Symmetry, Integrability and Geometry: Methods and Applications Vol. 2 (2006), Paper 039, 21 pages

Combined Reduced-Rank Transform

Anatoli TOROKHTI and Phil HOWLETT

School of Mathematics and Statistics, University of South Australia, Australia

E-mail: anatoli.torokhti@Qunisa.edu.au, phil.howlett@unisa. edu.au

URL: http://people.unisa.edu.au/Anatoli.Torokhti
http://people.unisa.edu.au/Phil.Howlett

Received November 25, 2005, in final form March 22, 2006; Published online April 07, 2006
Original article is available at http://www.emis.de/journals/SIGMA/2006/Paper039/

Abstract. We propose and justify a new approach to constructing optimal nonlinear trans-
forms of random vectors. We show that the proposed transform improves such characteristics
of rank-reduced transforms as compression ratio, accuracy of decompression and reduces re-
quired computational work. The proposed transform 7, is presented in the form of a sum
with p terms where each term is interpreted as a particular rank-reduced transform. More-
over, terms in 7, are represented as a combination of three operations Fj, Q) and ¢, with
k=1,...,p. The prime idea is to determine F;, separately, for each k = 1,...,p, from an as-
sociated rank-constrained minimization problem similar to that used in the Karhunen—Loeve
transform. The operations Qj and ¢, are auxiliary for finding F. The contribution of each
term in 7, improves the entire transform performance. A corresponding unconstrained non-
linear optimal transform is also considered. Such a transform is important in its own right
because it is treated as an optimal filter without signal compression. A rigorous analysis of
errors associated with the proposed transforms is given.
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1 Introduction

Methods of data dimensionality reduction [1, 2, 3,4, 5, 6,7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 21, 22, 23, 24] have been applied successfully to many applied problems. The diversity of
applications has stimulated a considerable increase in the study of data dimensionality reduction
in recent decades. Significant recent results in this challenging research area are described, in
particular, in references [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24].
The known methods concern both a probabilistic setting (as in [5, 6, 7, 8, 9, 10, 16, 17, 18,
19, 20, 21, 22, 23, 24, 25, 26, 27, 28]) and deterministic setting (as in [12, 13, 14, 15]) in the
dimensionality reduction. The associated techniques are often based on the use of reduced-rank
operators.

In this paper, a further advance in the development of reduced-rank transforms is presented.
We study a new approach to data dimensionality reduction in a probabilistic setting based on
the development of ideas presented in [5, 6, 7, 26, 27, 28, 29].

Motivation for the proposed approach arises from the following observation. In general, the
reduced-rank transform consists of the three companion operations which are filtering, compres-
sion and reconstruction [5, 6, 7, 16, 26]. Filtering and compression are performed simultaneously
to estimate a reference signal & with m components from noisy observable data y and to filter
and reduce the data to a shorter vector & with 7 components, n < m. Components of & are
often called principal components [4]. The quotient n/m is called the compression ratio. Re-
construction returns a vector & with m components so that & should be close to the original x.
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It is natural to perform these three operations so that the reconstruction error and the related
computational burden are minimal.

As a result, the performance of the reduced-rank transform is characterized by three issues
which are (i) associated accuracy, (ii) compression ratio, and (iii) computational work.

For a given compression ratio, the Karhunen—Loeve transform (KLT) [5, 6, 7] minimizes the
reconstruction error over the class of all linear reduced-rank transforms. Nevertheless, it may
happen that the accuracy and compression ratio associated with the KLT are still not satisfac-
tory. In such a case, an improvement in the accuracy and compression ratio can be achieved by
a transform with a more general structure than that of the KLT. Special non-linear transforms
have been studied in [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34]
using transform structures developed from the generalised Volterra polynomials. Nevertheless,
the transforms [16, 26, 27, 28, 29] imply a substantial computational burden associated with the
large number N of terms required by the underlying Volterra polynomial structure.

Our objective is to justify a new transform that may have both accuracy and compression
ratio better than those of the known transforms [5, 6, 7, 26, 27, 28, 29]. A related objective is
to find a way to reduce the associated computational work compared with that implied by the
transforms [26, 27, 28, 29]. The analysis of these issues is given in Sections 4, 5.2.2 (Remark 4),
5.2.3 and 5.2.4.

In Section 5.2.5, we show that the proposed approach generalizes the Fourier series in Hilbert
space, the Wiener filter, the Karhunen—Loéve transform and the transforms given in [26, 27, 29].

2 Method description

We use the following notation:

(Q, %, p) is a probability space, where Q = {w} is the set of outcomes, ¥ a o-field of mea-
surable subsets of 2 and p : 3 — [0, 1] an associated probability measure on ¥ with u(Q) = 1;
x € L2(Q,R™) and y € L*(Q,R") are random vectors with realizations z = x(w) € R™ and
y = y(w) € R", respectively.

Each matrix M € R™*" defines a bounded linear transformation M : L?(Q, R") — L?(Q,R™)
via the formula [My](w) = My(w) for each w € Q. We note that there are many bounded
linear transformations from L2(€2,R") into L?(©2,R™) that cannot be written in the form
[My](w) = My(w) for each w € Q. A trivial example is A : L%(Q,R") — L*(Q,R™) given

by A(y) = / y(w)dp(w).

Througho%t the paper, the calligraphic character letters denote operators defined similarly
to M.

Let g =[g,...9,,]" € L*(Q,R™) and h = [hy... h,]T € L?(2,R™) be random vectors with
gihe € L2(QR) fori=1,....m, k=1,...,n. Foralli=1,...,mand k =1,...,n, we set

Plai = [ gi@dnte).  Blah = [ g()huw)in(o), &

Ey = E[gh’] = {Elgihi]} € R™"  and B, = Elg] = {Elg,]} € R™. 2)
We also write

Egn = E[(g — Eg)(h — Ep)"] = Egn — E[g|E[RT].

Achievement of the above objectives is based on the presentation of the proposed transform in
the form of a sum with p terms (3) where each term is interpreted as a particular rank-reduced
transform. Moreover, terms in (3) are represented as a combination of three operations F,
O and ¢, for each k = 1,...,p, where ¢, is nonlinear. The prime idea is to determine Fj,
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separately, for each £ = 1,...,p, from an associated rank-constrained minimization problem
similar to that in the KLT. The operations Qy and ¢, are auxiliary for finding Fy. It is natural
to expect that a contribution of each term in (3) will improve the entire transform performance.

To realize such a scheme, we choose the Qj as orthogonal/orthonormal operators (see Sec-
tion 3). Then each Fj can be determined independently for each individual problem (33)
or (56) below. Next, operators ¢, are used to reduce the number of terms from N (as in
[16, 26, 27, 28, 29]) to p with p < N. For example, this can be done when we choose ¢, in the
form presented in Section 5.2.4. Moreover, the composition of operators Q. and ¢, allows us to
reduce the related covariance matrices to the identity matrix or to a block-diagonal form with
small blocks. Remark 4 in Section 5.2.2 gives more details in this regard. The computational
work associated with such blocks is much less than that for the large covariance matrices in
[16, 26, 27, 28, 29].

To regulate accuracy associated with the proposed transform and its compression ratio, we
formulate the problem in the form (6)—(7) where (7) consists of p constraints. It is shown
in Remark 2 of Section 4, and in Sections 5.2.1, 5.2.2 and 5.2.4 that such a combination of
constraints allows us to equip the proposed transforms with several degrees of freedom.

The structure of our transform is presented in Section 3 and the formal statement of the
problem in Section 4. In Section 5, we determine operators Qy and Fj (Lemmata 1 and 3, and
Theorems 1 and 2, respectively).

3 Structure of the proposed transform

3.1 Generic form

The proposed transform 7, is presented in the form

p
T(y) =+ FeQupr W) = f + F1Qiei(y) + - + FoQpip, (1), (3)
k=1

where f € R™, ¢, : L*(Q,R") — L*(Q,R"), Q1,...,Q, : L2(Q,R") — L2(Q,R") and Fj :
L2(,R") — L2(,R™).

In general, one can put = € L?(Q, Hy), y € L*(Q, Hy), ¢, : L*(Q, Hy) — L?(Q, Hy),
Q, : L*(Q, Hy) — L*(Q,Hy) and Fy, : L2(Q, Hy) — L?(Q, Hx) with Hyx, Hy, Hj, and H,
separable Hilbert spaces, and £k =1,...,p.

In (3), the vector f and operators Fi,...,F, are determined from the minimization problem
(6)—(7) given in the Section 4. Operators Qy,..., Q, in (3) are orthogonal (orthonormal) in the
sense of the Definition 1 in Section 4 (in this regard, see also Remark 3 in Section 5.1).

To demonstrate and justify flexibility of the transform 7, with respect to the choice of

P15-- 5 Pp i (3), we mainly study the case where ¢4, ..., ¢, are arbitrary. Specifications of
#1,---,p, are presented in Sections 3.2, 5.2.4 and 5.2.5 where we also discuss the benefits
associated with some particular forms of ¢q,..., ¢,

3.2 Some particular cases

Particular cases of the model 7, are associated with specific choices of ¢, Qi and Fj. Some
examples are given below.

(i) If Hx = Hy = R™ and H), = Hj, = R™ where R is the kth degree of R™, then (3)
generalises the known transform structures [16, 26, 27, 28, 29]. The models [16, 26, 27, 28, 29]
follow from (3) if ,(y) = y* where y* = (y,...,y) € L*(Q,R™), Q. = Z, where T is the
identity operator, and if Fj, is a k-linear operator. It has been shown in [16, 26, 27, 28, 29] that
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such a form of ¢, leads to a significant improvement in the associated accuracy. See Section 5.2.5
for more details.

(ii) If o : L2(Q, Hy) — L?(2, Hx) and {uy,us, ...} is a basis in L?(Q, Hx) then ¢, and Q,
can be chosen so that ¢ (y) = ui and Qi = Z, respectively. As a result, in this particular case,

P
Tp(y) = [+ > Frlug).
k=1

(iii) A similar case follows if ¢, : L?(Q, Hy) — L*(Q, Hy) is arbitrary but Qy, : L?(2, Hy) —

L?(Q, Hy) is defined so that Qi[@x(y)] = vp with k = 1,...,p where {v1,v2,...} is a basis in
. P
L*(Q, Hy,). Then T,(y) = f + Y. Fr(vk).
k=1

(iv) Let 1), ..., &P be estimates of & by the known transforms [7, 25, 30]. Then we can put
o (y)=aW, .., pp(y) = &) In particular, one could choose ¢;(y) = y. In such a way, the
vector x is pre-estimated from y, and therefore, the overall & estimate by 7, will be improved.

A new recursive method for finding V), ..., 2® is given in Section 5.2.4 below.
Other particular cases of the proposed transform are considered in Sections 5.2.4 and 5.2.5.

Remark 1. The particular case of 7, considered in the item (iii) above can be interpreted as
an operator form of the Fourier polynomial in Hilbert space [35]. The benefits associated with
the Fourier polynomials are well known. In item (ii) of Section 5.2.5, this case is considered in
more detail.

4 Statement of the problem

First, we define orthogonal and orthonormal operators as follows.

Definition 1. Let up € L*(Q,R") and vy = Qi(uy). The operators Q1,...,9, are called

pairwise orthonormal if E,,,; = {?’ sz? for any i,7 = 1,...,p. Here, O and I are the zero
, =

matrix and identity matrix, respectively. If E,,, = Q@ for i # j with 4,5 =1,...,p, and if

[Ey,0, is not necessarily equal to I for i = j then Qy,...,Q, are called pairwise orthogonal.

Hereinafter, we suppose that Fy, is linear for all £ =1,...,p and that the Hilbert spaces are
the finite dimensional Eucledian spaces, Hx = R™ and Hy = Hp = H; = R". For any vector
g € L*(Q,R™), we set

E[|g|”] Z/QIQ(W)IIZdM(W) < o0, (4)

where ||g(w)|| is the Euclidean norm of g(w).
Let us denote

J(f, Fr,. . Fp) = Bz — T(y)|?]. ()

The problem is
(i) to find operators Qy, ..., Q, satisfying Definition 1, and

(ii) to determine the vector fO and operators F7, ..., Fp such that
J(fO, R, F)) = (i J(f, Fu,- o, F) (6)
subject to
rank Fy =n1, ..., rankF, =, (7)

where 1 + - -+ + 1, = n < min{m, n}.
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Here, for k =1,...,p, (see, for example, [44])
rank(F,) = dim F(L*(,R™)).

We write

=04+ F(vp) (8)

k=1

with v defined by Definition 1.

It is supposed that covariance matrices formed from vectors Q1 (y), . .., Qpep,(y) in (3) are
known or can be estimated. Various estimation methods can be found in [36 37, 38, 39, 40, 41].
We note that such an assumption is traditional [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]
in the study of optimal transforms. The effective estimate of covariance matrices represents a
specific task [36, 37, 38, 39, 40, 41] which is not considered in this paper.

Remark 2. Unlike known rank-constrained problems, we consider p constraints (7). The num-
ber p of the constraints and the ranks 7y, ... ,7, form the degrees of freedom for 7.?. Variation
of p and 71, ...,n, allows us to regulate accuracy associated with the transform ’TOD (see (21) in
Section 5.2.1 and (46) in Section 5.2.2) and its compression ratio (see (67) in Sectlon 5.2.4). It
follows from (21) and (46) that the accuracy increases if p and 7,...,n, increase. Conversely,
by (67), the compression ratio is improved if n,. .., 7, decrease.

5 Solution of the problem

The problem (6)—(7) generalises the known rank-constrained problems where only one constraint
has been considered. Our plan for the solution is as follows. First, in Section 5.1, we will
determine the operators Qi,...,Q,. Then, in Section 5.2, we will obtain f° and ]:?, e ,]-'1?
satisfying (6) and (7).

5.1 Determination of orthogonalizing operators Q;,...,Q,

If M is a square matrix then we write M*/2 for a matrix such that M1/2M/2 = M. We note
that the matrix M'/2 can be computed in various ways [42]. In this paper, M'/? is determined
from the singular value decomposition (SVD) [43] of M.

For the case when matrix E,,,, is invertible for any £ = 1,...,p, the orthonormalization

procedure is as follows. For uy, € L?(Q,R"), we write

[Qk(up)](w) = Qruk(w), (9)
where Q) € R"*". For uy,v;,w; € L*(Q,R"), we also define operators Eupv s Sv }) L2(,R") —
L?(92,R™) by the equations

[guk'Uj (wj)](w) = Eukvjwj (w) and [gv]})J (wj)](w) = E;j%;jwj (W), (10)
respectively.
Lemma 1. Let

wi = U and w; = u; — Zgulwk wkwk (wg) for i=1,...,p, (11)

where kalwk exists. Then
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(i) the vectors wi, ..., w, are pairwise orthogonal, and
(1) the vectors vy, ..., vy, defined by

v; = Qi(u;) (12)
with
-1
Qi(ui) = (€4/2,) " (wy) (13)
fori=1,...,p, are pairwise orthonormal.
Proof. The proof is given in the Appendix. |
For the case when matrix E,,,, is singular for £ = 1,...,p, the orthogonalizing operators
Q1,...,9, are determined by Lemma 3 below. Another difference from Lemma 1 is that the
vectors v1,...,v, in Lemma 3 are pairwise orthogonal but not orthonormal. An intermediate

result is given in Lemma 2.
The symbol t is used to denote the pseudo-inverse operator [45]. It is supposed that the
pseudo-inverse M for matrix M is determined from the SVD of M.
Lemma 2 ([26]). For any random vectors g € L*(Q,R™) and h € L?>(Q,R"),
EgnEl By = Egi. (14)

Lemma 3. Let v; = Q;(u;) fori=1,...,p, where Qq,...,Q, are such that

i—1
Qi(wr) =ur  and  Qi(w)=wui— Y Zip(vx) for i=2,...,p (15)
k=1
with Zi : L*(Q,R") — L2(Q,R") defined by
with A, € R™™ arbitrary. Then the vectors vi,...,v, are pairwise orthogonal.
Proof. The proof is given in the Appendix. |

We note that Lemma 3 does not require invertibility of matrix E,,,,. At the same time, if
E;klvk exists, then vectors wq,...,w, and vy, ..., v, defined by (11) and Lemma 3 respectively,
coincide.

Remark 3. Orthogonalization of random vectors is not, of course, a new idea. In particular,
generalizations of the Gram—Schmidt orthogonalization procedure have been considered in [46,
47]). The proposed orthogonalization procedures in Lemmata 1 and 3 are different from those
in [46, 47]. In particular, Lemma 3 establishes the vector orthogonalization in terms of pseudo-
inverse operators. A particular case of the practical implementation of the random vector
orthogonalization is considered in Section 6.
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5.2 Determination of f°, F7,...,F) satisfying (6)—(7)
5.2.1 The case when matrix E,,,, is invertible for z =1,...,p

We consider the simpler case when E,,, is invertible for all i = 1,...,p. Then the vector f°
and operators F7, ..., F} satisfying (6)—(7) are defined from the following Theorem 1. For each
i=1,...,p, let U;¥;V.l be the SVD of E,,,,

UiSi Vi = By, (17)

where U; € R™*" V; € R™™™ are orthogonal and ¥; € R™*" is diagonal,

Ui = [sih . ,Sm], V;J = [dila e ,dm] and Ez = diag (042'1, e ,Oém) (18)
with a1 > -+ > >0, Qjpy1 = - =iy =0and r =1,...,n where r = r(i). We set
Ui’h‘ = [51'1’ e ,Sim], Vim = [dﬂ, . adim] and Eim = diag(aﬂ, e ,aim),

where Uy, € R™*" V;,. € R™" and %, € R"*"  Now we define K;,, € R™*"™ and K, :
L?(,R") — L2(2,R™) by
Kip, = Uiy, Sin Vi, and [Kip, (wi))(w) = Ky, [wi(w)], (19)

respectively, for any w; € L?(£, R").

Theorem 1. Let vq,...,v, be determined by Lemma 1. Then the vector f° and operators
FP,..., F), satisfying (6)~(7), are determined by

FERy]  and  F) =Kiy ., F)=Kpn,. (20)

M@

k=1
The accuracy associated with transform ’1;30, determined by (8) and (20), is given by

P Mk

Elllz = T ()|*] = B2 = > D o (21)

k=1 j=1

Proof. The functional J(f, Fi,...,Fp) is written as

p p
J(f,Fr, .. Fp) =tr|EBuy — ElzlfT =Y Ep, Ff — fE") + ffT + > EW]]F
i=1

i=1
P P P P T
— ZFiEvix +ZFZ‘E[’UZ']fT —I-E'(Z]:Z(’UZ) [ZFZ(’UZ) )
=1 =1 =1 k=1

We remind (see Section 2) that here and below, F; is defined by [F;(v;)](w) = F;[v;(w)] so that,
for example, E[fk(vk)wk] FyEy, 2. In other words, the right hand side in (22) is a function
Off, fl,...,f.

Let us show that J(f, Fi,...,F,) can be represented as

(22)

J(f,fl,...,fp)zjo-i-z]l-i-JQ, (23)

where

= |E7|* ~ Z B, 1%, (24)



8 A. Torokhti and P. Howlett

p
=||f — E[z +ZFE%||2 and S = [|Fi — B l” (25)

Indeed, J; and Jy are rewritten as follows

Ji —tr(ffT +ZfE |F; + Elz]Ela"] - Elz]f" =) Elz]E[v]]F
=1
+) FEf" - Z FiE[w]Elz"] + )  FE[v] )  E[v}]F} ) (26)
=1 =1 =1 k=1

and

p p
Jo =Y tr(Fy = Bou)(F = Boe) = Y tr (FF] = Fily — Bup, F + BapFua). (27)
] =1

P
In (27), 3 tr (F;FL) can be represented in the form

i=1
P p

Z (FFT =1tr <ZF'IJ12’U£F]€> —tr<z [vi ZE”k Fk> (28)

i=1 =1 k=1
because

Eloi!] — Bp]Epl] = & 17k (29)

I, i=k
due to the orthonormality of vectors v1,...,v,.
Then

p

ZEE vil
p p
1=1 k=1

_ZE
p
ZFEUZ > B[] Fk> +tr
=1 k=1
p
(ZFE’UZ > B[] Fk>
i=1 k=1

P
o Z tr(F Ey,p — FZE['UZ]E[‘ET] + EfwiET - E[‘E}E[U'T]FiT — Egv,Eu,z)

i Ex’l}
+tr<ffT z T|F, + Blal Ela") - Elo)fT
i+ ) RE

=J(f,F1,.... Fp). (31)

Hence, (23) is true. Therefore,

T Fro s Fp) = IIELP — ZHEWHQHU Elx +ZFkEka!2
k=1 k=1
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p
+ D 1k — Eau, |1 (32)
k=1

It follows from (32) that the constrained minimum (6)—(7) is achieved if f = f° with f° given
by (20), and if FY is such that

J(F) = n}win Jk(F) subject to rank (Fi) = g, (33)
k

where Ji(Fy) = ||F. — Eyy, ||>. The solution to (33) is given [43] by

F = Ky, (34)
Then
P
Elle = T @I = 1B = Y (1Eeu,I* = 1 Kkme — Eau,|)-
k=1
Here [43],
-
B> =D af;  and  [|Kpy, — Egu,|” = Z ap (35)
= J=me+1
with r = r(k). Thus, (21) is true. The theorem is proved. [
Corollary 1. Let vi,...,v, be determined by Lemma 1. Then the vector f and operators
Fi, ..., Fp satisfying the unconstrained problem (6), are determined by
p A A
= - RE and  Fi=Epuyy ooy Fp=Eno, (36)
k=1

with Fy, such that [Fi(v))(w) = Frogp(w) where Fj, € R™™ and k=1,...,p.
The accuracy associated with transform T, given by

p
To(y) = f+ Zﬁ (vy,) (37)

1s such that

Elllz - T,()I”] = IEZI* — Z Ezo |- (38)
Proof. The proof follows directly from (32). [

5.2.2 The case when matrix E,,,, is not invertible for k =1,...,p

We write Aj, € R™*™ for an arbitrary matrix, and define operators Ay, : L*(Q,R") — L%(Q,R™)
and Ey, o, E g, (E/2)T: L2(Q,R™) — L2(Q,R") similarly to those in (9) and (10).
For the case under consideration (matrix E,,,, is not invertible), we introduce the SVD of
E, (B, ),
UpSe Vil = B, (EY/2 )1, (39)

VkVk
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where, as above, Uy € R™*" V}, € R™ ™ are orthogonal and X; € R™"*" is diagonal,

U, = [Skly e Skn]7 Vi = [dk17 ... ;dkn] and Y = diag(ﬂkl, ... ,ﬂkn) (40)
with Bk > -+ > Bk >0, Brpy1 = =Prn=0,r=1,...,n and r = r(k).
Let us set
Uknk = [Skl,---,sknk]’ Vkﬁk = [dkl,...,dknk] and
Eknk = dlag (ﬁkl) cee 7ﬁk277k)7 (41)

where Uy, € R™ %, Vi, € R and X, € R  Now we define Gy, € R™" and
Grne + L2(Q,R™) — L2(9,R™) by

G = Uk Skn Vi, and  [Gryy (wi)](w) = Gy [wie(w)], (42)

respectively, for any wj, € L2(Q,R").
As noted before, we write Z for the identity operator.

Theorem 2. Let vy,...,v, be determined by Lemma 3. Then fO and FP, ... ,]-;9, satisfying
(6)—(7), are determined by

p
— > " FYE[v)] (43)
k=1
and
= Guny (EL2)T + AT — €2 (£12)1), (44)
FO = G, (EM2 )T + AT — EM2 (€121, (45)

where for k=1,...,p, Ay is any linear operator such that rank}',g <yt
The accuracy associated with transform T,) given by (8) and (43)-(45) is such that

P Mk

Elllz = T w)I"] = 1B 1% = DD By (46)

k=1 j=1

Proof. For vi,...,v, determined by Lemma 3, J(f, Fi,...,F) is represented by (22) as well.
Let us consider Jy, Ji and Jo given by

Jo = |EZII — ZHEW Ey2)I2, (47)
Ji=|f - Elz +ZFkE [willI* and Z IEVEYS, — Eou (BT (48)
k=1

To show that
J(fvfla"'vfp):JO+Jl+J2 (49)
with J(f, Fi,...,Fp) defined by (22), we use the relationships (see [26])

B, ] Evkvk = Ervk and E E1/2 — (E1/2 ) (50)

TUE v v VeV~ VgV VEVk

n particular, Ay can be chosen as the zero operator.



Combined Reduced-Rank Transform 11

Then
p
Jy = tr (ffT fE[z"] + Z fEWEF; + E[z|E[”] - Elz]f" =) E[z|E[v] | F
k=1 k=1
p p p
+ ) FeElog] fT = FrE[vi]Elz"] + Z FpElvi] > E[vf]Ff) (51)
k=1 k=1 k=1 =1
and
tr(Fy, — E VB0, (FF —El . Ey )
r k zvk Ukvk VkVk k VRV VkT
p
- Z tr(FpEupo, Fr — FiBEue — Ezog Fi + Ea Bl o Eopa), (52)
k=1
where

p
Z (FkEvkkak
k=1

( > Froy, Z ’UTFT>

tr < > FpE[vr] ) E[J]Fﬁ) (53)
k=1 =1

because
Elvwl] — Elv,]E[vl] =0 for i#k (54)

due to orthogonality of the vectors vy,...,v,. On the basis of (50)—(53) and similarly to (30)—
(31), we establish that (49) is true. Hence,

T(fs Fryns Fp) = B - Z B, (BTN + IS — Elz]
+ ZFkE il [I” + Z IEVELS, — Eao, (B3I (55)

It follows from the last two terms in (55) that the constrained minimum (6)—(7) is achieved if
[ = f° with f° given by (43), and F? is such that

J(F) = min J(Fj;)  subject to rank (Ff) =1, (56)
k

where Jy(Fy) = ||FiBa/2, — B, (Ev/2 )2, The constrained minimum (6)—(7) is achieved if

f = f0is defined by (43), and if [43]
REY? =@, (57)

ViV

The matrix equation (57) has the general solution [45]

F, = F) = Gy, (B2 ) A [T —EL2 (B2 )T (58)

VEVk VUV VEVk
if and only if
Gy (EY2VEY2 — @G, (59)

VEVk VkVk

The latter is satisfied on the basis of the following derivation?.

2Note that the matrix IfIEil,ﬁk (E},ﬁk )Jr is simply a projection onto the null space of E,, », and can be replaced
by I —Euu, (]Evkvk)T'
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As an extension of the technique presented in the proving Lemmata 1 and 2 in [26], it can
be shown that for any matrices )1, Q2 € R™*",

N@Q)CN(@) = Q:(I-QlQ) =0, (60)
where N(Q;) is the null space of Q; for i = 1,2. In regard of the equation under consideration,

N(BL2]1) C N (Baw, [B2,11). (61)
The definition of G, implies that

N (Ee, [EY3,]1) SN (Gy)  and then  N([EY]T) € N (Gyy).
On the basis of (60), the latter implies Gy, [I — (E},ﬁk)TE%%k] = 0, i.e. (59) is true. Hence, (58)
and (44)—(45) are true as well.

Next, similar to (35),

B, (Ean )17 = G — B, (Byf3) 1P = Z% (62)

Then (46) follows from (55), (58), (43) and (62). [

Remark 4. The known reduced-rank transforms based on the Volterra polynomial structure [16,
27, 29] require the computation of a covariance matrix similar to E,,, where v = [v1,...,v,]7,
but for p = N where N is large (see Sections 1 and 2). The relationships (30)—(33) and (51)—(56)
illustrate the nature of the proposed method and its difference from the techniques in [16, 27, 29]:
due to the structure (3) of the transform 7, the procedure for finding o, 70 .7-'19 avoids
direct computation of E,, which could be troublesome due to large V. If operators Q1,...,Q,
are orthonormal, as in Theorem 1, then (29) is true and the covariance matrix E,, is reduced to
the identity. If operators Qj,..., Q, are orthogonal, as in Theorem 2, then (54) holds and the

covariance matrix K., is reduced to a block-diagonal form with non-zero blocks Ey, vy, . .., Ey,q,
so that
Ey v, @) @)
E,, = O  Eyw, @)
) O ... Eyp,

with @ denoting the zero block. As a result, the procedure for finding f°, 7V, ... ,]—"]9 is reduced
to p separate rank-constrained problems (33) or (56). Unlike the methods in [16, 27, 29], the
operators FY, ... , F& are determined with much smaller m x n and n x n matrices given by the
simple formulae (20) and (43)—(45). This implies a reduction in computational work compared
with that required by the approach in [27, 29, 34].

Corollary 2. Let vy,...,v, be determined by Lemma 3. Then the vector f and operators
Fi,... ,fp, satisfying the unconstrained minimum (6), are determined by
P
=Elz] - Y RE (63)
k=1
and

fl E-TUI 51}11)1 + Al [I gvlvl gvlvl] (64)
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Fp=Ee,& o + AT — 0, &S L ] (65)

TUpZvpup UpUp ~vpvp

The associated accuracy for transform I,, defined by

T(y) =+ Filvw),

k=1

s given by
Elle - T,(y)|1°] = 1B - ZHEW (B2 117 (66)

Proof. It follows from (55) that the unconstrained minimum (6) is achieved if f is defined

by (63) and if Fj satisfies the equation FkEll,ézk — Eq, (E},gk)f O for each kK = 1,...,p.

Similar to (57)—(58), its general solution is given by

F,=F, =Eu, Bl 4+ Ayl — K, El ]

TUE gV VkVk 05V
because Ei,{%k (E},ﬁkﬂ = vkkaE;r,kvk. We define Fy by [Fi(wg)](w) = Fxlwg(w)] for all k =
1,...,p, and then (64)—(65) are true. The relation (66) follows from (55) and (63)—(65). [

Remark 5. The difference between the transforms given by Theorems 1 and 2 is that 7 by (20)

(Theorem 1) does not contain a factor associated with (E},ﬁ,kﬂ for all k =1,....p. A similar
observation is true for Corollaries 1 and 2.

Remark 6. The transforms given by Theorems 1 and 2 are not unique due to arbitrary operators
Ai, ..., Ap. A natural particular choice is 43 =--- = A, = 0.
5.2.3 Compression procedure by Tpf’

Let us consider transform 7,0 given by (8), (43)~(45) with Ay, = O for k = 1,...,p where A4 is
the matrix given in (58). We write [’Z;O(y)](w) = Tg(y) with T;? :R® — R™.
Let
1
B" = Sy Vin, Dh, and  BY = DI, (E/2 )t

VkVk

so that B,(gl) € R™*"% and B,E?) € R"™>" Here, m, ..., np are determined by (7). Then

p
) =1+ BB,

k=1
where v, = vi(w) and B,(f)vk € R for k =1,...,p with n; + --- + 1, < m. Hence, matrices
B§2), . ,BI(JQ) perform compression of the data presented by v1,...,v,. Matrices B%l), . ,Bz(gl)

perform reconstruction of the reference signal from the compressed data.
The compression ratio of transform ’Z;O is given by

= (m+-+n)/m. (67)
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5.2.4 A special case of transform 7,

The results above have been derived for any operators ¢y,...,¢, in the model 7,. Some
specializations for ¢4, ..., ¢, were given in Section 3.2. Here and in Section 5.2.5, we consider
alternative forms for ¢4, ..., @,

(i) Operators ¢y, ..., ¢, can be determined by a recursive procedure given below. The
motivation follows from the observation that performance of the transform 7, is improved if y
in (5) is replaced by an estimate of .

First, we set ¢, (y) = y and determine estimate (1) of  from the solution of problem (6)
(with no constraints (7)) by Corollaries 1 or 2 with p = 1. Next, we put ¢,(y) = y and
wo(y) = (. and find estimate x(® from the solution of unconstrained problem (6) with
p = 2. In general, for j =1,...,p, we define cpj(y) = 20U~ where £~ has been determined
similarly to 2@ from the previous steps. In particular, (©) = Y.

(ii) Operators ¢y, ..., ¢, can also be chosen as elementary functions. An example is given in
item (i) of Section 3.2 where ¢, (y) was constructed from the power functions. An alternative
possibility is to choose trigonometric functions for constructing ¢, (y). For instance, one can
put

[er(Wlw) =y and [ (y))w) = [cos(kyr), ..., cos(kya)]" (68)

with ¥ = [y1,...,ys]7 and & = 1,...,p — 1. In this paper, we do not analyse such a possible
choice for ¢4, ..., @,

5.2.5 Other particular cases of transform 7,
and comparison with known transforms

(i) Optimal non-linear filtering. The transforms 7, (36)—(37) and 7, (63)—(65), which are
particular cases of the transforms given in Theorems 1 and 2, represent optimal filters that
perform pure filtering with no signal compression. Therefore they are important in their own
right.

(ii) The Fourier series as a particular case of transform 7,. For the case of the
minimization problem (6) with no constraint (7), Fi,...,F, are determined by the expressions
(36) and (63)—(65) which are similar to those for the Fourier coefficients [35]. The structure of
the model 7,, presented by (3) is different, of course, from that for the Fourier series and Fourier
polynomial (i.e. a truncated Fourier series) in Hilbert space [35]. The differences are that 7,
transforms y (not « as the Fourier polynomial does) and that 7, consists of a combination of
three operators ¢, Qp and Fj, where Fy : L2(€Q, ﬁk) — L?(Q, Hx) is an operator, not a scalar
as in the Fourier series [35]. The solutions (36) and (63)—(65) of the unconstrained problem (6)
are given in terms of the observed vector y, not in terms of the basis of « as in the Fourier
series/polynomial. The special features of 7, require special computation methods as described
in Section 5.

Here, we show that the Fourier series is a particular case of the transform 7,,.

Let € L?(Q, H) with H a Hilbert space, and let {v1,v2,...} be an orthonormal basis in
L*(Q), H). For any g,h € L*(Q, H), we define the scalar product (-,-) and the norm || -
L?(Q), H) by

<g,h>=/Qg(w)h(W)dM(w) and gl = (g,9)"/7, (69)

respectively. In particular, if H = R™ then

!\g!@:/ﬂg(w[ (w)] " dpa(w /Hg )IPdu(w) = Elllg|l’], (70)

i.e. E[||g|%] is defined similarly to that in (4).

5 in
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Let us consider the special case of transform 7, presented in item (iii) of Section 3.2 and
let us also consider the unconstrained problem (6) formulated in terms of such a 7, where we
now assume that & has the zero mean, f = Q, p = oo, {v1,vs,...} is an orthonormal basis in
L?(Q), H) and Fy is a scalar, not an operator as before. We denote oy, = F, with a € R. Then
similar to (36) in Corollary 1, the solution to unconstrained problem (6) is defined by é; such
that

Gy = Epy,  with k=1,2,....

Here, E,,, = E[xvy] — E[z]Evgy] = Elzvg] = (x,vy) since Elz] = 0 by the assumption.
Hence, &y = E,y, is the Fourier coefficient and the considered particular case of 7,(y) with Fy,
determined by &y is given by

Z (z,v)v (71)
k=1

Thus, the Fourier series (71) in Hilbert space follows from (3), (6) and (36) when 7, has the
form given in item (iii) of Section 3.2 with x, f, p, {vi,vs,...} and Fj as above.

(iii) The Wiener filter as a particular case of transform 7, (63)—(65). In the following
Corollaries 3 and 4, we show that the filter 7, guarantees better accuracy than that of the Wiener
filter.

Corollary 3. Let p=1, E[z] =0, E[y] =0, ¢, =Z, Q1 =T and A, = O or A = E,,E},.
Then T, is reduced to the filter T such that

(72)

Remark 7. The unconstrained linear filter, given by (72), has been proposed in [7]. The
filter (72) is treated as a generalisation of the Wiener filter.

Let @, v1,...,v, be the zero mean vectors. The transform ’Z_;, applied to &, v1,...,0p, is
denoted by Zyyy,.

Corollary 4. The error E|||Z — Tw(9)||?] associated with the transform Ty, is smaller than

§ P
the error E[||@ — T (9)||?] associated with the Wiener filter [7) by . ||Ezs, (E B2 )2, i
k=2

Vg Vg,

Elll& - Tw,(9)]%] = Elll2 Z | Baa (Bl )12 (73)

Proof. It is easy to show that

EllE — T@)|% = 1B 1% — 1Bz (B 212, (74)

V101

and then (73) follows from (66) and (74). [

(iv) The KLT as a particular case of transform ’2;0 (43)—(46). The KLT [7] follows
from (43)—(46) as a particular case if f =0, p=1, p; =Z, Q1 =Z and A; = O.

To compare the transform 7,? with the KLT [7], we apply 7,”, represented by (43)-(46), t
the zero mean vectors &, v1,...,v, as above. We write 7® for such a version of ’];,0, and ’]%LT
for the KLT [7].
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Corollary 5. The error E[||& — T, (9)||?] associated with the transform T} is smaller than the
Pk
error E[||Z — T, (9)||?] associated with the KLT [7] by > > ﬁzj, i.e.

P Nk
KLT )H?]_ZZ@% (75)

k=2 j=1

Bllz - 7,/ @) = Bz -

Proof. The error associated with F, . [7] is represented by (46) for p =1,

El|l& — Tn ()% = | EL)1? — Zﬂu (76)

Then (75) follows from (46) and (76). [

(v) The transform [20] as a particular case of transform T. The transform [20]
follows from (3) as a particular case if f =0, p =2, ¢,(y) =y, ps(y) = y? and Q) = Qp =
where y? is defined by y%(w) = [y?,...,52]". We note that transform [26] has been generalized
in [27].

(vi) The transforms [27] as particular cases of transform 7,. The transform [27]
follows from (3) if Qr = Z, ¢, (y) = y* where y* = (y,...,y) € L*(Q,R"™), R™ is the kth
degree of R™, and if Fy, is a k-linear operator.

To compare transform 7;)0 and transform 7pp7 [27] of rank r, we write z; = y;y, 2 =
[21,...,2n]T, s = [1y? 2717 and denote by aj,...,q, the non-zero singular values associated
with the truncated SVD for the matrix EIS(E;LP)T. Such a SVD is constructed similarly to that

n (39)-(41).

,
Corollary 6. Let A, = z Z ﬂk Z 042- and let A, > 0. The error E[||e—T(y)||*] associated
=1j5=1

with, the transform T is less than the error E[||@—Tpr(y)|1?] associated with the transform Try
by Ay, i.e.

Elllz - T) ()" = Ellx — Tpn ()|°] - (77)

Proof. It follows from [27] that
El|lz - Ton ()| = |IE:°)1* - Za (78)

Then (77) follows from (46) and (78). [

We note that, in general, a theoretical verification of the condition A, > 0 is not straightfor-
ward. At the same time, for any particular  and y, A, can be estimated numerically.

Although the transform ’Z;O includes the transform 7,7}, the accuracy of 77 is, in general,
better than that of ’2;0 for the same degrees of ’2;0 and 7Tjp7. This is because 7[57 implies more
terms. For instance, 7[5 of degree two consists of n + 1 terms while ’];DO, for p = 2, consists
of three terms only. If for a given p, the condition A, > 0 is not fulfilled, then the accuracy
El|lx — T (y)|?] can be improved by increasing p or by applying the iterative method presented
in [28].

(vii) Unlike the techniques presented in [13, 14], our method implements simultaneous
filtering and compression, and provides this data processing in probabilistic setting. The idea of
implicitly mapping the data into a high-dimensional feature space [8, 12, 15] could be extended
to the transform presented in this paper. We intend to develop such an extension in the future.
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6 Numerical realization

6.1. Orthogonalization. Numerical realization of transforms of random vectors implies a
representation of observed data and estimates of covariance matrices in the form of associated
samples.

For the random vector u;, we have ¢ realizations, which are concatenated into n x ¢ mat-
rix Ug. A column of Uy is a realization of ui. Thus, a sequence of vectors ui,...,u, is
represented by a sequence of matrices Uy, ..., U,. Therefore the transformation of w1, ..., u, to
orthonormal or orthogonal vectors v, ...,v, (by Lemmata 1 and 3) is reduced to a procedure
for matrices Uy, ...,U, and Vi,..., V). Here, V}, € R"*9 is a matrix formed from realizations of
the random vector vy for each k. =1,...,p.

Alternatively, matrices Vi,..., V), can be determined from known procedures for matrix or-
thogonalization [43]. In particular, the QR decomposition [43] can be exploited in the following
way. Let us form a matrix U = [UIT . U;;F]T € R™"*4 where p and ¢ are chosen such that np = ¢,
i.e. U is square®. Let

U=VR

be the QR decomposition for U with V' € R™*? orthogonal and R € R"*? upper triangular.
Next, we write V = [V{T ... VpT]T € R™P*? where Vj, € R"*7 for k = 1,...,p. The submatrices

I? Z = j’
Other known procedures for matrix orthogonalization can be applied to Uy, ..., U, in a similar
fashion.

Vi,...,V, of V are orthogonal, i.e. VZ-V;-T = {@’ ’ 7 Js fori,j =1,...,p, as required.

Remark 8. For the cases when v1,...,v, are orthonormal or orthogonal but not orthonormal,

the associated accuracies (21), (38), (46) and (66) differ for the factors depending on (Eié%k)f
In the case of orthonormal vy, ..., v, (Eié?,k)f = I and this circumstance can lead to an increase

in the accuracy.

6.2. Covariance matrices. The expectations and covariance matrices in Lemmata 1-3
and Theorems 1-2 can be estimated, for example, by the techniques developed in [36, 37, 38,
39, 40, 41]. We note that such estimation procedures represent specific problems which are not
considered here.

6.3. ’];,0, ’f; and 7, for zero mean vectors. The computational work for 7;)0 (Theorems 1
and 2), 7, and 7, (Corollaries 1 and 2) can be reduced if ’Z;,O, 7, and 7, are applied to the zero
mean vectors &, ¥1, ..., 0, given by & = & — Ex], v1 = v1 — E[v1],...,?, = v, — E[v,|. Then
f® =0 and f = Q. The estimates of the original = are then given by

©=Elx]+> For), &=E@+Y Fu(®r) and &=Ex]+ Y Fi(tr)
k=1 k=1 k=1

respectively. Here, Fp, Fi and Fy, are defined similarly to (20), (36), (44), (45), (64) and (65).

7 Discussion

Some distinctive features of the proposed techniques are summarized as follows.

Remark 9. It follows from Theorems 1 and 2, and Corollaries 1 and 2 that the accuracy
associated with the proposed transform improvs when p increases.

3Matrix U can also be presented as U = [U1...Up] with p and ¢ such that n = pq.
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Remark 10. Unlike the approaches based on Volterra polynomials [27, 29, 34] our method does
not require computation of pseudo-inverses for large N x N matrices with N = n+n?+---4nP~1.
Instead, the proposed transforms use pseudo-inverses of n X n matrix E,,,,. See Theorems 1
and 2. This leads to a substantial reduction in computational work.

Remark 11. The idea of the recurrent transform [28] can be extended for the proposed trans-
form in a way similar to that considered in [28]. The authors intend to develop a theory for such
an extension in a feasible future.

8 Conclusions

The new results obtained in the paper are summarized as follows.

We have proposed a new approach to constructing optimal nonlinear transforms for random
vectors. The approach is based on a representation of a transform in the form of the sum of p
reduced-rank transforms. Each particular transform is formed by the linear reduced-rank oper-
ator Fy, and by operators ¢;, and Qf with £ =1,...,p. Such a device allows us to improve the
numerical characteristics (accuracy, compression ration and computational work) of the known
transforms based on the Volterra polynomial structure [27, 29, 34]. These objectives are achieved
due to the special “intermediate” operators ¢y, ..., ¢, and Q1,...,Q,. In particular, we have
proposed two types of orthogonalizing operators Qy, ..., Q, (Lemmata 1 and 3) and a specific
method for determining ¢, ..., ¢, (Section 5.2.4). Such operators reduce the determination of
optimal linear reduced-rank operators .7-":?, . ,.7-"19 to the computation of a sequence of relatively
small matrices (Theorems 1 and 2).

Particular cases of the proposed transform, which follow from the solution of the uncon-
strained minimization problem (6), have been presented in Corollaries 1 and 2. Such transforms
are treated as new optimal nonlinear filters and, therefore, are important in their own right.

The explicit representations of the accuracy associated with the proposed transforms have
been rigorously justified in Theorems 1 and 2, and Corollaries 1 and 2.

It has been shown that the proposed approach generalizes the Fourier series in Hilbert space
(Section 5.2.5), the Wiener filter, the Karhunen-Loeve transform (KLT') and the known optimal
transforms [26, 27, 29]. See Corollaries 3, 4 and 5, and Section 5.2.5 in this regard. In particular,
it has been shown that the accuracies associated with the proposed transforms are better than
those of the Wiener filter (Corollary 4) and the KLT (Corollary 5).

A Appendix

Proof of Lemma 1. Let us write
i—1
w1 = U and wi:ui—zuik(wk) for i=1,...,p,
k=1

with Uy, : L?(Q,R") — L?(Q,R") chosen so that, for k =1,...,i — 1,
Euww, =0 if i#k. (79)
We wish (79) is true for any k, i.e.
Euwswp = Buwsw, — Elw;|E[wi]
=F (uz — Ziuﬂ(wl)>w}§
=1

- B Elwy]

i—1
(uz' - Z%l(%))
=1
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= Euywp — Uik By, — Ew] Elw}] + Elwy] E[w]]

Thus, Uiy, = Eu,w,Eqply, » and the statement (i) is true.

It is clear that vectors vy, ..., v,, defined by (12), are orthogonal. For Qj, defined by (13),
we have Q, = (Eiguk)_l and

- (E’llﬂ/kzwk)_lekwk (E'llu/]fwk)_l =1
Hence, v1,...,v), defined by (12), are orthonormal.
Proof of Lemma 3. We wish that E,,,, = O for i # k. If Z;; has been chosen so that this
condition is true for all k =1,...,7 — 1 then we have
i—1 i—1
E u; — Z Zil(vl) ’Ug = Euivk - Z ZilEvlvk = Euivk - ZikEvkvk = 0. (80)
=1 =1
Thus,
ZikEvkvk = Euivk- (81)

The necessary and sufficient condition [45] for the solution of the matrix equation (81) is given
by

Euo, B o Bopop = Euoy - (82)

UiV Vg Vg

By Lemma 2, (82) is true. Then, on the basis of [45], the general solution to (81) is given by (16).
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