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HOLONOMIC AND SEMI-HOLONOMIC GEOMETRIES

by

Gregor Weingart

Abstract — Holonomic and semi-holonomic geometries modelled on a homogeneous
space G/ P are introduced as reductions of the holonomic or semi-holonomic frame
bundles respectively satisfying a straightforward generalization of the partial differ-
ential equation characterizing torsion—free linear connections. Under a suitable regu-
larity assumption on the model space G/P we establish an equivalence of categories
between Cartan geometries and semi-holonomic geometries modelled on G/P.

Résun€(Geométries holonomes et semi—holonomes). —  On introduit les géométries ho-
lonomes et semi—holonomes modelées sur un espace homogene G/ P comme réductions
des fibrés de reperes holonomes et semi-holonomes vérifiant une généralisation de
I’équation aux dérivées partielles caractérisant les connexions linéaires sans torsion.
Sous certaines conditions de régularité sur Iespace modele G/P, nous établissons
une équivalence de catégories entre les géométries de Cartan et les géométries semi—
holonomes modelées sur G/P.

1. Introduction

The study of geometric structures with finite dimensional isometry groups has ever
made up an important part of differential geometry and is intimately related with the
notions of connections and principal bundles, coined by Cartan in order to give an
interpretation of Lie’s ideas on geometry. Principal bundles are undoubtedly useful
in the study of geometric structures on manifolds, nevertheless one should not fail to
notice the problematic and somewhat paradox aspect of their use. In fact the frame
bundles of a manifold M are defined as jet bundles, with a single projection to M,
say the target projection, but we have to keep track of the source projection, too.
From the point of view of exterior calculus on principal bundles there is a natural
way to work around this problem, needless to say it was Cartan who first treated the
classical examples of geometric structures along these lines of thought, which have by
now become standard. The paradox itself however remains and its impact is easily
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308 G. WEINGART

noticed when turning to more general geometric structures, say geometries modelled
on homogeneous spaces G/ P.

Analysis on homogeneous spaces G/ P is well understood and it is tempting to gen-
eralize this analysis to curved analogues of the flat model space G/P. In particular
the extension problem for invariant differential operators studied in conformal and
more general parabolic geometries only makes sense in this context. Cartan’s original
definition [C] of Cartan geometries as curved analogues of homogeneous spaces G/P
relies on the existence of an auxiliary principal bundle G on a manifold M. Unless we
are content with studying pure Cartan geometries we need to discover the geometry
first in order to establish the existence of the principal bundle. In fact most Cartan
geometries arise via Cartan’s method of equivalence in the process of classifying un-
derlying geometric structures interesting in their own right. In this respect the work
of Tanaka [T] has been most influential, who introduced parabolic Cartan geometries
to classify regular differential systems with simple automorphism groups.

An alternative, but essentially equivalent definition of a curved analogue of a ho-
mogeneous space is introduced in this note. Holonomic and semi-holonomic geomet-
ries modelled on a homogeneous space G/P will be reductions of the holonomic or

semi-holonomic frame bundles GL M or GL "M of M satisfying a suitable partial
differential equation, which is a straightforward generalization of the partial differen-
tial equation characterizing torsion—free linear connections as reductions of GL2M
to the structure group GL!R"™ C GL?2R". The critical step in the formulation of
this partial differential equation is the construction of a map similar to

J: orr\GL’R" — Jetj(qpn\GL'R")
in Riemannian and
J: COR" x g*\GL’R" — Jetg(coprn\GL 'R")

in conformal geometry. The classical construction of 7 applies only for affine geomet-
ries, i. e. geometries modelled on quotients of the form P x u/P, where the semidirect
product is given by some linear representation of P on u. In non—affine geometries
the straightforward map GL?t'R® — Jet(l)GL dR™ fails in general to descend to
quotients. In particular this problem arises in split geometries, which are of partic-
ular interest in differential geometry. Split geometries are modelled on homogeneous
spaces G/P, such that some subgroup U C G acts simply transitively on an open,
dense subset of G/P. A couple of talks at the conference in Luminy centered about
parabolic geometries, which form a class of examples of split geometries interesting in
its own right due to the existence of the Bernstein—-Gelfand-Gelfand resolution [BE],
[CSS].

Without loss of generality we will assume that the model space G/P is connected,
i. e. every connected component of G meets P. However G/P will have to satisfy
a technical regularity assumption in order to be able to construct holonomic and
semi-holonomic geometries modelled on G/P. Choose a linear complement u of p in
g = u® p and consider the corresponding exponential coordinates of G/ P:

exp: u — G/P, v — e"P
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HOLONOMIC AND SEMI-HOLONOMIC GEOMETRIES 309

The action of the isotropy group P of exp(0) = eP in these exponential coordinates
gives rise to a group homomorphism ®, : P — GL*u from P to the group GL *u
of k—th order jets of diffeomorphisms of u into itself fixing 0 € u. We require that
the image of P is closed in GL*u for all £ > 1, a condition evidently independent of
the choice of u. This regularity assumption is certainly met by all pairs of algebraic
groups, but it does not hold in general, perhaps the simplest counterexample is the
affine geometry modelled on R x (C@® C)/R with R acting on C ® C by an irrational
line in S' x S'. In general neither of the homomorphisms P — GL*u, k > 1, needs
be injective, however the intersection of all their kernels is a closed normal subgroup
P, of P called the isospin group of P in G. Alternatively P,, can be characterized
as the kernel of the homomorphism G — Diff G/P.

In the absence of isospin P, = {1} Morimoto [M] constructed a P-equivariant
embedding of a Cartan geometry G on a manifold M into the infinite frame bundle
G — GL ~M. The main result of the current note is a generalization of this result,
which provides a complete classification of Cartan geometries G on M modelled on
G/P in terms of semi-holonomic geometries of sufficiently high order:

Theorem 1.1 — Consider a connected homogeneous quotient G/ P of a finite dimen-
sional Lie group G by a closed subgroup P such that the image of P in GL"*u is
closed for all k > 1. There exists an integer d > 0 depending only on the pair of Lie
algebras g O p such that every Cartan geometry G on M is an isospin P —bundle

. . . ——d+1
over a unique semi-holonomic geometry G/Ps, C GL v of order d + 1 modelled
on G/P. The semi-holonomic geometry fixes the Cartan connection on G up to an
affine subspace of isospin connections.

Consequently in the absence of isospin P, = {1} there is a natural correspond-
ence between Cartan geometries and semi-holonomic geometries of order d + 1 on M
establishing an equivalence of the respective categories. The actual proof of Theorem
1.1 is very simple once we forget everything we learned about the canonical connec-
tion etc. on frame bundles. The explanation for the need to introduce an auxiliary
bundle in the original definition of Cartan geometries seems to be that people clinged
to the concept of “canonical” translations, because it fitted so neatly with exterior
calculus, instead of taking the problematic aspect of principal bundles in geometry at
face value.

It is a striking fact that no classical example is known where the integer d in
Theorem 1.1 is different from d = 1 or d = 2. In fact the relationship between Cartan
geometries and holonomic geometries should become very interesting for examples
with d > 2. A partial negative result in this direction is given in Lemma 4.4 showing
that all examples with reductive G have d < 2.

Perhaps the most important aspect of Theorem 1.1 is that it associates a classify-
ing geometric object and thus local covariants to any Cartan geometry without any
artificial assumptions on the model space G/P. In particular the techniques available
in the formal theory of partial differential equations or exterior differential systems
[BCG?] can be used to describe the space of local solutions to the partial differential
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equation characterizing holonomic and semi-holonomic geometries. The most ambi-
tious program is to derive the complete resolution of the space of local covariants and
we hope to return to this project in [W]. The methods and results of Tanaka [T]
and Yamaguchi [Y] for parabolic geometries will certainly find their place in the more
general context of split geometries.

In the following section we will review the fundamentals of jet theory with partic-
ular emphasis on the delicate role played by the translations in order to construct the
map J for all model spaces G/P. Moreover we will review the notion of torsion in
this section, because similar to the map J the most intuitive definition of torsion de-
pends on the choice of translations. This example is particularly interesting, because
it contradicts the usual definition of torsion as the exterior derivative of the soldering
form and may serve as a sample calculation showing the way the translations affect
the relevant formulas in exterior calculus.

Using the map J we set up the partial differential equation characterizing holo-
nomic and semi-holonomic reductions of the holonomic and semi-holonomic frame
bundles GL M and G—LdM respectively. In particular we will provide stable ver-
sions of these partial differential equations, a problem we thought about at the time of
the conference in Luminy. Moreover we will discuss what kind of connections are as-
sociated with holonomic and semi-holonomic reductions. In the final section we prove
Theorem 1.1 and thus establish an equivalence of categories between the category of
Cartan geometries and the category of semi-holonomic geometries of sufficiently high
order.

I would like to thank the organizers of the conference for inviting me to Luminy
and giving me extra time to finish this note. Moreover the discussions with Jan Slovak
and Lukas Krump in Luminy turned my attention to the local covariant problem in
pure Cartan geometry. My special thanks are due to Tammo Diemer, who introduced
me to conformal geometry and the related extension problem for invariant differential
operators.

2. Jet Theory and Principal Bundles

The language of jet theory will dominate the following sections, most of the ideas
and definitions will emerge from this way of expressing calculus. Since there are
numerous text books on this subject it is needless to strive for a detailed introduction,
see [KMS], [P] for further reference. For the convenience of the reader we want to
recall the basic concepts and definitions of jet theory and discuss its interplay with
the theory of principal bundles. In particular we want to point out the problematic
aspect of using principal bundles in the description of jets of geometric structures on
manifolds. In order to get a well defined projection from a principal bundle to the
base manifold we have to fix say the target of a jet, however we have to keep track of
its source, too.

Perhaps the cleanest way around this problem is to discard principal bundles and
turn to groupoid—like structures. In fact the description of geometric structures on
manifolds using groupoids or better Lie pseudogroups has a long history originating
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from Lie and predating the concept of principal bundles by decades, see [P] for an
enthusiastic and in parts rather polemical historical survey. On the other hand the
use of principal bundles has a tremendous advantage over the use of groupoids, we
really can do calculations without the need to resort to local coordinates and the
powerful algebraic machinery of resolutions by induced modules becomes available in
this context.

There is a standard recipe to deal with this dichotomy and it works remarkably
well in affine and other important geometries. Moreover it links neatly with exter-
ior calculus on principal bundles pioneered by Cartan. In this note we will explore
variants of the standard recipe depending in geometrical language on the choice of
translations. Although these variants may look somewhat artificial from the point of
view of exterior calculus they allow us to deal easily not only with affine but with
all split geometries. A striking example is Lemma 2.5, which essentially reproduces
the definition of torsion in Cartan geometries without any reference to connections
at all. The modifications in the definitions needed in general geometries modelled on
homogeneous spaces G/ P will appear in [W].

The main object of study in jet theory is of course a jet, which is a generalization
of the concept of a Taylor series associated to a smooth map R — R to arbitrary
smooth maps between manifolds. Let u be a fixed real vector space and F some
differentiable manifold. Two smooth maps f : u — F and f : u — F defined
in some neighborhood of 0 € u are called equivalent f ~ f up to order k > 0 if
f(0) = f(0) and their partial derivatives up to order k in some and hence every local
coordinate system of F about f(0) = f(0) agree in 0. The equivalence class of a
smooth map f up to order k is called the k—th order jet jetlg f of f and the set of
all these equivalence classes is denoted by Jetf F := {jet® f| f: u — F }. For all
k > 1> 0 there is a canonical projection

pr: Jeth F — Jeth F, jetk f s jeth f
and the evaluation
ev: JethF — F, etk f — f(0)

which strictly speaking is a special case of the projection since we may identify
Jet) F = F. We will use a different notation for this special case nevertheless
to avoid the cumbersome indication of the source and target orders of the projec-
tions. If the manifold F comes along with a distinguished base point {x} the jets
of pointed smooth maps f : u — F make up the subset of all reduced or poin-
ted jets Jeth F = {jeth f| f(0) = x} < Jety F, which is just the preimage
ev (%) = *Jetk F of the base point.

Consider now the case that @ is a Lie group then so are both *Jetlg @ and Jetlg Q
under pointwise multiplication with Lie algebras *J etlg qand J etlg q respectively. With
the help of the exponential exp : q — @ we may identify Jet} Q and *Jetf g,
making the vector space *Jetlg g an algebraic group with group structure given by
the polynomial approximation of the Campbell-Baker—Hausdorff formula. The group
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Jetlg @ is then a semidirect product J etlg Q =2 QX *Jetlg q by the split exact sequence:
1 — JethQ — Jetf Q@ =5 Q — 1

Similarly we could define jets of maps f : u — F at points different from
0 and jets of maps between arbitrary manifolds. However for our purposes it is
sufficient to “gauge” the pointwise definitions and constructions given above. Consider
therefore the open subset GL*M ¢ Jetlg M of all k—jets of local diffeomorphisms
m : u — M defined in a neighborhood of 0 € u together with the open subset
GL*u C *Jethu of all k-jets of local diffeomorphisms A : u — u fixing 0:

GL*M := {jethm| m: u— M, mlocal diffeomorphism }
GLFu = {jetb A| A:u—u, A(0)=0, Alocal diffeomorphism }

Obviously the set GL *u is a group under composition acting on GL*M again by
composition. In this way GL*M becomes a principal GL *u-bundle over M with
projection m : GLFKM — M, jeth m —— m(0), given by evaluation. Elements
of GL*M are called holonomic k—frames, because in the special case k¥ = 1 the
principal bundle GL ' M is just the usual frame bundle GL M := {jetjm = m. g :
u > Tp0)M } on M.

Given now an arbitrary principal bundle 7 : G — M over M with principal
fibre ) and some (Q-representation F' there is an associated vector bundle G xg F
on M. Historically this construction goes back to the Cartan’s idea of recovering the
tangent bundle from the frame bundle GL M and the left representation of GL u on u.
Although left and right Q—representations and more generally left and right QQ—spaces
are in bijective correspondence, it is certainly more natural to use right representations
instead in order to recover the cotangent bundle. Hence we will always associate fiber
bundles by right Q—actions

GxgF = GxF/~ (9, f) ~ (g*q, f*q) l9, f] == (g, f)/ ~

if not explicitly stated otherwise. The advantage of this choice becomes evident in
explicit calculations, because inverting elements of GL *u is not particularly easy in
practice. By abuse of notation we will identity sections f € I'(G xg F) of G xg F and
associated functions f € C*°(G, F)% on G with values in F satisfying f(gq) = f(g9)*q
via f(mrg) = [g,f(g9)]. General jet theory associates to any fibre bundle on M the
family of its jet bundles. In the context of principal bundles and associated fibre
bundles like G xg F the construction can be formulated naturally with the help of
the principal bundle of holonomic k—frames of G over M and its structure group

GL*(G, M) = {jethglg: u— G, moglocal diffecomorphism}

GLM(Q,u) = {jeth A| A: u— uxQ, A,(0) =0, A, local diffeomorphism}
with multiplication jetf A-jetk B := jet§ (A, 0By, (AgoBy)-Bg) and right operation

jeth g * jetk A = jetf ((go Ay) x Ag)

Note that GL*(G, M) and GL*(Q, u) project to GL*M and GL*u respectively.
The jet operator from sections of G x g F to sections of GL*(G, M) x g, k(Q.u) Jetlg.?’:
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is just
jetk © C=(G,F)? — C=(GLKG, M), Jetk 7)CL" QW
— jetk f
with jet® f(jetlgg) = jetlg (f o g), which is equivariant over the right action of
GL*(Q,u):
jet§ f o jetg A = jetg ((f o Au) * Ag)

Besides the principal bundles GL*M and GL*(G, M) of holonomic k-frames we
will consider the principal bundles GL *M and GLk(Q,M ) of semi-holonomic k-
frames later on. The essential idea of their definition is to forget that partial deriv-
atives commute although it is not particularly apparent from the actual definition.

Say GL k(g , M) is defined as a principal subbundle of the k times iterated bundle of
1-frames of G over M

GL"(G, M) ¢ GLYGLYGL'(...GL(G,M)...), M), M), M)
by the requirement that all of the k different evaluation maps of the k times iterated
to the k£ — 1 times iterated bundle of 1-frames of G over M agree on ﬁk(g, M).
This condition is void for £k = 1 and so we have GLl(g,M) = GL!(G,M). The

definition of the bundle of serkni—holonomic kfkframes GL "M of M and the corres-
ponding structure groups GL (@, u) and GL "u is more or less the same. Note that

all k£ evaluation maps agree on GL '“(g, M) by definition and so all of them provide
us with the same projection map:

pr: GL'(G,M) — GL" (g, M)

The definitions given above depend only on the differentiable structure of the mani-
fold M or the principal bundle G involved. More precisely although the functors GL *
and GL*(-,-) from manifolds or principal bundles to principal bundles over the same
base have different models, depending say on the choice of the vector space u, there
are natural transformations between any two such models. However the natural trans-
formations are neither unique nor canonical and this ambiguity is the problem with
principal bundles in jet theory en nuce. In fact the various models for the functors
GL*, GL*(-,-) and Jetlg differ by an additional structure called the diagonal

A: GL*YG M) — GL*(GLY(G, M), M)

which is in general not preserved by the natural transformations between different
models. In the construction of the diagonal we choose implicitly or explicitly the
translations underlying the geometry we want to describe. Of course any formulation
of calculus is equivalent to any other formulation and if we want to we may proceed
even with an improper choice for the translations, but the counter terms needed to
put everything straight again will soon get too complex.

Thus it is prudent to construct the diagonal with respect to the model space G/ P of
our geometry and we will describe this construction in detail, because it is fundamental
for all calculations to come. Choose a linear complement u of p in g = u @ p. The

SOCIETE MATHEMATIQUE DE FRANCE 2000



314 G. WEINGART

exponential map exp : g — G, v — eV, provides us with local diffeomorphisms of
P xu and u x P with tube domains around P C G. On the intersection of the tubes
the difference of these two diffeomorphisms gives rise to the commutator map:

Definition 2.1 — The commutator & : Pxu — uxP, (p,v) — (Py(p,v), Pp(p,v))
is uniquely defined in some tubular neighborhood of P x {0} in P x u by the require-
ment:

peu — eq)u(pv U) @P(p7 'U)

Whether or not is is defined outside this neighborhood is of no practical importance.

The component ®,, describes the rotations of G/P induced by elements of P in
exponential coordinates exp : u — G/P, v — €V P, since pexpv = exp @, (p,v).
In particular the jet of ®,, is a group homomorphism:

®,: P — GL"u, p ~— jetg@u(p,)
It is less obvious that the jet of the commutator itself defines a group homomorphism:
¢: P— GLk(Pau)a Db — jet§(¢u(p7')7‘1’P(p7'))

The group homomorphism & splits the evaluation ev : GL*(P,u) — P and hence
its image is always a closed subgroup of GL*(P,u). This is not true in general for
the group homomorphism ®,, e. g. it is not satisfied by R x (C@® C)/R with R acting
as an irrational line R C S! x S' on C @ C. Let us therefore agree on the following
regularity assumption on the model space G/P:

Definition 2.2 — A model space G/P is called admissible if the image of P under
the group homomorphism ®, : P — GLP*u is closed for all £ > 1. Equivalently
the quotient of GL *u by the image of P is an analytic manifold for all £ > 1. As
confusion is unlikely to occur in this context we will denote the quotient by P\GL *u
for short.

Actually we do not know how restrictive this assumption really is, but it is cer-
tainly no issue for an algebraic group G and an algebraic subgroup P. Besides the
homomorphism ® the most important part of the geometry of the model space G/P
are the translations:

Definition 2.3, — The translations ¢t : uxu — u, (v,0) — ¢,0, are defined in a
neighborhood of (0,0) € u x u by:
PP = eVe’P

Evident properties of the translations are:
to = id toh =t t,0 = v t,0 = v + 0 + O(vd)

In the affine case the translations of the model space P x u/P reduce to the obvious
choice ¢,0 := v + 0 and in fact this choice is the only one considered classically ([K]
or much more recently [KMS]). Symbolic calculus is of course independent of the
choice of translations and this is reflected by ¢,0 = v+ 0 + O(vD).
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Whereas the commutator describes the action of the isotropy group P in exponen-
tial coordinates and provides us with the geometrically motivated group homomorph-
ism @, from P to GL %u the translations of the model space G/P enter the theory
through the construction of the diagonal A. In general the definition of A is modelled
on

A JetttMFE — JethJethF
jetg T Jetgv —— jetl, f = jeto(f o ty)]

with an important exception for the group GL**'u to make the map of principal
bundles

A GLMYG M) — GL*(GLY(G, M), M)
jeta ™t s jeth[v s jetl g = jeth (g o ty,)]
equivariant over the group homomorphism:
A GLMYQu) — GL*(GLY(Q,u),u)
jett T (Ay, Ag) ——  jeth[v — (Ay(v), jet! Ay, jet! Ag)]

Although as expected jet, Ag = jeth(Ag ot,) we have to set jet) Ay := jeth[t_a, (v) ©
Ayot,] for all A, € GL*+hu. Tt is useful to think of M as a principal Q = {1}-bundle
over M to get the definitions of the diagonal A : GL**'M — GL*(GL'M, M)
and the corresponding group homomorphism A : GL**u — GL*(GL'u,u)
straight. In general the diagonals constructed above are not coassociative, the image
of GL ¥+ in GL*(GL!(GL ™u,u),u) under successive diagonals will depend on
whether we take the way over GL**/(GL™u,u) or GL*(GL!*™u,u). In particu-

lar we lack a plausible way to think of GL*u as a subgroup of G—Lku. Even more
disastrous the naive prolongation of differential equations is impossible. Without
coassociativity of the diagonals it simply seems impossible to proceed.

Coassociativity for the diagonals holds for all affine geometries P x u/P, although
this property is too obvious to be spelt out explicitly in the classical literature [K].
However there is a class strictly larger than affine geometries, where coassociativity
of the diagonals as introduced above holds true, namely split geometries. Split geo-
metries are modelled on homogeneous spaces G/ P, such that some subgroup U C G
acts simply transitively on an open, dense subset of G/P. If we choose the linear
complement u of p in g to be the Lie algebra of U, then the translations form a
group t, oty = t;, 5 and coassociativity of the diagonals is restored. In this case the
Campbell-Baker—-Hausdorff formula for the group U allows us to expand the transla-
tions to arbitrary order t,0 = v+ 0+ [0, 0] +---.

The failure in general of coassociativity should be taken as an indication that the
current definition of the diagonals is only a working and not a definite one. In fact
there are other models for the functors GL* and GL*(-,-) eliminating this problem
from its very roots, the details of this definite construction will be found in [W]. The
proofs given below implicitly use this definite form of the diagonals, but the reader
should have no problems checking the details, at least in the case of split geometries.
In any case the definitions above reflect the state of our considerations at the time of
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the conference and are linked much closer to geometry with its flavor of translations
than the abstract definitions.

The diagonals together with the commutator ® fit into a commutative square,
which will turn out to be the conditio sine qua non for the construction of holonomic
and semi-holonomic geometries in the next section:

P -2, GLHPu

(1) %l GL’“tbul
GL* —2 5 GL*(GLw,u)

In fact rewriting the definition of the commutator as e~ ®«®) pev = Dp(p,v) we
conclude
e PPV pevet poo = Op(p,v)e’ P

for all & € u and consequently jet® @, (p,) = jetf ®,(®p(p,v),-). The commutativ-
ity of the square (1) immediately implies that the orbit map

J: GL*y ¢ GLF¥GLW, u) — Jeth(GLW),
A — jetf[v — jethid] x A
through the basepoint jeth[v — jet! id] of Jetf(GL'u) descends to quotients:
Corollary2.4 — J: p\GL*u — Jetf( p\GL'v).

In the introduction we remarked that this map is fundamental to define holo-
nomic geometries in close analogy to Riemannian, conformal or projective geometry.
Needless to say there is no apparent reason why the partial differential equation char-
acterizing holonomic affine geometries should have no counterpart in more general
circumstances, even if the classical construction of the map GL u — Jet(l)GL d=1y
fails to descend to the right quotients. It was a decisive turning point in our line of
thought, when we found remedy for this problem by judiciously choosing the trans-
lations. The conference in Luminy gave further impetus to reconsider the role played
by the translations entirely in order to study pure Cartan geometries.

We want to close this section with a digression on the notion of torsion. In accord-
ance with the general theme of this section we will review a classical argument [K]
with particular emphasis on the role played by the choice of translations. Certainly
the simplest and most intuitive definition of torsion is via the classifying section €2,,,
of the reduction

A

GL2M 2. GL M %=

GLzu\@Qu ~ AW eu

of the bundle GL ~M of semi-holonomic 2—frames to the bundle GL 2M of holonomic
2—frames. This definition of torsion will depend on the choice of translations through
the construction of the diagonal A : GL2M — GL°M and a straightforward
interpretation in terms of a torsion—free connection on the tangent bundle seems
problematic.
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In fact the concept of linear connections on the tangent bundle is intimately related
and almost synonymous to the concept of affine geometries modelled on homogeneous
spaces P x u/P. In this case the proper choice for the translations is the classical
one using the affine structure of the vector space u and the definition of torsion given
above agrees with the definition of torsion via a linear connection. However the whole
business with the translations is precisely about the fact that the affine structure on
u is induced by the group structure of the subgroup u C P x u and should be replaced
accordingly for more general geometries.

Recall that a linear connection on the tangent bundle of a manifold M is uniquely
characterized by the GL 'u-equivariant distribution of horizontal planes, i. e. lin-
car subspaces H C Tjeyn, GL M complementary to the space Vertjeqrm GL M
of vertical vectors. Note that every horizontal plane has a canonical identification
with u given by the soldering form 6. The set of all horizontal planes is read-
ily identified with GL’M as an affine bundle over GL'M , namely every point

m = jety[v — jety[o — T, (0)]] in GL M defines a map

W Tm(@LAM), X S etdf s i (0)]
whose image Hp; C Ty () (GL L M) is a horizontal plane, because the soldering form
6 on GL 'M provides an explicit inverse isomorphism Hz — u. On the other hand
every horizontal plane is the differential of a smooth local section m : u — GL'M
in 0 € u, whose first order jet is a point in GL M.

Consider now a reduction G C GL ' M to the structure group P C GL 'u endowed
with a connection, i. e. a P—equivariant distribution of horizontal planes H C T,,G C
Tn(GL M), which we may think of as points H = Hy; in GL’°M. In this way
the connection is described by a map G — GL’M , M —— T, equivariant over the
homomorphism P — GL(P,u) N GL “u. Exterior calculus identifies the torsion
of the associated linear connection on the tangent bundle TM = G X p u with the
P—equivariant map

2
g - Au*®u7 m d0|HW><HW

sending a point m € G to the restriction of the exterior derivative df of the soldering
form 6 to the horizontal space Hm = u. However there is another P—equivariant map
from G to A?u* ® u given by the composition with €,.,:

——2 :
G — GL M 23 Ay eu

A classical calculation for affine geometries shows that these two maps agree up to
a normalization constant, thus relating €2,.. to the torsion of a linear connection on
TM [K]. Reconsidering this calculation in the context of split geometries leads to the
following lemma:

Lemma25 — (df + 3[0A0]), . = —2Q.(m)
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Proof. — According to symbolic calculus the right coset GL u\GL * 1t associated to
a given A € A%u* ® u is represented by the element

A = jetj[v — (v, jetg [0 — T+ A(v, D)])]

of GL ’i. Suppose m € GL ?M is a semi-holonomic 2—frame with Q...(Mm) = GL?u-
A. This means that there is a local diffeomorphism m : u — M satisfying:

m = jetg[v— jeti[0 — (moty)(D)]] x A
= Jetg[v— jetg[0 — (mot,)(0 + A(v,0))]]

Being somewhat sloppy with notation for a moment we think of 77 as the local section
M v jetg[0 — (mot,)(0+ A(v,))] of GL'M. Recall that the translations
in general satisfy ¢,44y(0) = v 4+ tY for all v, Y € u, hence in particular:

(ev o) s (Y) = %Oev (jet(l)[ﬁn—> (motu+ty)(1§+A(v+tY,@))]) - %‘Om(v—f—ﬂ’)

On the other hand we calculate

jeto[0 — (mot,) (0 + A(v, )] (Y) = %‘O(m oty)(tY 4+ A(v,tY))

d
- %}Om(v+ty+A(v,tY)+%[U,tYH---)

where we have finally used the Campbell-Baker—-Hausdorff formula to expand the
translations t,(0) = v+ 0 + 4[v,0] + - -+ for a general split geometry. We conclude
that the pullback of the soldering form 6 to u via m : u — GL ' M satisfies

(M0)(Y) = Y — A(v,Y) — L[v, Y] — -

in v € u up to terms of higher order. Consequently its exterior differential in 0 € u
reads
(mydo)(X,Y) = dm*0)s (X,Y) = —2A(X,)Y) — [X,Y]

3. Holonomic and Semi-Holonomic Geometries

Affine geometries have long been studied from various points of view and are intim-
ately related to the concept of a linear connection. They are modelled on a present-
ation of a flat vector space u as a homogeneous space P x u/P for some subgroup
P c GLu. Curved analogues of this flat model structure are reductions G C GL'M
of the bundle of 1-frames of M to the structure group P C GL *u possibly satisfying
additional conditions. The strongest condition we may impose is called integrability
and allows only the flat model space as local solution. Integrability excludes the pres-
ence of curvature and is thus too strong a condition to provide a rich local geometry,
although of course the global geometry may be interesting in its own right.

In general it is more useful to ask for a torsion—free connection tangent to the
reduction G C GL'M. Historically this differential condition has provided some
of the most fruitful concepts in differential geometry. Say in Riemannian geometry
modelled on O,,R x R"/0,,R it is automatically satisfied for a unique connection and
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the subgroups of O, R which are in suitable sense minimal among those allowing non—
trivial examples have been classified and studied in detail [Be], [Br]. Similarly this
differential condition characterizes symplectic and complex manifolds among almost
symplectic and almost complex manifolds respectively.

In this section we consider a straightforward generalization of this differential con-
dition essentially based on the modified definition of torsion given in the last section.
In this way we get around the difficulties and inconsistencies which are almost in-
evitable if we cling to the concept of torsion—freeness in the form it arises in affine
geometries. Reductions G € GL %M, d > 1, of the holonomic frame bundle of a man-
ifold M satisfying this new differential condition are called holonomic geometries of
order d > 1 on M modelled on the homogeneous space G/P. Similarly we will call

reductions G C G—LdM , d > 1, of the semi-holonomic frame bundle of a manifold M
satisfying a suitable variant of the differential condition semi-holonomic geometries.

Resorting to semi-holonomic frame bundles we allow for torsion and at first sight it
seems that we have eventually eliminated any dependence on the choice of translations
altogether. However they still intervene through the homomorphism of the structure
group P C GL"u via the diagonal A : GL% — GL"w. Although this fact
looks almost negligible it makes a crucial difference in the main result of this note.
Modulo a slightly technical construction in the presence of isospin we will identify
the category of Cartan geometries with the category of semi-holonomic geometries of
suitable order d > 1 for all homogeneous model spaces G/ P satisfying the regularity
assumption of Definition 2.2. In particular this result implies that in the absence of
isospin all Cartan geometries possess a classifying geometric object of order d > 1
satisfying an explicitly known partial differential equation.

Holonomic and semi-holonomic geometries are modelled on a homogeneous space
G/ P called the flat model space. According to Definition 2.2 we will suppose that
G/P is admissible, i. e. the image of P under the group homomorphism

®,: P— GL*u, p+—— jetk[v — exp~L(pe?P)] = jetkd,(p,-)

is a closed subgroup of GL*u for all & > 1. The kernel of ®, is a closed normal
subgroup Py of P. We will denote the analytic quotient of GL *u by the image P/Py
of P by P\GL *u for short as no confusion is likely to occur.

In essence holonomic or semi-holonomic geometries of order d > 1 on a manifold
M modelled on G/P will be reductions G of the holonomic or semi-holonomic frame
bundle GL M or G—LdM respectively. This definition is absolutely classical [K], but
we will impose a first order partial differential equation on the classifying section {2g
of this reduction

Qg € T(GLM xgpa, (p\GL%)) = C®(GLM, p\GL % )G%"
defined by the condition jetdm % Qg (jetdm)~! € G for all jetdm € GL?M, such that

¢ S GLM 2% p\GL%
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is exact in the middle with a pointed set on the right. We want to impose a first order
partial differential equation on g, so let’s consider jet' Qg as a function on GL ¢+ M

jetlgg € F(GLd+1M xGLd+1uJet(1)(P\GLdu))
= C*(GL ™M, Jety(p\GL %) )SL v

where we employed the diagonal A : GL4*'M — GL!(GL %M, M) to pull back
jet'Qg to a function on GL **' M. Now the crucial difference made by choosing the
translations adapted to the geometry of G/ P is the presence of the map J constructed
in Corollary 2.4:

J: p\GLU — Jetj( p\GL % 'u)

Definition 3.1 — A holonomic geometry of order d on a manifold M is a reduction

G of the bundle GL?M of holonomic d-frames of M to the structure group P/Py C

GL %y, such that the first order jet jet'Qg of the classifying section considered as a

function on GL “*1M takes values in the double kernel

jeti Qg
e

GL M Jety(p\GL %) == Jetj(p\GL % u)

of the two maps J o ev and Jetjpr. As the action of GL “'u on Jet}(p\GL )
respects this double kernel it suffices to check this condition at an arbitrary point of
GL1M.

The partial differential equation imposed on holonomic geometries is modelled on
the naive Spencer operator and is far less restrictive than the integrability of the
subbundle G. E. g. an affine holonomic geometry of order d = 2 modelled on a
homogeneous space P x u/P with P C GL!u is the same as a torsion—free but
not necessarily flat connection tangent to the reduction prG € GL'M of GL'M
compare Lemma 2.5. Moreover in Riemannian and conformal geometry we have a
natural bijection

J: p\GL*u = Jet{( p\GL'u)
and so the holonomy constraint on the geometry of order d = 2 is the holonomy
constraint on the first order jet of the Riemannian or conformal structure in disguise.
Although the notion of holonomic geometries is intuitively linked to the vanishing of
torsion the straightforward generalization to reductions of the semi-holonomic frame

bundles GL dM is equally interesting. Namely the homomorphism P — GL %u with

the inclusion A : GL % — GL du realizes P/ Py as a closed subgroup of GL du. We
only have to replace the map J from above by the map

J: p\GL'w — Jeth( p\GL" 'u)
coming from GL ‘W GL HGL d_lu,u) — Jet(l)GL 414, This is compatible with
the inclusions GL “u — GL “u and JetgGL 41 — Jet}(GL dilu) and hence des-
cends to quotients, too. This way of fixing J has evidently the merit that holonomic

. . . . . —d
reductions of GL *M are automatically semi-holonomic reductions of GL" M. Fur-
ther details are left to the reader as we will give another definition below, which
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is perhaps easier to handle and certainly closer in spirit to the concept of Cartan
connections.

The partial differential equation characterizing holonomic geometries is modelled
on the naive Spencer operator and so we expect that these equations are not stable,
i. e. the first order jet of a solution has to lie in a strictly smaller subset of the double
kernel, although the additional first order conditions become manifest only upon the
first prolongation. In the following argument we will use a naive prolongation pro-
cedure, which is justified by the coassociativity of the diagonal A : GL*td)f —
GL*(GLYM, M). The failure of coassociativity would thus be disastrous for the
whole approach and the meaning of the partial differential equation itself would re-
main dubious. In order to derive the stable version of the equation we rewrite the
definition of the double kernel in the following way

Jetd J
—

Jet(l)(P\GL dy) Jet(l)Jet(l)(P\GL -y = JEt(l)(p\GL d=1y)

where the two maps on the right are now simply the two possible evaluation maps
from JetyJetyF to JetgF with F = P\GL% 'u. In other words the double ker-
nel appearing in the definition of holonomic reductions is just the preimage of the
space Jet,F of semi-holonomic 2-jets. Consider now the intersection Jetéﬁé]—' N
Jetg T Jetd F in JethJetiJetd F. Tt is easily proved by writing out the definitions
that this intersection is mapped to Jeth ™ F C Jeth ! JetgJets F under the projection
pr : JetgJetiJetgF — Jeth 'JetiJetyF. Hence the stable version of the partial
differential equation characterizing holonomic reductions reads:

Remark 3.2 — A reduction G € GL%M is a holonomic reduction if and only if
the value of the k—jet jethg(jetngrdm),k > 1, of its classifying section at one and
hence every point jetf™4m € GL**9M is mapped to Jetg ™ (P\GL ?~'u) under the
prolongation of J:

Jetf(p\GL “u) aJ, Jetg ™ JetyJety (p\GL*~'u)

A similar result holds true for semi-holonomic geometries, but its formulation is some-
what confusing, because the semi-holonomic reduction G has to be prolonged as a
holonomic object. Forgetting about the interpretation of the classifying section Qg as
a reduction of the semi-holonomic frame bundle we have to think of Qg simply as a

section of the fibre bundle GL M x g, 4y (P\ﬁdu) to get the result in its strongest
possible form.

We want to close this section with an alternative characterization of holonomic
geometries in terms of connections. If G is a reduction of the holonomic frame bundle
GL?M to the structure group P/P; then its image prG under the projection pr :
GLIM — GL? M is still a reduction, namely to the structure group P/Py_.
Considering pr€g as a function on GL?M it is constant along the orbits of the
kernel pr : GL% — GL% 'y and hence descends to a well defined function on
GL 971 M, which is just the classifying section Q,, g of pr G considered as a function on
GL %' M. With this in mind we state the following lemma for holonomic reductions,
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leaving the formulation of the corresponding statement for semi-holonomic reductions
to the reader:

Lemma 3.3 — A reduction G of the bundle GL*M of holonomic frames of order d on
M is a holonomic reduction if and only if there is exists a map G — GL(prG, M),
which makes the following diagram commute:

g - GLl(pI‘g7 M)

| |
GLYM —2— GLY(GL% M, M)

In particular if such a map exists it is just the restriction of A to G.

Note that similarly to Lemma 2.5 every point of GL ! (pr G, M) can be thought of
as defining a principal connection on prG. Hence a holonomic reduction G of GL ¢M
can be thought of as a fibre bundle of principal connections on pr@G. It is certainly a
leitmotif in the formal theory of partial differential equations that an object of order
d gives rise to a connection on objects of order d — 1.

Proof. — We only need to check the condition on jet'Qg at some point of GL 41 M
and we choose a point § € GL %1 M projecting to g € G € GLYM. In this way we
have for certain that ev (jet'Qg(g)) = Qg(g) is the base point of P\GL %u. So then
is its image under J:

(T oev)(jet'Qg(g)) = JetiP-jetd[v — (v, jetd ™o — 0])]

On the other hand we observe Jetjpr (jet'Qg(g)) = jet!(prQg)(g) by definition.
However jet!(prQg) is constant along the orbits of the kernel of GL 4ty — GL %u
and descends from GL *t1 M to the function jetlﬁpr ¢ on GL %M, so that we conclude:

Jetopr (jet'Q(9)) = jet'Qpra(9)
Consequently the value of jet'Qg at § € GL %' M will lie in the double kernel of
J oev and Jet(l)pr if and only if the value of jetlQprg at ¢ € GLIM will be
the 1-jet of the constant map to the base point in P\GL?% 'u. However Qporg

is the classifying section of prG and hence jetlﬁprg is the classifying section of
GLY(G,M) c GLY(GL ' M, M). O

4. Classification of Cartan Geometries

In 1935 Cartan [C] introduced Cartan geometries modelled on a homogeneous
space G/ P to make the idea of a curved analogue of G/P precise. Certainly one hope
connected with this definition was that analysis on these curved analogues should
behave quite similar to analysis on the flat model G/P. In fact on a homogeneous
space G/ P all questions of analysis on homogeneous vector bundles can be cast into
the language of representation theory, say the determination of the spectra of Laplace
or Dirac operators as a popular sport. The impact of this concept has been tremendous
and many beautiful results have fulfilled this hope since.
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Nevertheless the definition relies on the introduction of an auxiliary principal P—
bundle and it is not at all clear how we can possibly arrange the construction of this
bundle. Taking the definition at face value there is no classifying geometric object on
M associated to a Cartan geometry, because the auxiliary principal bundle is a totally
new geometric entity to be dealt with. There is a saying that “a Cartan geometry
should be the result of a theorem and not of a definition” reflecting if anything else
the need for a classifying geometric object.

For many important model spaces G/P however this problem is not that bad be-
cause the classifying geometric object is known from the very beginning or easy to
guess. The geometries associated to other model spaces have been discovered via
Cartan’s method of equivalence in the process of classifying structures arising inde-
pendently in differential geometry, e. g. normal parabolic geometries were introduced
by Tanaka [T] in order to classify regular differential systems with simple automorph-
ism groups. Recently Cap & Schichl [CS] have given a more geometric but essentially
equivalent construction of normal parabolic Cartan geometries along these lines.

Taking into account the remarks on the delicate problems caused by the use of
principal bundles instead of groupoids in describing geometric structures we will pro-
pose a completely different point of view in this section. If only we abandon the idea
of “canonical” translations and play the groupoid card, the homogeneous space G/P
will take care of this part of the geometry, too. In this spirit we will review Cartan
geometries and prove in this section that the categories of Cartan geometries modelled
on G/P and of semi-holonomic geometries of suitable order d + 1 are equivalent in
the absence of isospin. In particular this result entails the existence of a classifying
object Qg of order d + 1 for any Cartan geometry modelled on G/P and forms a
fundamental existence result for local covariants of Cartan geometries.

Definition 4.1 — A Cartan geometry on a manifold M modelled on a homogeneous
space G/P is a principal P-bundle G over M endowed with a g—valued 1-form 6 :
TG — g, the Cartan connection, which induces an isomorphism of vector spaces at
every point g € G and satisfies the equivariance condition:

d d d) _
9(% Ogt*pt) = Adpgl 9(%‘0%) + E’Opo Dt

Its curvature is then by definition the g-valued 2-form x := df + [0 A 6] on G.

On the principal P-bundle G over G/P the Maurer—Cartan form provides us with a
Cartan connection and the Maurer—Cartan equation tells us that the Cartan geometry
defined this way has vanishing curvature. In this sense the model space G/ P is always
the flat model space in the category of manifolds with Cartan geometries modelled
on G/P. In order to reformulate this definition we recall from the previous section
that there is a homomorphism ® : P — GL*(P,u) completing the commutative
square (1)

P —2. GLHPu

%l GL’“tbul

GL* —2 5 GL*(GL'u,u)
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which has to be distinguished carefully from the composition P — Jetlg P —
GL*(P,u). Using this homomorphism we can replace the Cartan connection 6 featur-
ing in the definition of Cartan geometries by a morphism of principal bundles, which
is more convenient to use in our current language:

Definition 4.2 — A Cartan geometry on a manifold M modelled on a homogeneous
space G/ P is a principal P-bundle G over M together with a morphism

6=': G — GLYG,M)

of principal bundles equivariant over ® : P — GL (P, u) and satisfying ev 0§71 =
idg.

In fact for every g € G the inverse vector space isomorphism 6! : g — T,G
restricted to u C g is the differential of all smooth maps u — G in a well-defined
equivalence class in GL (G, M) projecting back to g € G. It is more tedious to
check that the equivariance condition for the Cartan connection 6 is equivalent to the
equivariance condition of §~!. In this alternative formulation of Cartan geometries
curvature is characterized by the classifying section €2, of the reduction GL2(G, M)

of the principal bundle GLQ(Q, M) to the structure group GL 2(P,u)

(2)
¢ % QL' (g, M) S8 GLA(G, M) P \GL (Pu) = A" @ g

T GL2(Pu)
in the spirit of the description of torsion in Lemma 2.5:
K(OTHX), 071(Y)) = —2Q.,.(X.Y) X,Yeu

Any closed subgroup P of a finite dimensional Lie group G has a unique maximal
closed subgroup P, C P which is normal in G, namely the kernel of the representation
of G in the diffeomorphisms G — Diff G/P of the manifold G/P. We will call Py
the isospin subgroup of P in G. Since the quotient G/P is connected and carries a
natural analytic structure we may alternatively characterize P, as the kernel of the

homomorphism

P = P — GL*u := lim GL%
d

into the inverse limit GL *u of the groups GL%, d > 1. In this way we get a
descending filtration of P by a sequence of normal subgroups
G =P, D>P=FPpD>P ODP DO...D P,
and a corresponding filtration of the Lie algebra p of P by ideals:
g:=pP_1DP:i=Ppo D P DP2D ... D Poo

The latter filtration can be described in purely algebraic terms using only the Lie
algebra structure of g and the subalgebra p. By construction this algebraic version of
the filtration is strictly falling in the sense that pg = pgy1 implies pg = poo. Moreover
the quotient Pj,/Pj.1 embeds as a closed subgroup into the kernel of GL 'y —
GL*u, which is a vector group for k > 1, and thus P, /Py is a product of ps/pri1
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by some lattice. Because G/P is assumed to be connected and each Py is normal
in P we need only verify that pyy is an ideal in g to assert that P;y is normal in G:

Remark 4.3 — If pg = pg+1 or equivalently pg = po for some d > 1, then Py C P
is normal in G and a fortiori equal to Poo = Pyy1.

In particular both filtrations get stationary very quickly and this is the main reason
why virtually all geometries studied in differential geometry with finite dimensional
isometry groups are first or second order. The total lack of any natural example of a
higher order geometry with finite dimensional isometry groups is unsettling indeed,
because infinite order geometries abound in differential geometry, certainly symplectic
geometry is the most prominent example.

In any case there are degenerate examples of finite dimensional geometries of arbit-
rarily high order, though these examples are not maximally prolonged. As far as we
know the race for maximally prolonged finite dimensional geometries of higher order
is still open and a modest negative hint is given by the following lemma, which is easy
to prove and certainly has appeared in the literature before:

Lemma 4.4 — For a reductive group G and a closed subgroup P the subalgebra po is
an ideal in g. In particular P3 = Py is normal in G and all geometries modelled on
homogeneous quotients of G are first, second or at most third order.

The reader is invited to decide about his or her favorite assumption to exclude the
third order case. With these preliminary remarks about the filtration of P and p by
jet order we turn to the classification of Cartan geometries modelled on admissible
homogeneous spaces G/ P as semi-holonomic geometries:

Theorem 4.5 — Consider a homogeneous quotient G/P of a finite dimensional Lie
group G by a closed subgroup P such that the image of P in GL*u is closed for all
k>1. Letd > 1 be the smallest integer with pg = poo. If the isospin group P, = {1}
1s trivial then there is a natural correspondence between Cartan geometries and semi-
holonomic geometries G of order d+1 modelled on G/P. In general a Cartan geometry

G on M is an isospin Ps,—bundle over a semi-holonomic geometry G/Ps C Gt m
of order d + 1 modelled on G/P. The semi-holonomic geometry fizes the Cartan
connection on G up to an affine subspace of isospin connections modelled on:

F(Mv T*M®(g XPpoo)) C F(Q/Poo; T*(Q/Poo)@)(g X Py poo))
Note that G X p,_ poo can be identified with the pullback of G X p poo from M to G/Pu.

Physically speaking a Cartan geometry G is an isospin gauge theory coupling to
gravity by the choice of an affine subspace of isospin connections. In particular only
the subgroup I'(M, G X p Px) of the full gauge group I'(M,G x p P) of G survives in
the semi-holonomic gauge. It may be a delicate problem involving the topology of
M however to characterize the principal Py,—bundles over a principal P/P,—bundle

over M, which are principal P-bundles over M in a way compatible with the actions
of P/ Py and Puo:
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Example 4.6 — The isospin group of the homogeneous space Spin, RxR"/Spin,, R is
the discrete central subgroup P; = Py, = Zy of Spin,R. Semi-holonomic reductions
of the semi-holonomic frame bundle GL M of a manifold M to Spin,R/Z; = SO, R
correspond bijectively to the choice of an orientation, a Riemannian metric and a
metric but not necessarily torsion—free connection on M. According to Lemma 4.5
Cartan geometries modelled on Spin,R x R™/Spin,R over M are spin structures
thought of as special Zy—principal bundles over the orthonormal frame bundle SO(M).

In this example of an affine geometry the topological obstructions against the ex-
istence of Cartan geometries are well known, compare [LM], as well as the paramet-
rization of spin structures by suitable cohomology groups of M. The same argument
applies more or less verbatim in the more general case of Cartan geometries modelled
on G/P with P connected and Py, discrete, hence central in G.

Proof. — Consider the projection pr : GL g GL M which maps a given
reduction G C GL 1M to the structure group P/P;y1 to areduction prG C GL ‘M

to the structure group P/P;. According to Lemma 3.3 the reduction G is semi-

holonomic if and only if the diagonal A : GL L GL LGL dM, M) induces a

map 0~ : G — GL!(prG, M). The short exact sequence of groups
Pi/Piy7 — P/Piyn — P/Py

is in fact a covering by the choice of d with pgs = pgy1 and so is the projection
pr : G — prG. Hence §~! has a unique lift to a map 6! : G — GL(G, M)
satisfying ev 0#~! = idg. Thus all semi-holonomic reductions G C ﬁdHM of order
d + 1 come along with a distinguished Cartan connection.

Conversely let us suppose that G is a Cartan geometry on M modelled on the
homogeneous space G/ P. Iterating the Cartan connection #~1 as we did before to
define curvature (2)

¢ .Gt M) S GL g, M) SE0L .. S GLF(G, M)
— 1 — 2 —k
GL'M GLM GL'M

——Fk
we get a sequence of P—equivariant maps G — GL M. By equivariance the image

——k
of G is a reduction of the semi-holonomic frame bundle GL "M to the group P/P.
The main point in the proof is now the assertion that all these reductions naturally
associated to the Cartan geometry G are semi-holonomic. In fact the projection pr :

GL"'M —GL" 'M maps the image G/P; of G in GL"M to pr(G/P;) =G/Py_1
in GL k_lM. Moreover the iterated Cartan connection 8% : G — GLk(g, M)
written in the way

¢ % auLlg, M) SO GLFG, M) ¢ GLYGL" (g, M), M)
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makes the left square of the diagram

(3) »
g LN ﬁk(g, M) —_— ﬁkM

-l | |
GL'(g, M) S GLY@GL (¢, M), M) —— GL'GL" "M, M)
commute, whereas the right one commutes trivially. In particular the reduction G/ Py
of GL"M is semi-holonomic according to Lemma 3.3. Applying this argument for
k = d+ 1 we see that the semi-holonomic reduction G/Py+1 C ﬁdHM of order
d + 1 comes along with a Cartan connection g G/Piy1 — GLY(G/Pyi1, M).
Moreover by Remark 4.3 we have equality Py;1 = Py, hence the principal bundle
G is a principal P.,—bundle over the semi-holonomic reduction G/Pyi1 = G/Ps C
ﬁdﬂM . Finally the commutativity of the diagram (3) ensures that the Cartan

connection §~! on G projects to the Cartan connection §  of the semi-holonomic
reduction G/ Py. O

The classification of Cartan geometries as semi-holonomic reductions is a general-
ization of a result of Morimoto [M], who constructed a P—equivariant embedding of
the principal bundle G of a Cartan geometry modelled on G/P with trivial isospin
P, = {1} into the infinitely prolonged semi-holonomic frame bundle GL M. Al
though far from obvious the homomorphism P — GL ™ u underlying Morimoto’s
construction agrees with the composition P — GL *u — GL ~u used above. No
doubt the rest of the extremely intricate construction results in the same embedding
G—GL "M , in particular Morimoto’s construction stabilizes at order d + 1, too.
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