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Abstract

In this paper, we concentrate our attention on the Miintz problem in the univariate setting
and for the uniform norm.
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1 Introduction

In his seminal paper [3] of 1912, the Russian mathematician S. N. Bernstein (one of the greatest
approximation theorists of the last century) asked under which conditions on an increasing sequence
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A= (0= Ao <A1 <---) one can guarantee that the vector space
II(A) := span{z™ : £ =0,1,...} (1)

spanned by the monomials z** is a dense subset of C[0, 1]. He specifically proved that the condition

o
is necessary and the condition
N

li =
Koo K log k
is sufficient, and conjectured that a necessary and sufficient condition to have II(A) = C[0, 1] is
— 1
— =o0.
il
This conjecture was proved by Miintz [25] in 1914. In his proof, he used the method of Gram
determinants to compute the distance of z*rom II(Ag,. .., \,))2 in the L2(0,1)-metric. The de-
terminants that appear in this problem are of the form

det(1/(1 + a; + a;))o<i,j<n;

and their explicit expression was obtained in the 19th century by Cauchy.
For the sake of clarity, let us give a precise formulation of the classical Miintz Theorem.

Theorem 1 (Miintz, 1914) Let A = (A;)72,, 0 = Ag < A1 < ---, be an increasing sequence of
non-negative real numbers. Then II(A) = span{z** : k = 0,1,...}, the Miintz space associated
to A, is a dense subset of C'[0, 1] if and only if

= 1
— = 00. (2)
o M

This is a beautiful theorem because it connects a topological result (the density of a certain
subset of a functional space) with an arithmetical one (the divergence of a certain harmonic series).
Many people might well have been drawn to this result because of its beauty. Another reason to
be interested in Miintz’ theorem is that the original result not only solves a nice problem but also
opens the door to many new interesting questions. For example, one is tempted to change the
space of continuous functions C]0, 1] to other function spaces such as LP(a,b), or to consider the
analogous problem in several variables, on complex domains, on intervals away from the origin, for
more general exponent sequences, for polynomials with integral coefficients, etc. As a consequence,
many proofs (and generalizations) of the theorem have been produced.

In this paper, we concentrate our attention on the Miintz problem in the univariate setting and
for the uniform norm. Moreover, we do not include any results about the rate of convergence to
zero of the errors of best (uniform) approximation using Miintz polynomials. On the other hand,
we do provide proofs in great detail, and we promise to write a second paper where we plan to
treat several advanced topics, including the Miintz Theorem for complex domains, Miintz-Jackson
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theorems, Miintz type theorems for approximation with polynomials with integral coefficients, the
p-adic Miintz theorems, and the Miintz Theorem for rational functions.

Let us return to a discussion of this paper. We devote Section 2 to the classical Miintz Theorem.
In particular, we give several proofs of this result, showing how the Miintz problem is connected
to many apparently different branches of mathematics. In Section 3, we focus our attention on
the so called Full Miintz Theorem, i.e., we study the density of span{x)‘k}zozo in C(K), where K
denotes a compact subset of [0, 00), for arbitrary sequences of exponents (\;)72, and characterize
the (uniform) closure of span{z**}2 = in the nondense case.

2 The classical Mintz theorem

2.1 Miintz theorem: the original proof with a modification by O. Szasz

The original proof by Miintz of Theorem 1, and that which remains essentially the standard proof
that you may find in many introductory textbooks on approximation theory, is based on an esti-
mation of the errors F(x%,II(A,)), where A, := (Ay)}_, and

E(z9,1I(Ay)) := inf 7
(@ 10(A) = int o = p(@)]y

is the error of best approximation, with respect to the uniform norm in [0, 1], to ¢ when we take as
the set of approximants the space II(Ay,). It is clear that II(A) is dense in C]0, 1] if and only if for all
q € N, E(x,TI(A,)) converges to zero as n tends to infinity (this is a consequence of the Weierstrass

Approximation Theorem). So, how do we produce a reasonable estimate for E(z9,II(Ay,))?
If we use the Ly(0,1)-norm, then we can explicitly compute the errors

E@I(A)):2 = inf (o = p(a),

since L2(0,1) is a Hilbert space. In fact, if we denote by G(fi,..., fn) the Gram determinant
associated with a linearly independent sequence (fi,..., f,) of elements in a Hilbert space H with
inner product (-, ),

(fr, /1) - (f1,fn)

G(fi,...,fn) =det : :

)

(fnufl) (fnvfn)
then it is well known [10, Theor. 8.7.4.] that

G(gafl)"'afn)
G(f1,.--y fn)

holds for all g ¢ V,, = span{fi,..., fn}. From this follows (for \g > —1/2) the formula

(9. Vo) UlgVan | g \/

_ 1 f[ g — Akl
\/2q—|—1k:0q—|—)\k—|—1

E(z?,11(An))2

for all ¢ > —1/2, since
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G(zM z™) = det < 1 > _IE e =)
Y N+ XAj+1) gciicn T+ 2 +1)
. 1 . . 1
The Cauchy determinant det <m)0§i,j§n is a particular case of det (m) \<iien and the
argument to compute a closed expression for this determinant is quite similar to the classical
argument to compute a Vandermonde determinant. Thus, it consists in considering both sides of
the identity

n o n 1 n i—1
[T+ et () =TT ai-b) 3
i=1j=1 ¢ 1/ 1<,j<n =1 j=1
as polynomials in the variables a;, b;, each time taking into account just one of these variables, and
using the zero properties of algebraic polynomials of one variable to prove that both expressions
are the same. A detailed proof of (3) can be found in [18, page. 74] or [10, page 268|.
From here it is not difficult to prove that

— 1
lim E(z9,1I(A,))2 =0 for all ¢ € N if and only if Z — = 00.
il

n—oo

Hence II(A) is dense in L9(0,1) if and only if )2, 1/A; = oo. This clearly implies the necessity
of the condition > 22 1/A; = 0o to guarantee the density of II(A) in C[0, 1].

In order to guarantee the sufficiency of condition (2) to the claim that TI(A) = C[0, 1], Miintz
used Fejér’s theorem on summation of Fourier series, but his proof is too complicated to be re-
produced here. In 1916 Otto Szasz extended Miintz’s theorem in the sense that he was able to
prove the result also for certain special sequences of complex numbers (A\;)72, as exponents (see
[33]). Furthermore, he simplified the final step of Miintz’s proof, showing that the result in L2(0, 1)

implies the same result in C|0, 1]. This follows from the inequality

n z n
z? — Z akx)‘k = ‘/ (qtql — Z akAkt)\kl> dt
k=1 0

k=1

1 n
< / gt — Zak)\kt)‘k_l dt
0 k=1
o . ,  71/2
< / gti=t — ZakAktAk*I dt
/0 k=1
n
— ‘ qu_l — Zak)\kl’)\k_l
k=1 L2[0,1]
which holds for all = € [0,1]. In other words,
n n
z? — Z apa ™ < |lgzd~t — Z apApa (4)
k=1 C[0,1] k=1 L2[0,1]
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O
For historical reasons, we include here (without proof) the precise statement of Szész’s theorem.
Theorem 2 (Szasz, 1916) Let
C([0,1],C) :={f :[0,1] — C: f continuous}

be the space of continuous complex-valued functions defined on [0, 1] and assume that the Miintz
polynomials have complex coefficients and complex exponents, so that for A = (A\;)32, C C we set
I (A) == spanc{z**}2° . If \g = 0 and Re(\;) > 0 for all k > 0, then I (A) is a dense subset of
C([0,1],C) whenever
oo
Re(A
yo el (5)

2
—1 1+ | Akl

Moreover, if
oo

Z 1+ Re(/\k)

5 <X
2 Y
Rl

then II(A) is not a dense subset of C([0, 1], C). In particular, if

lign inf Re(A;) > 0
then II¢(A) is a dense subset of C([0,1],C) if and only if (5) holds.

Note that Szasz’s theorem is not conclusive for all cases. For example, the sequence A\, = %+i\/E
satisfies - -
Re(A 14 Re(A
>y o) _ 3 (Ae) _

and
1+ A2 L+ |Agf?

k=1 k=1

2.2 M. von Golitschek’s constructive proof of the Miintz theorem

In this subsection, we present another proof of the fact that condition (2) is sufficient if the relation
Ar — o0 holds. To do this, we follow a very nice proof published by M. von Golitschek in [17],
which has two distinct advantages with respect to the majority of known proofs of the same result.
It is both constructive and short.

The idea is to define, for each ¢ > 0, a concrete sequence of approximants to x?, (P,)22, C II(A)
and to prove that Q,(x) = 27— P,(z) converges to zero uniformly on [0, 1]. So, we set Qo(z) := z9,
and, for n = 1,2, ..., if we already know that

n—1

Qn—l(‘r) =7 — Z ak,n—lx)\k

k=1
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with some coefficients ay 1, then let

1
On@) = (A — ™ / Q1 (1= gy

1 n—1

= (A — g™ / (tq - Zak,n_lt“> ¢ )
x k=1
1 n—1

— ()\n o Q)iC)\n/ (tq—(1+)\n) o Zak,n—lt/\k_(1+)\n)> dt
x k=1

1

= 1 Pr—An

= (A —gq)a™ — I P

. [q_An S i

n
=: a:q—g akmx“,
k=1

hence P,(z) = Y p_ agna.
We only need to prove that [|Qn||cp 1) converges to zero as n — oco. Now [|Qol|¢po 1 = 1, and
for all n € N we get from the inequality

MMl —z) <1 for all x € (0,1) and A >0

that
q
1@nllcpo] < ‘1 - )\_‘ 1Qn—1ll 0,1 -

Hence

— 0, n — o0.

- q
IQullen < TT 1=+
k=0 "

2.3 Measure-theoretic focus

The classical Miintz Theorem can be formulated in terms of measures. We explain here the way in
which this formulation is attained and we give a proof, due to W. Feller [15], of the ‘only if’ part
of the result based on measure theoretical considerations. For pedagogical reasons, we postpone
Feller’s proof of the ‘if” part to the next subsection.

Let us assume that A = (\;)72, is an increasing sequence of positive real numbers and, to
avoid problems with the origin, let us also assume in this subsection that the functions we want
to approximate vanish at the origin. In this case, we can rephrase the classical Miintz Theorem
as follows: The space II(A) is a dense subset of Cy[0,1] := C[0,1] N {f : f(0) = 0} if and only if
> ope 1 1/A = co. When dealing with the problem of the density of certain linear subspaces of a
Banach space, it is a quite natural to use the Hahn-Banach Theorem in the following way: if Y is
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a closed subspace of the Banach space X, then Y # X if and only if there exists a bounded linear
functional L € X* such that L # 0 and L|y = 0. Thus, taking X = Cy[0,1] and Y = II(A), we
have that TI(A) # Co[0, 1] if and only if there exists an L € C{[0,1] \ {0} satisfying L(z*) = 0
for all k =1,2,.... The dual of Cy[0, 1] is characterized (by the Riesz Representation Theorem) as
follows: L € C§0,1] if and only if

1
L(f) = / £(t) dp(t) (6)

for a certain finite signed Borel measure p on (0,1]. Moreover, we know (by the Weierstrass
Approximation Theorem) that algebraic polynomials that vanish at 0 form a dense subspace of
Co[0,1]. Hence a new formulation of the classical Miintz Theorem is given as follows.

Theorem 3 (Classical Miintz Theorem in terms of Measures) Let us assume that (A\;)72
is an increasing sequence of positive real numbers and let us define, for each finite signed Borel
measure i supported on (0, 1], the function

1
£ = [ ¢ auto. @
Then the following claims are equivalent:

(a) 352y 5 <00

(b) There exists a (non-zero) finite signed Borel measure p on (0, 1] such that f(\;) = 0 for all
k > 1 (where f is given by (7)).
Let us prove that (a) = (b). Given the measure y we make the change of variable ¢ = e™*
which transforms the interval (0, 1] onto the interval [0, c0), the measure p into another measure
m on [0,00) and the expression (7) to the new formula:

)= | T e dm(s). (8)

Hence we should prove that under condition (a) there exists a finite signed Borel measure m
supported on [0,00) such that the function f given by (8) is not identically zero but satisfies
f(Ax) =0 for all k£ > 1. We present a proof whose order is reversed: we first define a function f
that satisfies f(Ar) = 0 for all £ > 1 and then we prove that this function admits an expression of
the form (8).

Set, with n > 0,

1 M —t
t) = .
f®) (1+77+t)2k1:[1)\k+277+t

Obviously, (a) guarantees the convergence of the infinite product defining f. This convergence is
uniform and absolute on compact subsets of C\ {—A; — 21} . In particular, f is well defined on
[0,00) and vanishes on the sequence (A;)22 ;.

Let us define

1 Ap —t

=m0 A=

_1(t), for k=1,2,....
(1+n+t)2 fk 1( )7 or ) 4
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It is clear that
o0 o0
fo(t) —/ se” I+t 4 —/ e Sug(s)ds,
0 0

where ug(s) := se~ (1775 Let us assume that, for all k < n, the function f; admits an expression
of the form

fe(t) = /OOO e Puy(s)ds

with ug(0) = 0 (which we know to be true for k¥ = 0). We will prove that this is then also the case
for k = n. In fact, taking into account the recursive definition of f,,

Ap —t

n(l) = v—%—
fn(®) An+2n+1t

A, —t [
n—1(1 =" ot n— ds,
Foa(t) An—|—2n+t/0 e Mun—1(s) ds

and, integrating by parts, we note that

thea) = [ e () ds

and
o0
fu(t) = / e Su,(s)ds,
0
where u,, is the solution of the initial value problem
u,+ul, ;= Apun—1 — (An 4 20)uy,
un(0) = 0.
Moreover, it is possible to check that under these conditions the solution u,, satisfies lim; o up (t) =
0. Let us now multiply both sides of the differential equation defining u,, by (u, + un—1). We get
1
5[(u” + un—l)Z]l = (tp +up_1) (Un + Un—1) = (tn + tn—1)Antn-1 — (An + 20)un)
= Anlup_y —up) — 0(2uf; + 2upun_1)
< (A n)(up_y —up).
Hence, for all h € (0, 00),
1 2 "1 2 oy 2
) + s = [ Sl wm e < Ot ) [ (0400 = w20
0 0
therefore

/u;i(t)dtg/ wl (t)dt, n=1,2,3,....
0 0

Taking into consideration the convergence of f, to f and the weak sequential compactness of the
unit ball of L?(0, 00), we conclude that there exists a function u € L?(0, 00) such that

ft) = / e "u(s)ds forall t>0.
0
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Moreover, the same arguments we have used for f should work with f*(t) := f(¢t — n) (choose
i = Ar +1n and n* = 0 instead of the old values A\, and n). Hence

[e.e]
[ () = / e "u*(s)ds for all t>0,
0
with u*(s) := e™u(s) € L?(0,00). Of course, this implies that

/ lu(t)] dt < oo,
0
so that f is of the form (8) with m the signed measure that has density u.

2.4 Two proofs of the ‘if’ part based on the use of divided differences

One of the first things we observe when studying the Miintz Theorem is that the necessity of
condition (2) and its sufficiency are two facts of a quite different nature, so that the proofs of the
‘if” part and the ‘only if’ part of the Miintz Theorem are usually independent. Hence it is tempting
to present new proofs for each one of these parts in terms of one’s own interest in the subject.

In this subsection, we will explain two proofs of the ‘if’ part of the classical Miintz Theorem,
both based on the use of divided differences.

The first proof is due to W. Feller [15]. It is a natural continuation of the proof given in
the previous subsection. It uses the strong connection between divided differences and completely
monotone functions and certain results from functional analysis and measure theory. The second
proof, by Hirschman and Widder [20] and Gelfond [16], uses divided differences to construct an
adequate generalization of Bernstein polynomials with the property that the new polynomials only
depend on the powers {2} .

First, we would like to recall the definition of divided differences. Given a function f and a
subset {xj}32, of its domain, we define the divided differences of f with respect to the nodes
{xr}72, recursively:

f[xioaxiu‘ . '7xin—1] - f[xilaxizw"’xin]
Tig — T4 '

flae] == f(ar), and flzi,. .. @3] =

n

These numbers can be characterized in many ways. One of their main properties is that they are
the coefficients in the Newton representation of the Lagrange interpolation polynomial of f at the
nodes {zg,x1,...,zy}. More precisely, if P,(z) = ap + a1z + - - - + aa™ is the unique polynomial
of degree < n that satisfies P(xy) = f(z), k=0,1,...n, then

P, (z) = flxo] + flxo, z1](x — x0) + - - + flwo, z1, ..., xn](x —20)(x — 1) -+ - (. — 2p—1), (9)
and this characterizes the values

flzol, flxo, z1],- -+, flzo, - ., 2nl.

An easy consequence of (9) is that, for all z, the error R, (z) := f(z) — P,(x) is given by

R, (z) = flz,z0,21,. .., 2s)(z — zo)(x — x1) - - - (. — Tp). (10)
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Moreover, for functions f in C(™(I), where I = [min{z;}?,, max{z;}7_], taking into account that

R,(x;) =0 for i =0,1,--- ,n, we conclude that R} (z) has at least n zeros in the interval I, R/ (z)

has at least n — 1 zeros therein, etc., so that R%n)(T) = (0 for a certain value 7 € I. Now,

Rr(Ln)(T) = f(n)(T) - n!f[lb)xl? e 7$n]a

so that for a function f that is sufficiently many times differentiable, the divided differences satisfy

1

floo, w1, an] = — (1) (11)

for a certain 7 € I = [min{z;}?_, max{x;}I" ]

Finally, it is also useful to note that:
- f(zr)

T, T1y---yTp| = . 12
fleor 21 | kzo(fck—:vo)(:vk—x1)~--($k—mk—1)(9:k—wk+1)---(mk—x‘n) (12)
This follows from the fact (see (9)) that f[xo,...,zy] is the coefficient of 2™ in the power form of

the interpolating polynomial, and the Lagrange expression of this polynomial.

Feller’s Proof of the ‘if’ part of Classical Miintz Theorem.

Taking into account the decomposition properties of signed measures, we see that in order to
prove (b) = (a) in Theorem 3 (which corresponds to the ‘if” part of the classical Miintz Theorem)
it suffices to prove the assertion for nonnegative measures p. Now, we note that functions f :
(0,00) — R admitting an expression of the form (7) for a certain nonnegative measure p are
completely monotone on (0,00). This means that they satisfy the inequalities

(=1)"f™ () >0forallt >0and all n=0,1,2,....

(Indeed, it is a well known result by S.N. Bernstein [4] that f being completely monotone on (0, o)
and of the form (7) for a certain nonnegative measure p are equivalent claims). Let us now assume
that (a) is not true, and suppose first that (A;) T oo. Under these conditions we can use the
following theorem:

Theorem 4 (Feller, 1968) Let us assume that 0 < A\g < A1 < A2 < --+ with A\, — o0, and
Yool o 1/An =00, and let f: (0,00) — R be a completely monotone function. Then

FO =" o As o Anl(E = Xo)(E = A1) -+ (E = An1), (13)
n=0

where the series is absolutely convergent for all t > 0.

This proves that if f(A\x) = 0 for all k, then f(k) = 0 for all k, and this means that the integral
of any polynomial against p is zero, hence pu is zero, so (b) is also false.

Finally, we can use Morera’s theorem to prove that f(z) = fol t*du(t) is holomorphic on the
half plane {z : Rez > 0}, so that the well known principle of identity shows that f is completely
determined by its values on any increasing bounded sequence (A;)72,. This ends the proof of
(b) = (a) in Theorem 3.
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Proof of of Theorem 4. It follows from the fact that f is completely monotone and (11) that
(=1)"f[Aos A1y -- ., Ap] >0 for all n > 0.

Let us now assume that ¢ € [0, \g). Then all terms of the series

D oA A= Ao)(E— M) e (B = An) (14)
n=0
are positive. Setting

o) =" Fhos Ay e o Ml (E = Ao)(E = A1)+ (E = Ne_1)
k=0

and R, (t) := f(t) — P,(t), we obtain

Ru(t) = flt, Aos A,y - An](E = Ao) (E = A1) -+ (T = An),
so that
Po(t) < Pi(t) <--- < f(t) (15)

and there exists a function «(t) such that
Ry, (t) | a(t).
We want to show that a(t) = 0. Now, for 0 < s < A9, we have that
0 < Ru(5) < FI5: A0y Ay« -5 A (= 1) T XA L - -+ A,

so that

)\ia(s) < )\iRn(s) < 18,205 Ay Al (=)™ SA0AL - - At (16)

Now, the right side of (16) is the nth term of the series (13) evaluated at ¢ = 0 when the point s
is added to the sequence (A;)7° . It follows that the series Y ;7 a(s)/Ay is convergent, which is
consistent with our hypotheses on the sequence (A;);2, only if a(s) = 0. This proves (13) for all
t € (0,A0). The same argument works for ¢t € (Agx—1, Agx) except that the inequalities (15) can be
asserted only for n > 2k. On the intervals (Agg, A2g+1) the inequalities are reversed. This ends the
proof, since limy_,,, A = co implies that all points ¢ > 0 have been already considered. O

Hirschman-Widder’s and Gelfond’s proof of the ‘if’ part of the Miintz Theorem

The most famous proof of the Weierstrass Approximation Theorem is based on the use of the

Bernstein polynomials:
- EN (n e
B, f(z) = Zf<ﬁ> <k>xk(1 — )"k,
k=0

Thus, it was an interesting (and difficult!) problem to find out whether a suitable generalization
of the Bernstein polynomials would give a new proof of the Miintz Theorem. This question was
solved in the positive by Hirschman and Widder [20] in 1949. Moreover, their proof was modified
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and extended by A. O. Gelfond [16] in 1958 and included by G. G. Lorentz in his book on Bernstein
polynomials [23, pp. 46-47]. In this subsubsection, we follow the discussion in Lorentz’s monograph.

The polynomials that will play the role of Bernstein polynomials are defined in terms of the
sequence of exponents (A,)32, as follows: Given n,k € N such that & < n, we set

i

— (X = M) (i = Aic) (i = Ain) - (i = An)

)

gn,k(m) = (_1)n_k)‘k+1 T >‘n (17)

and, given f € C]0, 1], we set

1
YRS
)(1——1)] " for 0<k<n, and 7,y =1,

and
n

BY(H) (@) = (k) gn (). (18)

k=0

We can now state and prove the main result:

Theorem 5 (Hirschman-Widder [20], and Gelfond [16]) Let f € C|0,1] and assume that

=1
O<AMi<X<- -, limA;=00 and ;)\—k:oo.

k—o0

Then
Tim (1B (f) = flljo =0

Proof. Let us consider, for the function f(z) = %, its divided differences with respect to the
nodes (A;)72 . It is clear that

9ng(2) = (1) FXgs1 - A F oo Mot 1 - - -5 An. (19)

In particular, this implies that

1 x*dz
, — (1 nfk)\ )\n_ ’
gn k(1) = (=1)"" A o /C (z=X) (2= An)

where C' is any simple closed curve that contains the nodes (\;)7_, in its interior Int(C'), and such

that f(z) = z* is holomorphic in a neighborhood of Int(C') U C. Now we prove a few technical
results:

Lemma 6 The polynomials {gn 1 }}_, form a partition of unity on [0, 1].

Proof. Taking into account (19) and (11), we get

Nett An o
Gnyie(@) = 7(;1_ e (—loga) k> 0.
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Moreover, taking into account the identity (easily checked by induction on n)

AL,
zZ(z=A1) (2 — An)

oL An + o (-1)"
z2  z2—=A (2= A1)z = An)

and multiplying by x*/(271) and integrating along C, we get

z n

1=— —dz = Zgn,k($)7

k=0

which is what we wanted to prove. O

Lemma 7 The following identities hold:

M = Z G (20)

and .
* ]' * *
M — Z M, k9n.k + §nn,Ogn(x)7 (21)
k=1
where o) o)
1 1
1-— 11— —
M= (1 o) (1 )

and g is the polynomial gni11 associated with the nodes A\g = 0,A1,2X1, A2,..., A\, (taken in
increasing order).

Proof. The idea is analogous to that in the previous lemma. We write 1/(z — A1) in a different

way (this is again easy to check by induction on n):

11 A — M
Z2—=A z2—=XA (2= M1)(z— M)

1 (A2 = A1) (A — A1)
(z=A1) (2= )

and multiplying by z%/(271) and integrating over C, we get (20). To prove (21), we use the same
arguments but based on the formula

4o (1)

11 An — 21
Z2—2\1 2= (2= A1)z —A\y)

Mg —20) - (An — 2A1)
(z—=XM)(z=2 ) (z=A2) - (2 — M)’

+o (-1)n

Let us continue with the proof of Theorem 5. Consider the functions 7, given by

n

Tn(l‘) = Z(.ﬁ)\l - 772’1]@)29717’6('%)

k=0
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Then
n n
To(w) = 2™ =20 0 k(@) + > 12 gk
k=0 k=0
- 1
2) * * *
= D0 — Mg k(@) = Sin0gn ().
k=1

Now, the sequence (1}, ;) converges to zero since the product [ [~ (1—2A1/),) diverges to zero be-
cause of our hypothesis on the sequence (A\;)7° ;. This means that _%77;;,0 g (x) converges uniformly
to zero, since we know that 0 < g’ (z) <1 for all = € [0, 1].

Let us now show that
21

Mok — Mg = 0 (22)
uniformly in & > 1. To prove this, let ¢ > 0 be arbitrary and fix ng such that, for all £ > ng,
2A\1 < A and

A 22 A
(1+¢)log(l — 222 <log(1 — 221 < log(1 — 21)2.
e e e

(This is possible since A\, — 00, log is an increasing function and logt < 0 for ¢t € (0,1).) Then

2
_ ﬁ)2(1+6) <(1- ﬁ) <(1- A1

20y2, 23
" " )\k) (23)

(1

Since the products [[re (1 — i—;) and []p2,(1— %) are both divergent to zero, we can consider

only the values k > ng in (22), so that we can use (23) for the factors representing 17723‘,{1 and n;, ;.

If 2 < e then also i, < and [p2)! — 77 .| < 2¢. On the other hand, if n2)! > ¢ then

2) 2X 22111 2\
0< o =1 <t — () 5 < 1= ()" <1 —¢7,

which is arbitrarily small for ¢ — 0. This proves (22) and, consequently, that T),(x) — 0 uniformly
in z €0,1].

Let us take f € C[0,1] and let M > || f|l(o,;- Obviously, f is uniformly continuous so that
we may assume that for a given ¢ > 0 we have chosen 6 > 0 such that |z — y| < § implies
@A) — f(yN)] < e. Then

n

BY(f)(x) = f(@) =D (f(nk) = F(@))gnk(x)

k=0

(recall that the polynomials {g, 1 }_, are a partition of unity in [0, 1]). Hence we can decompose the
summation formula into two parts: the first one containing those indices k such that ‘7721/& —2M| <6
and the second one, where this inequality does not hold. The first part of the summation formula
is < € and for the second part we use that |f(n,x) — f(z)] < 2M and (nﬁlk —2*)2/6%2 > 1 to
conclude that 2MT,,(z)/6? is an upper bound of this part. This obviously implies that B2 (f)(x)
converges to f(z) uniformly on [0, 1]. O
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2.5 Proof of Miintz theorem via complex analysis

In this subsection, we will use some basic results from complex analysis to give another proof of
the Mintz Theorem. It is because of our use of a complex variable that we introduce a minor
modification in the space of functions we want to approximate. Concretely, we assume that our
space of functions is C([0,1],C) and Miintz polynomials have complex coefficients. Clearly, the
Miintz Theorem corresponding to this context is the following one (which is equivalent to the
classical Miintz Theorem since the variable z runs on [0, 1] which is a subset of R, so that in order to
approximate a continuous function f(2) = u(z)+iv(z) with a complex polynomial p(z) = >, ;2™
we only need to choose the coefficients «; = a; + ib; in such a form that Z?:o a; 2N approximates
u(z) and Y1 b2 approximates v(z)):

Theorem 8 (Miintz Theorem for Complex-Valued Functions) Let A = ()72, 0= Ao <
A1 < --- be an increasing sequence of non-negative real numbers. Then II¢(A) is a dense subset
of C([0,1],C) if and only if Y32 | 1/\, = 0.

Let D:={z € C: |z| < 1} be the unit disc, and
H>(D) := {f : f is holomorphic on D and || f|| ey = sup | f(z)| < oo}
ze

be the algebra of bounded analytic functions defined on D. The proof we present of Theorem 8
(which is due to Feinerman and Newman [14]) is based on the following lemmas.

Lemma 9 (Blaschke Products) The function f : D — C belongs to H* (D) if and only if it can
be decomposed as

f2) =2 [z = M)n(2)
k=0

for a certain choice of a natural number p > 0, a sequence of points (A\;) C D such that Y~ (1 —
[Ak|) < 0o, and a function h € H* (D) without zeros on D.

Proof. See [21, pages 63—67]. O

Lemma 10 If )7 1/\; = oo and n is a complex Borel measure on [0, 1] such that

1
/thmw:Q k=0,1,...,
0

then )
/t%moza k=0,1,....
0

Proof. We may assume, without loss of generality, that our measure is concentrated on (0, 1].
Then we use Morera’s theorem to prove that h(z) := fol t*dn(t) is holomorphic on the half plane
{z : Rez > 0} and h(\;) =0, k = 0,1,.... Moreover, h is bounded on the half plane, since if we
decompose z = z+1iy, then |t*| =¥ < 1 for all t € [0, 1]. It follows that g(z) := h((14+2)/(1—2)) €
H>(D) and g(ag) =0, k=0,1,..., where ay := (A — 1)/(Ax + 1), for all k.

Now, it is clear that Y 1/A;x = oo (which is our hypothesis), implies that > (1 — |ag|) = oo , so
that g = 0. This of course implies that h(k) =0 for all £ € N. O
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Proof of Theorem 8. Let Y :=TII(A) be the closure of II(A) in X = C[0, 1]. It follows from the
Hahn-Banach Theorem that f € X\Y if and only if there exists a bounded linear functional L € X*
such that Ly = 0 but Lf # 0. Now, if L € C*[0,1] then Lf = fol f(t)dn for all f and a certain
finite complex Borel measure 7 defined on [0,1]. It follows from Lemma 10 (and the Weierstrass
Approximation Theorem) that Lf = 0 for all f, which is in contradiction to our hypotheses. This
proves that > 1/\; = oo is a sufficient condition for the density of II(A) in C[0,1].

We now prove that the condition is also necessary. Let us assume that > 1/\; < oo, and let
us define the function:

z o
f(z) = (2+2)3,}:[12+Ak+z'

Now,
A — 2 2422

24+ Mtz 24N+ 2]

so that the infinite product that appears in the definition of f converges uniformly on compact
subsets of C\ ({=2} U {—-2— A\x}32,). Hence f is a meromorphic function on C with poles {—2} U
{=2 — M}, and zeros {0} U {\z}32,. Furthermore, each factor of our infinite product is (in
absolute value) less than 1 for all z such that Rez > —1. On the other hand, the restriction of f
to the line Re z = —1 is an absolutely integrable function (this follows from the fact that we have
divided by (2 + 2)?). Let us fix 2 with Re z > —1 and consider the Cauchy formula for f taking as
path of integration the circle centered at —1 of radius R > 1+ |z|, from —1 — iR to —1 + iR, plus
the interval [—-1 +iR,—1 —iR]. If we let R — oo then we can eliminate the part of the formula
associated with the semicircle (note that |2 + z|> > R3 there), and we obtain

1 [T f(=1+is)ds

- 24
/() 27 J_o —l4is—z (24)
1 1 +o0
= / tz{—/ f(—=1+is)exp(—islogt) ds} dt,
0 2m —00
since
1 1 1
S — 8 dt = t? —islogt)dt.
T p— /0 /0 exp(—islogt)

If we define g(s) := f(—1 + is) then the inner integral which appears in formula (24) is g(logt),
where ¢ denotes the Fourier transform of g which is clearly a continuous bounded function defined
on (0, 1], so that if dn(t) = g(logt)dt¢ then 7 is a complex Borel measure. Therefore, the bounded
linear functional h +— [ hdn annihilates Y but it is not identically zero, hence Y # X whenever

reo 1/ Ak < oo, which is what we wanted to prove. O

3 The Full Miintz theorem and polynomial inequalities

The Classical Miintz Theorem was only stated for increasing sequences of nonnegative real numbers
0 =X < A1 < ---. It would be interesting to know if a general result, dealing with arbitrary
sequences of exponents, is possible. We call such a result a Full Miintz Theorem. Moreover, it
would be interesting to know such a result not only for the space C[0, 1] but also for C(K) with K
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a compact subset of R or C and for other function spaces such as LP[a, b], etc. As we have already
noted, Szasz’ proof of the Miintz Theorem in 1916 included sequences of exponents more general
than those treated by Miintz in his paper of 1914. In particular, for real exponents, he proved
a result that works whenever liminfy .., A\ > 0, so that Szész’ theorem was not properly a Full
Miintz theorem although it was near to it. It is remarkable that, after Szasz’ work, the search for
a Full Miintz theorem was not immediate. Moreover, since the appearance of the Miintz and Szdsz
theorems it was clear that the role of the origin in these results was very important and to extend
the results to spaces of functions defined away from the origin was a nontrivial task. Moreover,
nobody had answered the main question of characterizing the elements in the closure of a Miintz
space II(A) when this space is not a dense subset of C|a, b].

It was Fields medalist Laurent Schwartz [30] who proved a Full Miintz theorem for the space
of square-integrable functions L?[a,b] on general intervals [a,b]. Schwartz also characterized the
density of Miintz spaces in Cla, b] for 0 € [a, b] and conjectured a necessary and sufficient condition
for the density in C]0, 1] of II(A) with general sequences, but he did not prove the result.

It was only a few years later when Siegel [31], in a beautiful paper where he included a difficult
generalization of Szasz’ theorem, proved Schwartz’ conjecture for the first time using complex
variable techniques. The deepest work related to the Full Miintz Theorem has only recently been
done by P. Borwein and T. Erdélyi, sometimes in collaboration with several other authors. They
proved that there is a strong connection between density results for Miintz spaces and the study of
some special inequalities for these polynomials. In fact, their book “Polynomials and Polynomial
Inequalities” [5] constitutes a deep contribution to this subject and contains a guided investigation
of the Full Miintz Theorem. The reader should attempt the solution of the exercises in Chapter 4
of that book or, avoiding much effort, read this section where we will concentrate almost all our
attention on the study of the Full Miintz Theorem for the spaces C[0, 1], L?[0, 1] and C|a, b] (with
0 < a < b). We also include some ideas related to the proof by Borwein and Erdélyi of a Full
Miintz Theorem for the space C'(K), where K is a compact set with positive Lebesgue measure,
and a recent result by the author where a Full Miintz Theorem is proved for the space of continuous
functions on quite general countable compact sets.

3.1 Full Miintz theorem on [0, 1]

We start with the precise statement of the main results of this section.

Theorem 11 (Full Miintz Theorem for C|0,1]) Let us assume that A = (\;)}2, is a sequence
of distinct real positive numbers. Then II(A U {0}) is dense in C|0, 1] if and only if

[e.9]

Ak
A2 41

= 0. (25)
k=1

Theorem 12 (Full Miintz Theorem for 1[0, 1]) Let us assume that A = (\;)?2, is a sequence
of distinct real numbers greater than —1/2. Then II(A) is dense in Ls|0, 1] if and only if

o0
20 + 1
. 2
; Dt 1)2 41 (26)

Although we will not prove it in this paper, we would like to include here the corresponding
result for LP[0,1]:



Miintz Type Theorems 169

Theorem 13 (Full Miintz Theorem for L,[0,1]) Let p € (0,00) and let us assume that A =
(Ak)3, Is a sequence of distinct real numbers greater than —1/p. Then II(A) is dense in Ly[0,1] if
and only if

o0}

A+ 1/20
221 et 1/p) = 00. (27)

Theorem 11 was conjectured by Schwartz, proved by A. R. Siegel [31] for the first time and,
following the ideas introduced by Szész in his famous 1916 paper, reproved by Borwein and Erdélyi.
Theorem 12 was proved by Szdsz [34]. Theorem 13 was proved for p = 1 and conjectured for p > 0
by Borwein and Erdélyi [5]. Moreover, it was proved by Operstein [27] for the case 1 < p < oo, by
Erdélyi and Johnson [11] (using quasi-Banach space theory) for 0 < p < co and, quite recently, by
Erdélyi [13] for 0 < p < oo with an “elementary” proof.

In this section, we will prove Theorem 11. As a first step, we prove the easier Theorem 12 and
we use it to prove some particular cases of Theorem 11. Then we introduce several polynomial
inequalities that will be needed to complete the proof of this theorem. These inequalities are proved
in the second part of this section. The third and fourth part are devoted to a characterization of
the closure of nondense Miintz subspaces of C[0, 1] and the statement and proof of the Full Miintz
Theorem for intervals [a, b] away from the origin.

Finally, the fifth and sixth part are devoted to the Full Miintz theorem for C'(K) for compact
sets K C [0,00) more general than intervals.

Proof of Theorem 12. We have already proved the formula:

H lq — i
\/2q+ yq+/\k+1|'

E(z29,11(Ay)) 2 2(0,1) —

2
Hence z? € H(A)L O i and only if

g A 2¢+1 _0
_|_)\k-|-1 nﬂoo +)\k+1 '

We decompose the above product making a distinction between the cases A\ € (—1/2,¢] and
Ak € (g, 00), which leads us to the following reformulation of the above condition:

Jm 1l

k<m;Ap€(—1/2,q]

TL*)OO

2q + 1 2q + 1

A T e
g+ Mt k<n; Ar€(g,00) 0 A

which is clearly equivalent to stating that

Z 2)\k1+ ;=00 o Z 22X\, +1) =

k>1; Ape(g,00) k>1; Ape(—1/2,q]

and this can be rewritten as
x

— @+ 1241
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which is what we wanted to prove. O

We subdivide the proof of Theorem 11 into several cases, depending on which of the following
three conditions are satisfied by the sequence (\g):

H2 limy_,o A = 0. (In this case, the identities > =00 and ) A\ = oo are equivalent.)

Ak
A2+1

H3 (\x) = (o) U (B), with ap — 0 and B — oo. (In this case, the identities > inl = oo and
k

dag+>, ﬁ—lk = oo are equivalent.)

At first glance it seems that condition H3 is not significant since, taking subsequences if nec-
essary, H1 and H2 produce all possibilities. Theorem 11 has been stated in a unified form that
depends on the convergence character of the series ) )\Q)‘—frl, and this depends on the knowledge

k
of the boundedness character of the set {\;}72,. In particular, for the case infy>oAx = 0 and in

order to characterize for which sequences we have Ag‘il
k

possibilities H2 and H3. We will see that the study of the case described by H3 is precisely the
most difficult to handle.

In fact, H1 — H3 do not cover all cases (e.g. if there is a subsequence converging to 0 and another
one converging to 1) but in the missing cases there is a subsequence that is bounded away from 0
and infinity, and in this case (25) is automatically true, and so is the denseness by H1 applied to
this subsequence.

= 00, we must take into account both

Proof of Theorem 11, using Theorem 12, and assuming that inf, .y Az > 0. Let 0 <4d <

inf, .y Ak We make the change of variable x — 23 and solve the problem for exponents A} = A\;/6
that satisfy inf, A7 > 1. This means that we may assume, without loss of generality, that
inf, .y Ak > 1. Then

Ak , , = (1) = 2\ —1)+1
= 00 if and only if —_— = = 00
;Az+1 v ;(Ak—1)2+1 (20 —1)+1)2+1

Let us first assume that

2N —1)+1)2+1
It then follows from Theorem 12 that II((A\y — 1)%2,) is dense in L?[0,1]. Let now ¢ € N be

arbitrarily chosen. We can use the Szész trick as described by the inequalities (4) (see Section 2 of
this paper) to prove that

B I1(An))cpo,1) < qE(xqflyﬂ(A;))LQ[o,l]v

where A, = (A\y)j_; and A} = (A\y — 1)}_,. This error goes to zero for all choices ¢ > 0, which
proves that condition > A\x/(A2 + 1) = oo is sufficient for the density of II(A) in C10, 1].

On the other hand, if TI((A;)32 ) is dense in C[0, 1] then, taking into consideration that C[0, 1]
is dense in L2[0,1] and 120,17 < Il cpo,1)> we have that TI((Ax)72,) is also dense in L?[0,1]. Hence,
using Theorem 12, " A,/(A + 1) = oo. O
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Proof of Theorem 11 when )\; — 0. We start by noting that in this case the identities
S Ak/(Af 4+ 1) = 0o and Y Ay = oo are equivalent. It follows from the Hahn-Banach and Riesz
Representation Theorems that span {1,z**}7° | is dense in C[0, 1] if and only if {\;} is not a subset
of the set of zeros of any nontrivial function of the form

() = [ £ dutt

for some finite Borel measure p. This condition is equivalent to saying that {(A\z — 1)/(A\x + 1)} is
not the zero set of any function of the form

9(2) = ful(1 4+ 2)/(1 — 2)) € H*(D).

Now, if Ay — 0, then the equation ) Ay = oo implies that
> (- Resf) =
P A+ 1
so that, using Lemma 9, it is clear that {(A\y — 1)/(A\r + 1)} is not the zero set of any g(z) €
H®°(D). This means that > A\ = oo is a sufficient condition (whenever A\, — 0) for the density of
span {1,2*, 2?2 ...} in C[0,1].

In order to prove that condition (25) is also necessary, we need to introduce the following
theorem:

Theorem 14 (Newman’s Inequality) Assume that A = (\;)}2, is a sequence of distinct posi-
tive real numbers. Then the inequality

Hmmmm”sn(zygummmﬂ
k=0

holds for all p € II(A,,) and all n € N.
If M :=3 72, A\ < oo, then we have that
pr/(x)H[O,l] S 11M Hp('r)H[O,l]

for all p € II(A), which contradicts the density of II(A) in C[0,1]. For let us assume that II(A) is
dense in C[0,1]. If, for example, we set f(z) = (1 — x)/? then for every natural number m there
exists a p € II(A) such that ||p — f|| < 1/m?. Hence

p(1—1/m*) —p(1)] > [f(1—1/m?) —1/m* = (f(1) +1/m?)|
= 1/m—2/m?
and it then follows from the Mean Value Theorem that

—1/m?) — m — 2/m?
el = 2 11//m3 POl (1 = 1y 2= 2 1/;2/
= (1—1/m2)(m—2)2m;2

for a certain ¢ € (1 — 1/m?2,1). This clearly is in contradiction with
lap' @) .y < LM Ip(@)ll

since m is arbitrary. O
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Proof of Newman’s Inequality. We may assume, without loss of generality, that > ;4 A\x = 1
since we may make the change of variable

o M)
Set z = et If p(z) = Y }_yaxx™ and q(t) = p(e™") = S_}_, axe ! then

n n
wpl(x) = Y~ Mapa™ =3 Mage M = ¢'(1),
k=0 k=0

so that we have changed our problem to one of estimating the uniform norm, on the interval [0, o),
of the derivatives of functions of the form

n
Z ake_’\’“t (28)
k=0

in terms of their uniform norms in the same interval.

Let
L - Ak
B(z) :=
(2) /}_[0 z+ A
and define
T(t)'—i/iztdz here T':={z:|z—-1]=1}
= 5 A B(Z) , w = : = .

It follows from the residue theorem that 7' is of the form (28). To prove Newman’s inequality we
first prove the following estimate:

|B(z)| >1/3 forall zel. (29)

It is easy to check that the Mobius transform z +— (2 —A)(z+A) sends the circle T' onto the circle
that contains the interval [—1, (2 — X)/(2 + A)] as a diameter, so that the inequality

ZHA T 24X 1+A/2

Z—A‘ 2-A  1-1/2
> J—

holds for all z € I, and

n

1—Xg/2
|B(2)| > kl_Iom

To estimate the above product, we take into consideration the fact that for all x,y > 0, the
inequality

-2z 1—y>1—(:L‘—|—y)
1+ 1+y~ 1+z+y
holds. This leads us to the inequality

H1 Ae/2 13k 1-1/2 13,

iy 1 -
SLTHN2 T 1+ 50 1+1/2
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which proves (29).
It follows from the definition of 1", that

1 ZQefzt
T// -
®) %dA:B@)dZ

and, using a() = 1+ as a parametrization of I', we have (taking into account Fubini’s Theorem)

that
| irwla
0

IN

o) 27
(3/27) / / 2(1 + cos B)e1He0s0) 4g it
0 0

2
— (3/2n) /O 2(1 +cose>m 46— 6.

Now we will compute integrals of the form fooo e M (t) dt in terms of the scalars \i. To do this,

we note that
/ T ety dp = / G (30)
e =— | =—=————dz
0 271 Jr B(2)(z + A\g)
and, taking into consideration the fact that
52
B(z)(z + Ak)
has no poles in the exterior of I', the above integral depends only on its residue at co. Now

o0

1 1

_ j i 2 . 12/.3
T 2 LD O =
and
1 ad 1+)\]€/2 2220_0 A 2(2:0_0 )\k)g
= TR g = =
B(z) kl_[o 1—X/2 + z + 22 +
2 2
= 1+°+4 S+
z oz
so that ) 2 \
z — 2, + 2
=2 (2 N+ A
B oM
This, in conjunction with (30), leads us to the formula
/0 M) At = A2 — 2\, + 2. (31)
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Now, let ¢ be an exponential polynomial of the form (28). Then, if we take into consideration (31),

we conclude that

/ gt +a)T"(t)dt = / > age Mo | TV (1) dt
0 0 \k=0
= ) ape / e AT (1) dt
k=0 0

= > ape (A = 2); +2)
k=0

= ¢"(a) —2¢'(a) + 2q(a).

Hence,
!q”(a) —2¢/(a) + 2q(a)‘ = /0 q(t +a)T"(¢) dt‘
< [Tlat+ar 0] at < el [ 770)] a
< 6|lglljp,00) (for all @ > 0),
so that

1d"l1f0,00) < 21l4'[0,00) + 8llllj0,00)-
It is well known that the inequality

11 oy < 410,000 1 000

holds for all functions f € C)[0, 00) (see [22]), so that

19113 50y < 4lldllio.00lla” lj0.00) < Nallio,00) (8ll 0,00 + 16llgll10,0))

and

/ 2 /
(1)’ ¢ el
||Q||[0,oo) ||Q||[O,oo)

which clearly implies that
14'1l10,00)

<11
l4ll0,00)

for all expressions of the form (28).

a

Theorem 14 is a nice generalization of the classical Markov inequality, which states that algebraic

polynomials of degree < n (i.e., polynomials of the form p(x) = ag + a1z + - - - + a,a™) satisfy

19/ l—1,1] < n2||p”[—1,1]-
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Markov’s inequality is indeed related to another classical inequality, due to Bernstein, which states
that algebraic polynomials of degree < n satisfy

P (2)] for all x € (—1,1).

n
< \/17_—332”1?”[71,1]7
It is not by chance that Theorem 14 appeared in the middle of our proof. In fact, the study
of certain classical polynomial inequalities and how they can be extended (and adapted) from the
usual spaces of algebraic polynomials to Miintz spaces, has proven to be a deep tool for studying the
density of these spaces. Concretely, the following generalization of the classical Bernstein inequality
will be of fundamental importance for the main objectives of this section.

Theorem 15 (Bounded Bernstein’s and Chebyshev’s inequalities) Let us assume that 0 <
Ao <A <--- and Y 22,1/ < oo. Then for each € > 0 there are constants c.,ct > 0 such that

1Pllj0,1) < ellpllf—e

and
1P 1l0,1-¢) < 2 lpllp—c1) < el
for all p € TI(A).
The proof of this theorem is especially tricky, so that we postpone it to part 2 of this section.
We prefer, at present, to explain how a clever use of this theorem helps us answer several questions

related to the study of the density of Miintz spaces. In particular, we close this subsection by
concluding the proof of the Full Miintz Theorem for the space C[0, 1].

Proof of Theorem 11 when (\;) = (o) U (Bk), where a; — 0 and [ — oo. In this case, the
relations Y 70 | (A\r)/(A2 +1) = oo and

dap+ > 1 (32)
k=1 = O

are equivalent. If (32) holds then we have already proved that II(A) is dense in C]0, 1]. Let us now
assume that Y o, o < oo and > 7o 1/8, < o0.
Recall that a sequence of functions (f)}}_, € C(K) is called a Haar system on K if

dim span{fi}i_o=n+1

and the only element f € span { fi}}_, that vanishes at n + 1 points is the zero function. A special
type of Haar systems are Chebyshev systems, which are those given by a sequence of functions
(fx)i—o € C(K) such that

folzo)  filzo) -+ fa(xo)
det : : : >0
fo(wn) fi(xn) - folzn)
holds whenever xp < 1 < -+ < &y, {2} C K.

Proposition 16 Let us assume that A\g < A\; < -+- < A,. Then (95)"“)2:0 is a Chebyshev system
on (0, 00).
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Proof. Let A = {(ag,a1,...,a,) € R : Ji £ j,a; = a;}. Then it is not difficult to prove that

PO P1 Pn
Lo Ty )

D(po,...,pn) = det : Do £ 0
xﬁO ‘,L,Zl - xﬁn

whenever (pg,...,pn) € R*™™\ A and 0 < 29 < 21 < --+ < x,,. The difficult thing is to show that
this determinant must be positive. Now, we take 7 = (79,...,7,) : [0,1] — R*"1\ A a continuous
path such that 7(0) = (A\g,...,A\n) and 7(1) = (0,1,...,n) (this is possible since Ag < -+ < Ap).
The continuity of 7 implies that

sign(D(7(0))) = sign(D(7(1))) = +1,
since the last determinant is the well known Vandermonde determinant (see, e.g., [10]). O

Let us assume that (fz);_, is a Chebyshev system. Under these conditions, it is possible to
prove some interesting results about uniqueness and characterization of best approximants from
the space span{f;}}_,. In particular, the existence of a unique best approximation to f, by
elements of span { fk}z;(l] is guaranteed. If P, is such an approximant, then the function 7T, :=
(fn — Pn)/||fn — Pnl| is, by definition, the Chebyshev polynomial associated with the Chebyshev
system (fx)}_,. As we shall see, these polynomials play a main role in our theory. In particular,
they satisfy the following nice interlacing property (for a proof, see [5], page 116):

Theorem 17 (Zeros of Chebyshev Polynomials) Let us assume that T = (fo,..., fn-1,9)
and S = (fo,..., fn—1,h) are Chebyshev systems on [a,b] and that T, = T,, 7 and S, = Sy
denote the associated Chebyshev polynomials. If (fo,..., fn-1,9,h) Iis also a Chebyshev system
then the zeros of T, and S, interlace (i.e., there exists exactly one zero of S, between any two
consecutive zeros of Ty,).

Moreover, the following theorem also holds:

Theorem 18 (Alternation property of Chebyshev Polynomials) Let us assume that T =
(fo,- -, fa—1, fn) is a Chebyshev system on [a,b] and that T,, = T,, 7 denotes the associated Cheby-
shev polynomial. Then there are n + 1 points xo < 1 < -+ < &, in [a,b] such that

Ty (z)| = e(—=1)%,i=0,1,...,n,
where € € {1,—1} is the same for all i.
Let us use the following notation:
e T« denotes the Chebyshev polynomial associated to the system (1,2%)}_,.

e T, 3 denotes the Chebyshev polynomial associated to the system (1, xﬂk)}gzl.

o Ty, o3 denotes the Chebyshev polynomial associated to the system

aq a2 « 61 52 B
(L, 2%, . % P a2 ).



Miintz Type Theorems 177

It follows from Newman’s inequality
||a;T,’L7a(x)H[071] < M ({ag}) 1 Tn.allg ) = const < oo (n €N),

that for each € > 0 there exists a constant ki(¢) which only depends on € and {as} (but does not
depend on n) such that T}, , has at most k1 () zeros in [e,1) and at least n — kq(¢) zeros in [0, ¢).
(It is not possible to increase the number of zeros of T, , in [e,1) without increasing the modulus
of the derivative of T}, , at least in some points of the same interval.) On the other hand, and
due to similar reasons, it follows from the bounded Bernstein’s inequality (Theorem 15), applied
to Ty, 3, that

I, 51

Hence T), 3 has at most ka () zeros in [0,1 — ) and at least n — ka(¢) zeros in [1 — ¢, 1).

Now, if we take into account the interlacing properties of the Chebyshev’s polynomials (Theorem
17), and the fact that the system (1,29, z%)?_, is an extension of both systems (1, z%)%_, and
(1,2%)7_, | it follows that, for n big enough, Ty, o 5 has at least n — k() — 1 zeros on [0,€] and
at least n — ka(e) — 1 zeros on [1 — ¢,1]. Hence we conclude that there exists a certain constant
k = k(e) (which only depends on the sequence (Ax)) such that Ty, o 3 has at most k(e) zeros in the
interval (e,1 —¢).

Set k = k(1/4) and let us take a set of points

0,1-¢ < c2l|Thglljo,1) = ¢z < oo

1/4<t0<t1<"'<tk+3<3/4

and a function f € C[0,1] such that f(x) =0 for all x € [0,1/4]U[3/4,1] and f(¢;) = (—1)2 for all
0 <i<k+3. Let us assume that there exists a polynomial p € II(A) such that [|f — pl[;;; < 1.
Then p—Thy, o3 has at least 2n+1 zeros in the interval (0, 1) (where we have used that p dominates
in [1/4,3/4] and Tby, 4,3 dominates outside this interval). This is in contradiction to the fact that
p — Tonap € Ilan(A) for all n large enough (which implies that p — 15, o 3 has at most 2n zeros).
This ends the proof whenever A has no accumulation points in (0, c0). O

Proof of Theorem 11 for the case in which A has some accumulation point in (0,00). In
this case there exists an infinite subsequence (ay) C A such that inf{a;} > 0 and, in such a case,
we already know that II((cy)) C II(A) is a dense subset of C|0, 1]. O

3.2 Proof of the bounded Bernstein and Chebyshev inequalities

We devote this subsection to the proof of Theorem 15. The proof is long, so we divide it into several
steps:

Step 1: Bernstein’s and Chebyshev’s exponents satisfying a jump condition

In this step, we prove Bernstein’s and Chebyshev’s inequalities for sequences of exponents that
satisfy the following jump condition: inf,py(Ax—Ax—1) > 0. In particular, we start with Bernstein’s
inequality in this special case:

Theorem 19 (Bounded Bernstein Inequality for Special Sequences) Let us assume that
A = (\r)52, is a sequence of nonnegative real numbers that satisfies the jump condition inf, (A —
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A—1) > 0, and > 721 1/Ap < 00, A\g = 0, Ay > 1. Then for all € € (0,1) there exists a constant
¢ = c(e,A) > 0 such that the inequalities

19" l0,1—e] < cellpllzy, 10 lpa—e) < cellpllfon
hold for all p € TI(A).

Proof. It follows from direct computation of the errors E(z®, II((Ax)}_,))2 that, for all m € N
and all p € II(A\{\,}), the inequality

1 Am — A
Am > _Am Ak 33
I =p@)lzzon = \/2Am+1k>01_£#m‘Am+Ak+1‘ (%)

_ 1 I ‘()\k+1/2)—()\m+1/2)’
V21 g [k +1/2) + O +1/2)

holds. Hence it is of interest to study products of the form:

[1

k>0; k#m

o + oy
A — Oy

for sequences (ou,)72, such that inf, cn(ar —ag—1) >0, and Y72 ;1/a; < co. (Note that we have,
for ease of exposition, reversed the quotients.)
We decompose:

I M’ S | B (T
k>0; o | 6 T Qm k>0; o <um Ak — Om
200, 20y,
X 1+ — 14+ —.
I T L

k>0; am<ap<2am k>0; ap>2am

Clearly, for all k such that oy, > 2a,, we have that ag/2 > auy, so that ag —ay, > ar— o /2 = a /2.
This means that

2 20
A — A —
k>0; ap>2am k= Gm k>0 ap>2am, | kT Om
1
< exp| dam E — |,

893
k>0; o >2am

which implies that there exists a constant &, > 0 such that &, <437, o >200m 1/ay and

2c
H 1+ ﬁ‘ = eXp(amfm)'
k>0; g >200m, ko Sm
The products
2
H 14+ &‘
ap — Qo

k>0; ap<oam
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are bounded. Moreover, we can use that in between «,, and 2a,, there are o(a,,) terms (since

>k aik < 00) to estimate the product szzo; o <O <200m ’1 + a:‘j—’gm‘ and prove that there are
constants 7, such that
a +« .
H #‘ = eXp(O‘mf)’m)a W%E)noo Ym = 0.
k>0; k#m k m
Hence
o — o .
H u‘ > exp(—amYm), lim 7, =0
o + o m—o0

k>0; k#m

and, taking into consideration the formula (33), we obtain that

larm — (@) £2(0,1) = exP(—VmAm)

where limy,, 0o ym = 0 and p € II((A\{\,}). This clearly implies that for every polynomial
p=>apx™ € I(A), the inequality

1Dl 2201y = llaxa™ — (axa™ — p(a))llz2(0,1) > lak] exp(—TeAr)

holds. Hence
lax| < exp(v) 1Pl 201y < (14 €)™ ||pl 201 (34)

for a certain constant c., since only a finite number of values v, satisfy exp(vyx) > 1+¢ (the constant
¢ only depends on the behaviour of the other values 7). Another proof — indeed the original one
— of this inequality was given by Clarkson and Erdés [9] in 1943.

Taking into consideration that A; > 1 and ¢ = inf,cny(Ax — Ak—1) > 0, we have that there exists
a strictly increasing sequence of natural numbers my, j > 0, such that {[Ag|}72y = {m;}32,, where
| Ak | denotes the integer part of Ay for each k € N. Furthermore,

M :=M(A) := r;lzagc#{k: D Ak] =my} < oo,

so that
ST hkeM < S (] + el
k=0 k=0
— ZL)\kJaLAkJ—l + Z alAk)-1
k=0 k=0
< M (Z mea™ 4 Zam’“1>
k=0 k=0
R
k=0 k=0
< Cla,M):=M (Ztat_l + Zat_1> < 0
t=1 t=1
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for all a € (0,1).
We can use the above inequality to estimate the norm [|p’[|jg,1—¢] as follows:

P los—ap < D Awlax|(1 — )™

< ee(14e) Y M+ ) =) MIplrzq,)
k=0

= (1 +€)Z>\k[(1 _52)])%71”17HL2(0,1)

< e(14e)C(1 =& M)|lpll 20,1

< e, N|pllr2(0,1) < ele, Mllpllcpo,y»
which is what we wanted to prove. O

The next theorem, proved by L. Schwartz [30], is an important consequence of the inequality
(34).

Theorem 20 (Closure of Nondense Miintz Spaces for Special Sequences) Let us assume
that A = (M)}, is a sequence of nonnegative real numbers such that inf, N(Ay — Ag—1) > 0
and > ;21 1/A; < 00, Ag = 0, \y > 1. Then the functions that belong to the closure of II(A)
can be analytically extended to D\ [—1,0]. If Ay is an integer for all k, then the functions of
the closure of TI(A) can be analytically extended to the unit disc. Finally, if A is lacunary (i.e.,
inf{\r/Ar—1}32, > 1) then the closure of II(A) is precisely the set

{feCOl Zakaz ,93601]}

Proof. Let us assume that lim, .o || f — gnllcp,1) = 0, where gn(z) := Z’,j;o an rx. Then the
sequence of polynomials (g,,)5% is a Cauchy sequence in C|0, 1]. It follows that for each 6 > 0 and
all n € N,

|ank — amk| < cs(1+ 5))\k||Qn - QmHC[O,l] — 0 (n,m— o).

This means that there are numbers a; € R such that lim, .o an; = a; (kK € N). Let h(z) :=
S g agr™. Then for all § > 0 we can write

o] = 1 Jan gl < Tim es(1+0)*[lgnllcp = es(1 + 64| llefo

It follows that the series h(z) = .72, arz™* is absolutely convergent for all z < 1. To prove
this claim we take into account that Ax/k > ¢ for all k, so that the inequality

Jara [7F < (esllf o) F (1 + 8)2) /% < (es1l flloro ) (1 + 8)a)e < 1

holds for k sufficiently large and ¢ such that (1 + )z < 1. Now, it is clear that h coincides with
the function f. Consider the branch of logarithm that is defined on the complex plane cut along
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(—00,0] and that is positive for values > 1. For any A this defines a branch of z* = exp(\log 2).
Now if z € D\ [—1,0] then

< f(lz]) < o0

hE

‘akz’\’“

B
Il

0

This proves that f(z) = 332, axz™* is analytic on D\ [~1,0]. If \; is an integer for all k, then it is
clear that the above arguments are also valid for all z € (—1,0) so that f is analytic in the unit disc.
If the sequence is lacunary then we can use a theorem by Hardy and Littlewood [19] that claims that
if the power series ) asz, with radius of convergence 1, is lacunary and lim, ;- >, apz™ = a,
then )", a; = a, to conclude that the series ) 7° apz™ also converges for z = 1. In the other cases
there are counterexamples, i.c., there are series of the form ) 7, a2 that belong to the closure
of TI(A) in C[0,1] and they do not converge for z =1 (see [9]). O

We prove, for the special case we are considering in this step, Chebyshev’s inequality which
claims that the norms of the elements of (nondense) Miintz spaces essentially depend on the be-
haviour of the elements near x = 1.

Corollary 21 (Bounded Chebyshev Inequality for Special Sequences) Under the hypothe-
ses of Theorem 19, for each ¢ € (0,1) there exists a constant c. = c(g, A) such that ||p[lcjo,1] <
colpllcpi—e) for all p € TI(A).

Proof. Making (if necessary) the change of variable y = 2121 we may assume, without loss of
generality, that A\; = 1. Let us now assume that there exists a sequence of polynomials (p,) C II(A)
such that limy, oo ||pnlcfo,1) = 00 but ||pallcji—e,1) = 1 for all n. Then gn := pn/||pnllclo) satisties
lanllcpoa) =1 for all n € N, and limp—oo [[qnlcp1-c1) = 0. It follows from the bounded Bernstein
inequality that for each ¢ € (0,1) there exists a constant cs such that [|g,lljp,1—5 < cs for all
n. We may use the Arzela-Ascoli theorem in the interval [0,1 — /2] to obtain from (g,) a
subsequence that converges uniformly to a certain f € C[0,1 — ¢/2]. Using the same arguments
as in the proof of Theorem 20, we get more information: f must be analytic on (0,1 —&/2). But
limy, oo |gnllcfi—c,) = O implies that f|q_c1-c/2) = 0, which clearly implies that f is the null
function (just apply the well known Identity Principle of complex analysis). The fact that f =0
and [|gn|lcfo,1) = 1 for all n are simultaneously impossible. O

Step 2. Comparison results

The main goal of this step is to introduce a few results that will be useful for the proof, the
next step, of Bernstein’s and Chebyshev’s inequalities for general sequences of exponents (A;)2,.
These results are expressed in terms of the Chebyshev polynomials associated with the Miintz
system (z)2 .

Let us proceed by stages. We first introduce some notation. We say that (fo,...,fn) is a
Descartes system on [a, b] if

fio(xo)  fir(wo) - fin(20)
det : : : >0
Jio () fi(xm) o fin(Tm)
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holds whenever 0 < 49 < 43 < -+ < 4, < nand a < g < 21 < -+ < Ty < b. We say
that (fo,..., fn) is a Markov system in Cfa,b] if for all f € Cla,b] and all £ < n there exists a
unique best approximation to f by elements of M}, := span { fi}fzo. The nth Chebyshev polynomial
associated with the Markov system (f;)i is given by Ty, := (fn — pn—1)/Ilfn — Pn-1llc[a,), Where
Pn_1 is the unique best approximation to f,, by elements of M, ;. Sometimes, by a misuse of
notation, we also say that the Chebyshev polynomial T,, is associated with M,,.

Now, one of the main properties of Miintz spaces is that

(;U’\O,x’\l,...,xA"),

where 0 = A\g < A\ < -+ < A, is a Descartes system on each interval [a,b] C [0,00) (see
Proposition 16). The following technical lemma, whose proof is quite involved, is a nice refinement
of the classical Descartes rule of signs and was proved by Pinkus and (independently) by P. W.
Smith. It is the key for the proof of the comparison results we will need (see [5, p. 103], or [32] for
a proof).

Lemma 22 (Pinkus-Smith) Let us assume that (fo, ..., fn) is a Descartes system on [a, b], and

let . .
p=1fr+ > aifs;q=fe+ Y bify; with a;b €R

i=1 i=1
be chosen such that 0 < t; < k; < k for alli € {1,...,m} and k < t; < k; < n for all i €

{m+1,...,r}, with strict inequality for at least one of the indices i € {1,...,7}.
If p(z;) = q(x;) = 0 for the distinct points x; € [a,b], i = 1,...,r, then

p(@)| < lq(x),  x€a,b].
Furthermore, the inequality is strict for all x € [a,b] \ {z;}]_;.

We use this result with the Miintz spaces M, (A) = II((A)}_,) and M, (I') = II((yx)}_,), where
we assume that 0 = Ag < A1 < -+ < A, 0= <71 < -+ < Ypn, and Ap > v, for all k. With this
idea in mind, we take s € (0,1) and denote by T}, » and T}, 5 the Chebyshev polynomials associated
with M, (A) and M, (T), respectively, on the interval [1 — s, 1].

Lemma 23 With the hypotheses and notation just introduced, the following claims hold:

(a) Lety € [0,1 —s). Then the maximum values of the expressions

/
p(y)] and mae | PW)]
0#£peMp(A) ||P|lj1—s,1] 0#peMp(A) [|Pl[1—s,1]

are both attained by p =T, x. (In the second case we assume that A\; > 1 whenever y = 0.)

(0) |Tnx(0)] < [T4(0)]. Furthermore, if Ay =1 =1 then also [T}, ,(0)| < [T}, ,(0)|.



Miintz Type Theorems 183

Proof. We propose the proof of (a) as an exercise. Let us prove (b). Let p € M,(I") be
such that it interpolates T,  at its zeros (which are all of them simple zeros), and in (0,1). It
follows from the Pinkus-Smith Lemma that |p(z)| < [T, (x)| for all € [0,1]. In particular,
IPllji=s1) < [ Toall—s,1) = 1 and, taking into account part (a) of this lemma, we get

PO _ _[Tay(0)]
Plln=syy = 1Tnqlln-sa

T A0)] = [p(0)] < H = [Tn5(0)],

which proves the first part of (b). To prove the second claim, the argument is similar. We take
0 # p € M,(T') such that it interpolates T},  at its zeros in [1 — s,1] (there are n zeros), and
we normalize by imposing the additional condition p'(0) = T}, ,(0). (Note that p'(0) # 0, since
otherwise we would have that p € span{z7 : k = 0,2,3,...,n} has n zeros in [1 — s, 1], which is
impossible since (27 : k = 0,2,3,...,n) is a Descartes system.) Then [p(z)| < [T, a(z)| for all
r € [0,1]. Hence [|p[lg—s1] < [|Twxllj1—s,1) = 1 and it follows again from part (a) of this lemma that

EAQI |77, ,(0)]
Pllin=syy = 1Tnsllp-sa

T, A (0)] = [p'(0)] < || = |75, ,(0)],

which proves the second part of (b). O

Lemma 24 |T,, (z)| and |T;, ,(x)| are monotone decreasing functions on the interval [0,1 — s].
Furthermore, if \y = 1 = 1, then also |T}, ,(v)| and |1}, ,(z)| are monotone decreasing on the
interval [0,1 — s].

Proof. Let us assume that |7, y(z)| is not monotone decreasing on [0,1 — s]. Then T} ,(z) €
span {z™ 1 : k € {1,2,3,...,n}} has at least n zeros in (0,1), which is impossible. The second
claim can be proved by similar arguments. O

Theorem 25 (Comparison Theorem) The inequality

1pll0,1) . 1pll0,1]
0#£peMn () IPll1—s,1) ~ 0#pEMA (D) [|Pll[1—s 1]

holds. Furthermore, if A1 =~ =1 then

HPIH[O,lfs] Hp/H[O,lfs]
0£peMn(A) [IPll1=s1) — 0#pEML(D) [|Pl|[1—s1)

Proof. Lety € [0,1—s). Then

p(y Ty
max PO Ty ) <o)
0#£pEMn (A) [1PIl[1—s,1] [T ll-s,1
T, —s
ITaalli—s1) — 0#peMn () [IPllj1—-s,1
Hp‘ [0,1]

0#£pE My (T) m .
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On the other hand, if y € [1 — s, 1], then

max PO IPllpy
0#£pEMn(A) [Pl [1—s,1] 0£pe M (1) [IPll[1-s,1)
Hence
| [0,1] < | [0,1]

0#£pEM(A) ||Pll[1—s,1) ~ 0#PEM,(T) HpH[ks,u’

which is what we wanted to prove. By analogous arguments, we have that

P’ ()| L)l , , /
er = ’ =T )| < T, ,(0)] < |T;,,(0)]
07pEMn(A) [[Pll[1—s1) 1T ll—s1 Tna@)] < o Y
’T7/L77(O)| 17| [0,1—5]

— - < max —
”Tn,vH[l—s,l] 0#p€Mn(T) ”PH[ks,l}

which is the second claim of the theorem. O

Remark 26 It is possible (with similar arguments) to extend Theorem 25 to include Miintz
polynomials with arbitrary real exponents (i.e., we can also consider negative powers of x).
Step 3. The General Bernstein and Chebyshev Inequalities

We now complete the proof of Theorem 15.
We know that limy_. Ar/k = 0o, since > 22 ; 1/A;, converges and (\y) is monotone. Let m € N
be such that A\ > 2k for all £ > m, and let us take I' := ()22, defined by:

min{\g, k}, ifke{0,1,...,m},
Vi =
A+ k, if k> m.
Then > 77 1/9 <00, 0 <7 <7 <---, and
min{\g, k} — min{\_1,k— 1}, ifke{0,1,...,m}
Ve — V1 = %)\m+1 +m+ 1 — min{\,,, m}, ifi=m+1
%()\k—/\k_l)—i-l, itk>m+1

satisfies v — y,—1 > 1 for all £ € N. Furthermore v, < \i for all k. This implies (using Theorems
19 and 25, Corollary 21 and Remark 26) that the inequalities

| [0,1] < HP||[0,1} ~ . < 00
0#£peMn (A) [IPl[1—s,1] — 0#£pEMn(T) [|Pll[1—s 1]
and 12/l 17|
Plo1— a Plp1-—< _ ¢t < oo,

0£peMn(A) |IPlli=s1) — 0#peML(T) ||Pl|[1—s1)
both hold. O
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Corollary 27 Let (p,)5°, be a sequence of polynomials in II(A) uniformly bounded in [0, 1], and
let us assume that 0 < \g < A\; < --+ and > ;o4 1/\; < co. Then for each a € (0,1), the sequence
(Pn)s Is a relatively compact subset of C[0, al.

Proof. Set ¢ =1—a. Then |[p,|lj0,q < cillpnllja) < ctM for all n, where M = sup ||px|ljo,1] < oo-
This implies that {p,}52, is equicontinuous in C[0, a]. The corollary follows from the well known
Arzela-Ascoli Theorem. O

3.3 Description of the closure of nondense Miintz spaces: the C[0,1] case

If TI(A) is not a dense subspace of C[0, 1], it is natural to ask what is its topological closure. Since
the density of II(A) depends on the convergence character of a certain series associated with the
sequence of exponents A, it is clear that given two nondense Miintz spaces II(A1), II(Ag), their sum
II(A1) + II(A2) = TI(A1 U Ag) is also nondense in C[0,1]. This means that the closures of nondense
Miintz spaces II(A) are, in a certain sense, of small dimension, when viewed as subspaces of C[0, 1].

This observation was first made in a famous paper by Clarkson and Erdés [9] published in 1943
in the Duke Math. Journal. They proved, for the case of integer exponents A = (nx)72, C N,
that » 2 ,1/n; < oo implies that the elements in the closure of II(A) are analytic functions
defined inside the unit circle and that their Maclaurin series involves only the powers z"* and may
diverge at the point z = 1. Moreover, if the sequence of exponents is lacunary (which means that
infy>0 ngt1/nk = ¢ > 1), this series converges for z = 1. Finally, they used this result to prove,
in the particular case where the exponents are nonnegative integers and for intervals away from
the origin (i.e., intervals [a, b] with O & [a, b]), the natural extension of Miintz’ theorem (i.e., they
proved that ) p° ;1/nj = oo is the necessary and sufficient condition for density of the Miintz space
II((nk)32,) independently of the appearance or not of the zero power in the exponents sequence

This same question was tackled by L. Schwartz [30] for certain strictly increasing sequences of
exponents (he assumed inf, 7 (A — Ax—1) > 0 and proved Theorem 20 of the previous subsection)
and by Borwein and Erdélyi [5] and Erdélyi [12] for general sequences. In all cases the conclusion
is that the elements in the closure of a nondense Miintz space are analytic functions. The most
general result is the following one, proved by Erdélyi [12] in 2003.

Theorem 28 (Full Clarkson-Erd&s-Schwartz Theorem) Let A = ()72, C (0,00) be a se-
quence of positive real numbers such that M := II(AU{1}) is a nondense Miintz subspace of C|0, 1].
Then every function that belongs to the closure of M in the uniform norm can be represented as
an analytic function defined on the set {z : z € C\ (—00,0], |z| < 1}.

3.4 Full Miintz theorem away from the origin

It is remarkable that the extension of the Miintz Theorem to intervals away from the origin is a
nontrivial task. Of course, a linear change of variable of the form x = bt allows to extend the Miintz
Theorem to the interval [0,b]. If II(A) is dense in C[0, b, then given f € Cla,b] with 0 < a < b one
can extend f with continuity to a function f € C[0,b] that vanishes at the origin. This function
can of course be approximated uniformly on [0, b] by elements of II(A \ {0}), so that f also belongs
to the closure of II(A\ {0}) in Cf[a, b]. This means that if the Miintz condition is satisfied, then the
Miintz polynomials are dense in Cfa, b].
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The difficult part is to prove that the Miintz condition is also necessary for intervals away
from the origin and, as we have already noted, this was proved for the first time and for the
particular case of nonnegative integer exponents by Clarkson and Erdds. Their work was continued
by L. Schwartz who proved a full Miintz theorem for intervals away from the origin and general
sequences of exponents. In particular, he noticed that if we assume 0 < a < b, then the monomials
x are continuous functions for all A € R so that it makes sense to ask for necessary and sufficient
conditions for arbitrary sequences of real numbers A = (A;)72, C R in order to make II(A) a dense

subspace of Cla, b], and proved the following nice result.

Theorem 29 (Full Miintz Theorem away from the Origin) Let A = (\;)72, C R be a se-
quence of distinct real numbers, and let 0 < a < b. Then II(A) is dense in Cla,b] if and only if

We devote this subsection to providing a proof of this result. Clearly, there is no loss of generality
if we assume that 0 < a < b = 1. We start by assuming that the exponents can be rearranged in

such a way that they form a biinfinite sequence (A;)72 _ satisfying the following restrictions:

e )\ > 0 for all £k > 0,
e ). <0 forall k<0,
° infk;eZ(/\k — )\kz—l) > 0.

We define, for each polynomial p(z) = Z| Kl<n a2, the associated polynomials

pt(2) = Z apz and  p (2):= Z apz.

0<k<n —n<k<0

Under these restrictions, it is possible to prove the following relations between the uniform
norms of the polynomials p*, p~ and p:

Lemma 30 Let A = (\;)2 _ satisfy the conditions we have just described and let us also assume
that 37, oy 1/|Ak| < 00. Then there exists a constant ¢ = ¢(A) such that

1P lcan) < clpllces and  [Ip7 legas) < cllpllcpa

hold for all p € TI(A).

Proof. We assume that 0 < a < b= 1. It is sufficient to prove the first inequality of the lemma
since the other one is obtained from the first via the change of variable y = 2~!. If we see the
map p — p~ as a linear projector L : II(A) — H(()\k),;:l_oo), the inequality we want to prove can
be reformulated as: L is bounded whenever we use the uniform norm in the interval [a, 1] for both
spaces II(A) and TI((Ag); 2 ).

If L is unbounded then there exists a sequence (p, )52 C II(A) such that [|p;, [|[4,1) = 1 for alln >
0 and limy, oo [|pnllje,1) = 0. This clearly implies that {p;}}>° is a bounded subset of C|a, 1] (just
take into consideration that p, = p;"+p;, for all n), so that it is also a bounded subset of C0, 1], since
P24 10,1 < callpyt [l[a,1] holds for all n. We can use Theorem 20 and Corollary 21 to prove that there
exists a sequence of natural numbers (n;)°, such that (p;;)fio converges uniformly on compact
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subsets of [0, 1) to a certain function f = "2 axz** analytic on Dy := (C\ (—o0,0])ND(0,1), and
the sequence (p,,, )72, converges uniformly on compact subsets of (a,0) to a certain function f~ =
St agz™ which is analytic on E, := (C\ (=00, 0])N(C\D(0,a)). The last claim can be proved
by just making the change of variable t = a/z, since then r;\ () = p;, (a/z) € (=)ot ) is a
Cauchy sequence in Cla, 1], so that we can assume that (r;} )7, converges uniformly on compact
subsets of [0,1) to a certain ht = Z,;:lfoo hyz~* which is analytic in Dy := (C\ (—o0,0]) ND(0, 1),
for an adequate choice of (ny);2,. We then go back with the change of variable, obtaining that
= = ht(a/2) = Z,;:lfoo apz™ (where ap = hrpa™* for all k) is analytic in E, and (P, )70
converges uniformly to f~ on compact subsets of (a,00). Now, limy e [|[pny, o] = 0 and pp, =
p. + oy, forall i, so that f* + f~ =0in (a,1). This implies that

oo { ), Re(z) <0,
' —f7(e*), Re(z) >loga,

can be extended as a bounded entire function [5, page 181]. It follows from Liouville’s theorem
that g = const, so that g = 0 since lim¢_,o f~(¢) = 0. Hence f* =0in [0,1) and f~ =0 in (a, ),
which implies limy .o [Py, [I[a,1] = 0, @ contradiction. O

We now characterize the closure of II(A) whenever A = (A\;)72 _ satisfies the additional con-

Theorem 31 Assume that A = (\;)72__ satisfies A\, > 0 for all k > 0, A\, < 0 for all k < 0,
infyc7(A—Ag—1) >0, and 35, o1/ |Ak| < oo. Then the elements of the closure of II(A) in Cla, b]
can be extended as analytic functions to the domain

{z:2€C\ (—0,0], a < |z| < b}.

Proof. Let us assume, without loss of generality, that 0 < a < b= 1. We have already proved in
Lemma 30, under the hypotheses we have imposed on A, that if f belongs to the closure of II(A) in
Cla,b] then f = f* + f~, where f* is analytic in D; and f~ is analytic in E,. Hence f is analytic

in
D NE, ={2:2€C\ (—00,0], a < |z| <1},

and the proof is complete. O

Proof of the Full Miintz theorem away from the Origin. Let us decompose the proof into
the following four cases:

Case 1. {\;}72, has some accumulation point A # 0.

We can assume without loss of generality that A > 0. (Otherwise, consider the map S : C[a, b] —
Cla,b] given by S(f)(x) = x~*T!f(z) and take into account that S is a linear isomorphism of
Banach spaces, so that it transforms dense subspaces into dense subspaces and vice versa.) Hence
this case is an easy corollary of the Full Miintz Theorem for the interval [0, b].

Case 2. 0 is an accumulation point of {A;}72.

This case is reduced to Case 1 as follows: first we consider the sequence (A, + 1)2°, which is
in Case 1, so that II((Ax + 1)) is dense in Cfa,b]. Now we consider the isomorphism of Banach
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spaces given by T : Cla,b] — Cla,b], (T'f)(z) := 2~ f(x) and conclude that II((\;)72,) is dense in
Cla, b, since T(I((\ + 1)) = T((M)R0)-

Case 3. {\,}}2, has no accumulation points and ), i =00 0r )y, oo ﬁ = 0.

In this case, we may assume, without loss of generality, that 0 ¢ {A;}}2, since otherwise we
can take ¢ > 0 such that 0 ¢ {\; 4+ ¢}, and (by using the same kind of arguments as in Case 2)
we have that the density of II((\;)72,,) and the density of II((Ay + €)72 ) are equivalent claims.

If 35 0 i = 00, then we can use the Full Miintz Theorem on C[0,b] to conclude the proof.
If 35, <0 ‘)\—1” = oo but >, - i < o0, then we use the change of variable ¢ = 1/z, and that
S : Cla,b] — C[1/b,1/a}, S(f)(x) := f(1/x) is a linear isometry ([[S(f)llci/p,1/a) = [Ifllcla) i
clear), to prove that II((Ax)72,) is dense in Cfa,b] if and only if S( ((A)70)) = H((=Ak)i2,) is
dense in C[1/b,1/a], which puts us once more in the case >, )\k = 00.

Case 4. 3, 401/ || < oo,

We rearrange the sequence (\r)72, as (A[)p2_oo = (M\k)iZg, with A\p < Aj,, for all k € Z,
A < 0if k< 0and A}, > 0if k£ > 0. Then there exists a sequence I‘ = (k)32 _o such that
1nfk€Z('yk — Yk—1) > 0, ZkeZ 1/|vk| < 00, and v < Vg1, [vk| < || forall k € Z, 4, < 0if £ <0
and v > 0 if k > 0. Now, it follows from Theorem 31 that there is an m such that z™ ¢ II(T") and
from the comparison theorem for real exponents (see also Remark 26) that =™ ¢ II(A).

This completes the proof of the Full Miintz Theorem away from the origin. O

3.5 Full Miuntz theorem for measurable sets

Borwein and Erdélyi have recently published several papers in which they prove a Full Miintz
Theorem for the spaces C'(A) and

%mwwﬂ(éfwwmwmfm<wh

for sets A with positive Lebesgue measure and weight functions w (i.e., w > 0 is measurable in the
sense of Lebesgue). To be more precise, we state here one of their main results (see [6],[7], and [8]).

Theorem 32 (Borwein-Erdélyi) If A = (\;)72__ C R is a sequence of distinct real numbers
with A\, < 0 for all k < 0, A\, > 0 for all k > 0 such that >y, o 1/[Ak| < 00 and A C (0, c0)
is a set with positive Lebesgue measure such that inf A > 0, then II(A) is not dense in L{,(A)
for all weight functions w : A — [0,00) with [,w > 0 and all ¢ € (0,00). Moreover, every
function that belongs to the closure of TI(A) in L,(A) can be analytically extended to the domain
{z:2€C\ (—00,0], ay < |2| < by}, where

a, = inf{y €[0,00) : / w > 0},
AN(0,y)

by := sup{y € [0,00): / w > 0}.
AN(y,00)

Finally, if
inf{)\k — X1 : k€ Z} >0
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then all functions that belong to the closure of II(A) in Li,(A) admit a representation of the form
f(z) = Z ape, z € AN (ay, by).

The key idea in proving Theorem 32 is to use Egorov’s theorem and the following important
polynomial inequality (see [7]):
Theorem 33 (Remez Inequality for Miintz Polynomials) Let A = (A\;)?2__ C R be an
arbitrary sequence of real numbers. If » 0\ .41/ |Ax| < oo, then for all sets A C [0,00) with
Lebesgue measure m(A) > 0 and all intervals |o, 3] C (essinf(A), esssup(A)), there exists a con-
stant ¢ = c¢(A, A, v, 3) such that

IPllcta,g < cllplleea
for all p € TI(A).

In fact, it follows from this theorem that we can easily prove the following result, which is
a main step in the proof of the corresponding Full Miintz Theorem for sets of positive Lebesgue
measure:
Corollary 34 Let A = (M\y)2_. C R be an arbitrary sequence of real numbers such that
> np0 1/ [Ak| < oo. Then, for any set A C [0,00) with positive Lebesgue measure m(A) > 0,
we have that if the sequence of polynomials (py)3>, C II(A) converges pointwise to f € C(A), then
for all [, ] C (a,b) := (essinf(A), esssup(A)), (pn)s>, is a Cauchy sequence in Clo, 3].

Proof. First of all, we would like to recall that Egorov’s theorem guarantees that if (f,) is a
sequence of measurable functions on A (where 0 < m(A) < co) that converges almost everywhere
to a certain function f (that is finite almost everywhere on A), then for all ¢ > 0 there exists a
measurable set B C A such that m(A\ B) < ¢ and (f,,) converges uniformly on B to f.

Let (pn)52, and f satisfy the hypotheses of this corollary and let [, 5] C (a,b). It follows from
the definition of (a,b) and from Egorov’s theorem that there are sets of positive Lebesgue measure

B C AN(0,a) and Bs C AN (B3, 00)

such that (p,)22, converges uniformly to f on B = By U Bs.
Now, the application of the Remez inequality for Miintz polynomials on [, 5] C (p,o) (where
p = essinf(B) and o := esssup(B)),

Hpi _ij[oéﬁ] < C(Bv [0‘7/8]7 A) ”pl - ijB )

proves that (p,)5, is a Cauchy sequence in Clao, §]. O
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3.6 Full Miintz theorem for countable compact sets

It is quite surprising that for a long period of time the Miintz Theorem has been studied in many
cases but not for the space C'(K) with K a countable compact set. This is surprising because, in
principle, this case should be the easiest one. This question has been addressed quite recently by
the author [2], and it transpires that in many cases the Miintz condition can be weakened in a
sensible way when dealing with countable compact sets. In particular, the following result holds.

Theorem 35 (Almira, 2006) Let K C [0,00) be an infinite countable compact set and let A =
(M) C R be a fixed sequence of exponents, satisfying \g = 0. Then the following holds:

i) If A C [0,00) is an infinite bounded sequence and K \ {0} is compact then II(A) is dense in

C(K).

ii) If A C [0,00) and K does not contain strictly increasing infinite sequences then II(A) is dense
in C(K) if and only if #A = co. Moreover, if A C (—00,0] and K does not contain strictly
decreasing infinite sequences then II(A) is dense in C'(K) if and only if #A = oo.

Proof. The main idea in the proof is to use the Riesz Representation Theorem. Clearly, the
unique measures that exist for countable compact sets are atomic. Thus, if K = {0} U{t;}°; then
L € C*(K) if and only if L(f) = aof(0) + > o, i f(t;) for a certain sequence ()2, such that
>, lail < oo. Thus, as a consequence of the Hahn-Banach Theorem, span {z*+}2°, is dense in
C(K) if and only if the following holds: if Y ;2 o = 0,

0o x
S =0 k=12 md Sal<s
i=1 =0

then a; = 0 for all 4 > 0.
Thus, let us assume that

[e’e] o0 >
Zai:ov Zait?k:()’ k:172""’ and Z’ai’<oo'
i—0 i=1 =0

Then we set I := {t; : i > 1,; # 0} and we take v := supI'. Clearly, v € K since K is compact.
If T' = 0 then L(f) = aof(0) and L(1) = 0 implies oy = 0, which ends the proof. If T # ) then
~v > 0 and there exists t; € K such that v = t;. Thus, we take t, € K such that ¢, < ts and we set
z) 1= (to/ts)". Clearly, the equation 2}’ = (t;/t,)* is uniquely solved by p; = (In(t;/t5))/ In(ta/ts),
which is a positive real number for all j # s . Hence L(z*) =0, k = 0,1,2,..., can be written in
the following equivalent way:

o0 t. Ak
0220@ and Oz(ts))‘kZoq<t—z) , k=1,2,....
i=0 t; €l s

Hence ¢(zy,) =0 for all k£ > 1, where

= E o; 2P

t;el’
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We decompose the proof into several steps, according to the boundedness properties of the
sequence of exponents A.

Step 1. A C [0,00) and limg_oo Ay = 00 and K does not contain strictly increasing infinite
sequences.

Under these conditions, it is clear that t; € I' and limj_.o 25, = 0. Thus ¢(0) = limy_. ¢(2x,)
= 0 since ¢(z) is continuous at the origin. On the other hand, ¢; € I implies that s # 0. Hence
we can use the fact that p(z) = Ztier\{ts} ;2P + ag (since ps = (In1)/In(t,/ts) = 0) to claim that
©(0) = as # 0, a contradiction.

Step 2. A = (\p)2, C [0,00) is bounded, 0 # limy_,o0 Ak

Clearly, we can assume without loss of generality that A is itself a convergent sequence. We
note that ¢(2) = >, cpa;zP is analytic in the open set Q = {z : |z < 1,]1 — 2] < 1}. If
limp o0 Ay = A* # 0 then limy_ 2y, = 2x« € (0,1) C Q. Hence ¢ vanishes on a set with
accumulation points inside 2, so that ¢(z) vanishes identically on 2 and «; = 0 for all ¢ > 0. If
0 ¢ K the proof is complete. On the other hand, if 0 € K then 0 = L(1) = }_, ;pa; + ap = o
and the proof is also complete.

Step 3. limg_oo \x = 0 and K \ {0} is compact.
In this case, we can use the following trick: the equations

Ozzaiti\k, k‘Zl,
t;el’

can be rewritten as

0= gt k=1,...,

t; el

where ; := a;/t; for all i and A} := A + 1 for all £ (taking into account that »; - [8i| < oo since
K \ {0} is compact). Thus limj_,oc A} = 1 and we conclude that «;/t; = 0 for all j. The proof
follows.

Step 4. A C R and K \ {0} is compact.

Clearly, if A is an infinite set then it contains either infinitely many positive elements or infinitely
many negative elements. Thus, we may assume that either A C [0,00) or A C (—00,0]. The first
case has been already studied in Steps 1 and 2. Thus, let us assume that A C (—o0,0] and
L(f) = aof(0) + 3252, aj f(t;) € C*(K). Then the equations L(z™) =0, k = 0,1,..., can be
rewritten as

(o] oo
Zaizo and Zai(l/ti))‘k:O, k=1,2,....
i=0 i=1

This means that the functional given by

S(f) = aof(0) + 3 _ai f(1/L5),
j=1
which belongs to C*(E), where £ := {0}U{1/¢;}32,, which is a countable compact subset of [0, 00)

since K \ {0} is compact, satisfies S(z=*) = 0 for all k > 0. Moreover, if K does not contain
decreasing sequences then E does not contain increasing sequences. Now, we use the results proved
in Steps 1, 2 and 3 to conclude that «; = 0 for all 4. O
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Remark 36 There is another proof of step 2. Taking into consideration that tf"“ = exp(Ag logt;)
for all 7, we have that the relations

A
d ittt =0, k=12,
t;el’

are equivalent to the relations
U(Ag) =0, k=1,2,...

where
U(z):= Z a; exp((logt;)z)
t; el
is an entire function of exponential type. This means, in particular, that A cannot be an infinite
bounded sequence (otherwise, U should vanish everywhere).

Remark 37 Clearly, if A is bounded then [A\;|™! > 1/sup A for all Ay # 0. Hence > po, [Ag| ™t =
oo and case (i) of Theorem 35 follows from the Miintz Theorem away from the origin (Theorem
29) whenever 0 ¢ K. This proof uses a very difficult result in order to prove a simpler one. This is
the reason we gave our own elementary proof of this fact.

Remark 38 There are many countable compact sets with the property that they do not have
(strictly) increasing sequences. An interesting example is given by:

K = {0} U{1/n}32, U {L/n + 1/m},,;

Obviously, this compact set has infinitely many accumulation points and it has no increasing
sequences! These cases are covered by Theorem 35 above.

Open question. We have already shown that in order to give a Full Miintz Theorem for the
general case (i.e., for arbitrary countable compact sets K C [0,00)), it is a good idea to study the
zero sets of the Miintz type series

(o ¢]
p(2) =Y a;zb,
i=1

where (p;)32, decreases to zero, 3 72, |a;| < oo and, for the case in which K \ {0} = {t;}32; is
compact, the zero sets of the entire functions of exponential type given by

U(z) = Z a; exp((logt;)z) where Z laj| < o0.
t;el j=1

Is it possible to find a series (z) with a sequence of infinitely many zeros (2;)72, that converges
to zero? What about a function ¥(z) with infinitely many zeros? These questions seem to be still
open and not easy to solve.

Acknowledgement. The author is infinitely grateful to the referee of a previous version of this
paper. With his (her) help the manuscript improved not only its readability but also the details in
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