) # 0 and by Theorem 5 the solutions ¢ and € are linearly independent.
We seek the desired solution ¢ = (1) of problem (5.1), (5.2) in the form

Un = ©n + 00, n € 7, (5.12)

where v is a complex constant which we will choose.
Take an arbitrary integer b > 2. Applying (5.7) to
_Aan—l + ann - 07 n e Zo,
Y1 =1, Ay = ¥ Ay,

we get

b

Z ( ‘Awn|2 + aqn ‘wn|2) = (Awn)an—i—l‘i

n=2
Since Ay = —1 and ¥ = v, by (5.12) and (5.9), (5.10), hence

b

> (1A% + o [¥n]?) = (M) Ppyy + 0.

n=2
Multiply the latter equality by e and take then the real part of both sides to get

b
(cosd) Z ([A%nl® + o [1hn]? ) = Re{e® (Ay) 11} + Re(ve™™). (5.13)

n=2

Now we choose v so that to have

Re{e® (Ayy) Py 1} = 0. (5.14)
Since

Re{e® (Apy) Yy 1} = ¥p41]° Re {eléwb} ;

Yp+1
it is sufficient for (5.14) to have
o A
Re {e“swb} = 0. (5.15)
Yot1

Note that 1, cannot be zero for any two successive values of b (otherwise 1, would be identi-
cally zero by the uniqueness theorem for solution, that is not true since ¢ and 6 are linearly
independent). Therefore v, # 0 for infinitely many values of b.
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Under the condition (5.15) the equation (5.13) becomes

b

(cos8) > (|APn]* + gn [tn]*) = Re(ve ™).

n=2
The condition (5.15) can be written as

o App + vAG,

=B, 5.16
Wpr1 + V011 ( )

where 3 is a pure imaginary number (8 = it, t € R). Note that

Op1 A0y — (A@p)0yr1 = — P16y + op0pr1 = Wi(p,0) =1 #0 (5.17)

by (5.11). Therefore (5.16) defines a linear-fractional transformation of the complex v-plane
onto the complex (-plane. Solving (5.16) for v, we get

)
o(8) = wp108 — e Apy

- . 5.18
—O0y118 + e AG,, ( )

Thus, condition (5.15) will be satisfied if we choose v by (5.18) for pure imaginary values of 3.
On the other hand, when § runs in (5.18) the imaginary axis, v(3) describes a circle Cj in the
v-plane. The center of the circle is symmetric point of the point at infinity with respect to the
circle. Since

s A
v(f) = oo, where g = el‘sﬂ,
Op+1
the point
_ L AO
fo=—F ==
b1

which is symmetric point of the point 4’ with respect to the imaginary axis of the S-plane, is
mapped onto the center of Cj. So the center of (Y is located at the point

e Oy 11 A0, + P (Apy)0pi1
e~ 00,11 A0y + €90, 1 AG,

v(fo) = — (5.19)

Note that the denominator in (5.19) is different from zero. This fact follows from the equality

¢ 0051180, + €0y 1100, = 2Re{ e (A0,)0,11 " }
b
= (2c088) > (1A, ° + g [0a]*), (5.20)

n=2

which can be derived as (5.13) taking into account (5.10). The radius Ry, of the circle Cj is equal
to the distance between the center v(5p) of Cp and the point v(0) on the circle. Calculating the
difference v(f5y) — v(0) by using (5.17)—(5.20) we easily find that

1

Ry = b :
(2co88) 3> (|A0a]* + g0 |0n]*)

n=2
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Further, since
Re(ei5§b+1A9b) = — |95+1|2 Re ﬂo,

we get from (5.20)

b
(c050) > (|A0uI* + n 0n]*) = — |0541]° Re Bo.

n=2

Therefore Re 8y < 0. This means that the left half-plane of the (-plane is mapped onto the
interior of the circle C. Consequently, v(3) belongs to the interior of the circle Cj if and only if
Re 8 < 0. This inequality is equivalent by (5.13), (5.16) to

b

(cosd) Z (|AYnl® 4 o [1hn]? ) < Re(ve ™). (5.21)

n=2

Thus, v belongs to the interior of the circle Cy if and only if the inequality (5.21) holds and v
lies on the circle Cp, if and only if

b

(cosd) Z ( | A + gn Wn\2) = Re(ve_i‘s).

n=2

Now let by > by. Then if v is inside or on Cj,

b1 b2
(cosd) Z ( |A¢n‘2 +an ’1/}71‘2) < (cosd) Z ( ‘Awn|2 +an an|2) < Re(veiié)
n=2 n=2

and therefore v is inside C%,. This means Cj, contains Cp, in its interior if by > by. It follows
that, as b — oo, the circles C} converge either to a limit-circle or to a limit-point. If ¥ is the
limit-point or any point on the limit-circle, then v is inside any Cj. Hence

b

(cosd) Z ( AP * + gn lwn\z) < Re(ﬁe‘i‘s),

n=2

where
Yn =n +00,, neEL, (5.22)

and letting b — oo we get

oo

(cosd) Z ([AYnl® + o [1hn]?* ) < Re(ve™?). (5.23)

n=2
It also follows that
Re(ve™) > 0. (5.24)

Since g, > ¢ > 0, (5.23) implies that for the solution ¢ = (¢,,) defined by (5.22) we have (5.4).
Thus, the statement of the theorem concerning the solution ¢ = (v,) is proved.

Let us now show existence of the solution xy = (x,) satisfying (5.4). We seek the desired
solution 0 = (¢,,) of problem (5.1), (5.2) in the form

Xn = @n + uby, n € 7,
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where u is a complex constant to be determined.
Take an arbitrary integer a < —1. Applying (5.8) to the equations
_A2Xn—1 + gnXn =0, n € Zo,
X-1= X1, Ax—1 =€ Axq,
we get
Z ( ’AXn|2 + agn ‘Xn’Q) = (AXn)Yn—&-l‘a_l'
n=a
Since
Axoi=—,  xo=1-¢ tu,
we have
Z ( ’AXn|2 + an ‘Xn’Q) = _6226 +1- ﬁ€2u5 - (AXa—l)Ya' (5'25>
n=a
Multiply both sides of (5.25) by e~% and take then the real part of both sides to get
(cos?) Z ( IAxn> + ¢n ]XH\Q) = —Re(ue_“s) - Re{e_“s(AXa_l)Xa}. (5.26)
n=a
Now we choose u so that to have
Re{e ™ (Axa-1)X,} = 0. (5.27)
Since
. AV
Re{e_“s(Axa,l)Xa} = |Xa’2 Re {e_“sxal} ,
Xa
it is sufficient for (5.27) to have
A
Re {e—“sx‘“} —0. (5.28)
Xa
Then (5.26) becomes
(c0s) > (18Xl + an [xal?) = ~Re(ue ™).
n=a
The condition (5.28) can be written as
s Apg_ Al,_
i BPa-1 U O _ a, (5.29)
pq + ub,
where « is a pure imaginary number (« = it, t € R). Note that
©al\0y 1 — (Apa_1)0a = Wa_1(p,0) = ¥ £0 (5.30)
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by (5.11). Therefore (5.29) defines a linear-fractional transformation of the complex u-plane
onto the complex a-plane. Solving (5.29) for u, we get

pac — e Ap,_y

u(a) = “O,a+ PN, |

(5.31)

Thus, condition (5.28) will be satisfied if we choose u by (5.31) for pure imaginary values of a.
On the other hand, when « runs in (5.31) the imaginary axis, u(«) describes a circle K, in the
u-plane. The center of the circle is symmetric point of the point at infinity with respect to the
circle. Since

VAN,
u(a') = oo, where of = 0220
O
the point
ag = —of = _(@L?a—l
Oq

which is symmetric point of the point o with respect to the imaginary axis of the a-plane, is
mapped onto the center of K,. So the center of K, is located at the point
B e, AO,_1 + eii‘s(Atpa_l)ga

€00,M0—1 + e 00,A0,_1

u(ag) = (5.32)

Note that the denominator in (5.32) is different from zero. This fact follows from the equality

e 0,A0,_1 + €90,A0,_1 = 2Re{6m(A0a—1)§“}
-1

= —(2¢088) > (260" + gn [6n]*) (5.33)

n=a

which can be derived as (5.26) taking into account Af_; = 0, §y = 1. Calculating the difference
u(ap) — u(0) we easily find the radius R, = |u(ag) — u(0)| of the circle K, using (5.30)—(5.33),

1
Ry =

(2cosd) Y ( 1A + g Wn‘z)

n=a

Further, since
Re(e_iégaAHa,l) = - |0a|2 Re ayp,

we get from (5.33)

-1
(cos8) Y (1A0,]° + gn [6n]”) = |6al” Re ag.

n=a

Therefore Reag > 0. This means that the right half-plane of the a-plane is mapped onto the
interior of the circle K,. Consequently, u(«) lies inside the circle K, if and only if Rea > 0.
This inequality is equivalent by (5.26), (5.29) to

—1
(cos?) Z ( |AXn? + gn ’Xn|2) < —Re(ue*i‘s). (5.34)

n=a
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Thus, u lies inside the circle K, if and only if the inequality (5.34) holds and wu lies on the
circle K, if and only if

-1
(cosd) Z (|Axn|* + an |xnl?) = —Re(ue™™).

n=a

Now let ag < @;. Then if u is inside or on K,

—1 -1
(cosd) Z (|Axn]2 + qn |Xn|2) < (cosd) Z (|Axn|2 + qn |xn|2) < —Re(ue_i‘s)
n=ai n=as

and therefore u is inside K,,. This means K,, contains K, in its interior if ap < a;. It follows
that, as a — —oo, the circles K, converge either to a limit-circle or to a limit-point. If @ is the
limit-point or any point on the limit-circle, then w is inside any K,. Hence

-1
(cos d) Z (1AXA? + an [xnl?) < —Re(ie ™),

n=a

where
Xn = ©n + Wby, n €7, (5.35)

and letting a — —oo we get

n=-—1

(cosd) Z (|Axnl* + an [xn|?) < —Re(@e™™). (5.36)

—0o0

It also follows that
Re(de ") < 0. (5.37)

Since ¢, > ¢ > 0, (5.36) implies that for the solution x = () defined by (5.35) we have (5.4).
Thus, the statement of the theorem concerning the solution x = (xy,) is also proved.

Finally, let us show that the solutions ¥ = (¢,,) and x = (x») defined by (5.22) and (5.35),
respectively, are linearly independent. We have

Wa (¥, X) = Wa(p + 700, +1b) = (@ — 0)Wa(p,0). (5.38)
Next, W, (p,0) # 0 by (5.11) and u # v by (5.24), (5.37). Therefore W,, (1, x) # 0 and hence ¥
and y are linearly independent by Theorem 5. |

6 The inverse operator L~1!

The following lemma will play crucial role in this and next sections.

Lemma 2. Let us set

—id
_Joe for n<-—1,
on = { e for n>0. (6.1)

Under the conditions of Lemma 1 the following formula holds:

-1 b
(cos ) (Z + Z) ( |Aynl* + an ‘%’2)

n=a n=2

-1 b
= Re {Un(Ayn)yn—H‘Z_l + (Z + Z) Unfnyn} . (6'2)

n=a n=2
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Proof. To prove (6.2) we multiply (5.8) by e and (5.7) by € and add together to get
(34 3 b b)
n=a n=2

~1 b
— _ -1 i _ b - i _
= ¢ 2 (Ayn)nia],; + € (AY)Tnia || + (6 o) e Z) Flin- (6.3)
n=a n=2
Next, using the conditions (5.6) we have

e (Ay_1)To — € (Ay)Ty = € (Ay1)Ty — € (Ay1)Ts
= e (Ay) Wy — Uo) = € (A1) (To — V1 + U1 — o)
= e (Ay)) (o — T1 + 71 — Ta) = € (A1) (By—1 — Ay1)
= —e" |Ay1 |2+ € (Ay)e 20 Ay; = —e | Ay + e | Ay |2 = —2i(sin§) | A |2

Therefore taking (6.1) into account we can rewrite (6.3) in the form

(_Zl + i) o (|1 Aynl” + an lynl*)

n=a n=2
-1

b
= —2i(sin ) ‘Ay1|2 + O'n(Ayn)gn—H ‘Z—l + <Z + Z) Tnfnln- (6.4)

n=a n=2

Taking in (6.4) the real parts of both sides and taking into account that Re o, = cosd for all n,
we obtain (6.2). [

Let L : D C I3 — I3 be the operator defined above in Section 2. Further, let ¢ = (¢,) and
X = (Xxn), where n € Z, be solutions of problem (5.1), (5.2), constructed in Theorem 8. Let us
introduce the discrete Green function

G . = 1 {kan if k<n,
T W, x) | xetr if k>,

of discrete variables k,n € Z. Note that by (5.38) and (5.11), we have

o 2 a—0)e¥ if k< -1,
Wa(w) = —(@- e, W0 ={ F77 §

5 if k> 1, (6.5)
and, besides,

u#v
by (5.24) and (5.37).

Theorem 9. Under the condition (5.3) the inverse operator L~! exists and is a bounded operator
defined on the whole space I3. Neat, for every f = (f,) € I3

(L), = Gurfrs  m €y, (6.6)
keZo
and
1
1Ll < s Ml forall fels, (6.7)

where c is a constant from condition (5.3) and § is from (5.2), ||-|| denotes the norm of space I2.
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Proof. Let us show that
ker L ={y e D: Ly =0}

consists only of the zero element. Indeed, if y € D and Ly = 0, then (y)nez, satisfies the
equation

A%y 1+ Gy =0, € Zy, (6.8)
in which yo and y; (these values arise in (6.8) for n = —1 and n = 2, respectively) are defined
from the equations

y1=y, Ay =ePAy. (6.9)

Since x and 1 form a fundamental system of solutions of (6.8), (6.9), we can write
Yn = C1¢n + CaXn, n € 7,
with some constants C and C5. Hence
Wiy, v) = CiWn (¥, ¥) + C:Wa(x,¥),  n€Z. (6.10)

Next, since y € I3, we have y,, — 0 as |n| — oo and by (5.4) we have ¢, — 0 as n — oo Hence
Win(y,v) — 0 as n — oo. Besides W, (1,1) = 0 for all n and W,,(x, ) is equal to a nonzero
constant for n > 1 by (6.5). Therefore taking the limit in (6.10) as n — oo we get that Co = 0.
It can similarly be shown, by considering W, (y, x), that C; = 0. Thus y = 0.

It follows that the inverse operator L~1 exists. Now take an arbitrary f = (fn)nez, € l% and
extend the sequence (f,)nez, to the values n =0 and n = 1 by setting

Jo=f1=0.

Let us put

=3 G =3 Gofie = wnz X’“f’“ X Z w’“f’f nez. (6.11)

W
kE€Zo kEZ k ¢>

Then it is easy to check that this sequence (g,,), where n € Z, satisfies the equations

*A2gn71 + qngn = fna n € Lo, (612)
g-1=g1, Ago1=e*Agi. (6.13)

We want to show that g = (gn)nez, € 3 and that

1A (6.14)

<
lgll CCOS5

For this purpose we take the sequences of integers a,,, and b,, defined for any positive integer m,
such that

am < 0 < by, and Ay — —00, by, — 0 as m — 00.
Next, for each m we define the sequence ( fflm))nez by

n

fT(Lm) =0 if n < am or n > by, (6.16)
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and put

m) f = oy

k€Zg keZ k=n+1

It follows that

. Xn _Z eri/{,k if n<ap,
In = b, £ (6.17)
wnkza:m W:&)’ ;i >
We have also that, for each m,
~A20 + gugl™ = £, ne Zo, (6.18)
g(_m) gYn), Ag(_rrln) _ e2i5Ag§m)_ (6.19)

Fix m and take a positive integer N such that
—N < anm and by < N.
Then applying Lemma 2 to (6.18), (6.19) we can write

-1
(cos 9) (Z +Z) (JAg ) + augt™|)

n=

—1 N
:Re{a (Agl™)gtm, NN , (Z +Z> on fiMgl } (6.20)

n=—N

It follows from (6.17) by (5.4) that

3 gim)? < .

nez
Therefore the sums on the right-hand side of (6.20) are convergent as N — oo and besides
Re{an(Agn gn+1‘ N 1} — 0 as N — oo.

(note that |oy,| =1 for all n by (6.1)). Now taking the limit in (6.20) as N — oo, we get

(cosd) Z (‘Ag } + qn|gn ) = Re Z onfimgm), (6.21)

neZo n€Zo

Using the condition (5.3) we get from (6.21) that

m)2 o 1 (m)gm) 1 (m)g(m)
Z ™" < CCOS(SRe Z Onfn" 0" < ccos o Z onfn

n€EZo nEZo nEZo
1/2 1/2
1 1
(m)g(m) (m)|2
= ccosd %Z: ‘f” In ‘S ccosd Z ‘fn ‘ E }gn |
neso

nEZo n€Zo
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Hence
1/2 1/2
1 m) 12

Z‘gn )’ Sm Z\fﬁ )‘ >

ne€Zo ne€o
that is,

(m)

ot < ], (622

Writing (6.18), (6.19) for m = m; and m = ma, and subtracting the obtained equations
side-by-side, we get

— A2 [gr(zmll) _97(1 21)] + qgn [g(m1) mz)] f(m1 — 14 mz) n € Zo,

g = g = g — g™ AL = gU] = 2O AT — )],

Hence, repeating the same reasonings as above, we get

Hg(ml) _ g(mz)H <

|fm) — flma)|

ccos5‘

It follows that ¢(™ converges in I2 to an element § as m — oo. On the other hand, it can be
seen from (6.11), (6.17) taking into account (6.15), (6.16) that

gT(Lm) — gn as m — 0o,

for each n. Consequently, § = g and hence g € 2. Passing in (6.22) to the limit as m — oo, we
get (6.14).
Next, from (6.12) we have

ngn = fn + In—1 — 29n + gni1, n € Zy.

Hence (gngn)nez, € l%. Therefore g € D, where D is the domain of the operator L. If we define
an operator B : [2 — [3 by the formula Bf = g, where f = (fu)nez, € 13 and g = (gn)nez,
with g, defined by (6.11), then we get by (6.12), (6.13) that LBf = f. Therefore B is the
inverse of the operator L : B = L™!, so that ¢ = L™! f and from (6.11) and (6.14) we get (6.6)
and (6.7), respectively. [

7 Completely continuity of the operator L~}

In this section we will show that the operator L™! is completely continuous, that is, it is con-
tinuous and maps bounded sets into relatively compact sets.

Theorem 10. Let

n >¢>0 for n € Zy, (7.1)
and
‘ lllm qn = 0. (7.2)

Then the operator L™ is completely continuous.



22 E. Ergun

Proof. The operator L~! is continuous in virtue of (6.7) that holds under the condition (7.1).
In order to show that L~! maps bounded sets into relatively compact sets consider any bounded
set X in I2,

X={fel:lIfll <d},

and prove that L™1(X) =Y is relatively compact in [3. To this end, we use the following known
(see [17]) criterion for the relative compactness in I2 : A set Y C 12 is relatively compact if and
only if Y is bounded and for every e > 0 there exists a positive integer ny (depending only on €)
such that

Z |yn|2 <e forall yey.

n[>n0
Take an arbitrary f € X and set
L7 'f=uy.
Then Ly = f or explicitly
— A%y 1+ @Yo = [, n € Zo, (7.3)

where yg and y; are defined from the equations

yr=y1, Ay = Ay (7.4)
Note that yo and y; are needed when we write out equation (7.3) for n = —1 and n = 2,
respectively.

Applying Lemma 2 to (7.3), (7.4), we get that for any integers a < —1 and b > 2,

-1 b
(COS 5) (Z + Z) ( |Ayn|2 + qn |yn|2 )

n=a n=2

-1 b
= Re {O'n(Ayn)yn+1|Z_1 + (Z =+ Z) Unfnyn} ) (75)

n=a n=2

where o, is defined by (6.1).
Since f,y € I} and |o,| = 1, the sums on the right-hand side of (7.5) are convergent as
a — —00, b — co. Also from y € 12 it follows that y, — 0 as |n| — oo so that

_ b
Un(Ayn)ynJrl‘ail —0 as a — —00, b — oo.

Consequently, we arrive at the equality

(COS 5) Z (|Ayn|2 + an |yn’2) = Re Z Unfn?n

n€Zo n€Zo
Hence
(c050) Y gulynl* <Re > onfuln (7.6)
neEZo n€Zo

and therefore using (7.1) and || f|| < d, we get

lyll < for all y €Y. (7.7)

ccosd

This means that the set Y = L~!(X) is bounded.
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From (7.6) we also have, using (7.7),

d2
2
D nlml’ < 55 forall yev. (7.8)
n€Zg

Take now an arbitrary e > 0. By condition (7.2) we can choose a positive integer ng such
that

d2
~ eccos?d

Then we get from (7.8) that

for |n| > ny.

Z lynl < e for all y €Y.

[n|>no
Thus the completely continuity of the operator L' is proved. |

Corollary 2. The operator A = ML is invertible and its inverse A~ = L™ M is a completely
continuous operator to be a product of completely continuous operator with bounded operator.
Therefore the spectrum of the operator A is discrete.

8 Conclusions

In this paper we have explored a new class of discrete non-Hermitian quantum systems. The
concept of the spectrum for the considered discrete system is introduced and discreteness of the
spectrum is proved under some simple conditions.

As a tool for the investigation we have established main statements for second order linear
difference equations with impulse conditions (transition conditions). We have chosen a suitable
(infinite-dimensional) Hilbert space and defined the main linear operator A so that the spectrum
of the problem in question coincides with the spectrum of A. Next, we have constructed the
inverse A~! of the operator A by using an appropriate discrete Green function. Finally, we
have shown that the inverse operator A~! is completely continuous. This implies, in particular,
discreteness of the spectrum of A.
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