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NON-SIMPLE VECTOR BUNDLES ON CURVES

Abstract. Let A be a finite dimensional unitary algebra over an algebraicall
closed fieldK. Here we study the vector bundles on a smooth projectiveecurv
which are equipped with a faithful action &f

1. Introduction

Let K be an algebraically closed field a finite dimensional unitariK-algebra,X a smooth
connected complete curve of gengislefined over SpeK), E a vector bundle orX andh :
A — HO(X, End(E)) an injective homomorphism of unitakg-algebras. Hencéd € h(A).
We will say that the paifE, h) is an A-sheaf or anA-vector bundle. A subshed of A will
be called anA-subsheaf of E, h) (or just anA-subsheaf o) if it is invariant for the action
of h(E) on E. Notice that if A # K, thenE is not simple and in particular ragg) > 1
and E is not stable. For any vector bund®on X let i« := degG)/rank(G) denote its slope.
We will say that(A, h) is A-stable (resp.A-semistable) if for everyA-subsheafr of E with
0 < rank(F) < rank(G) we haveu(F) < w(E) (resp. u(F) < w(E)). In section 2 we will
prove the following results which give the connection betweemistability and\-stability.

THEOREM 1. Let (E, h) be an A-vector bundle. E is semistable if and onlyHf h) is
A-semistable.

THEOREM2. Let(E, h) be an A-vector bundle. Assume that E is polystable as anaastr
bundle, i.e. assume that E is a direct sum of stable vectodlbamwith the same slopéE, h) is
A-stable if and only if there is an integers 1 and a stable vector bundle F such thateg F "
and A is a unitaryK -subalgebra of the unitari-algebra M xr (K) of r x r matrices whose
action onK®" s irreducible.

THEOREM 3. Let (E, h) be an A-sheaf. Assume that E is semistable but not polystable
Then E is not A-stable.

DEeFINITION 1. Let(E, h) be an A-sheaf. For any A-subsheaf F of E IeAhF) be the im-
age of HA) into HO(X, End(F)). Set ¢h, F) := dimgh(A, F), Aa(F) := w(F)/c(h, F) and
ea(F) = uw(F)c(h, F). We will say that(E, h) (or just E) isA p-stable (respi p-semistable) if
for every proper A-subsheaf F of E we havg(F) < Aa(E) (resp.Aa(F) < Aa(E)). We will
say that(E, h) (or just E) ise a-stable (resp.e o-semistable) if for every proper A-subsheaf F
of E we have p(F) < ea(E) (resp.ea(F) < ea(E)).

For any subsheaF of the vector bundleE on X the saturatiorG of F in E is the only
subsheafs of E such thatF C G, rankG) = rank(F) andE/G has no torsion, i.eE/G is
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locally free if rankF) < rank(E), while G = E if rank(F) = rank(E).

REMARK 1. Let (E, h) be anA-sheaf,F an A-subsheaf ot and G the saturation of
in E. G is h(A)-invariant and hence it is aA-sheaf. Sincéh(A, F) = h(A, G), we have
AAF) < AA(G), ea(F) < ea(G), Aa(F) = Aa(G) ifand only if G = F andep(F) = €a(G)
ifandonly ifG = F

For any vector bundlé= and any line bundld. we haveEnd(F) = End(F ® L) and
w(F ® L) = w(F) + degL). This shows that in general the notions Jof-stability, A a-
semistability,e o-stability ande o-semistability are NOT invariant for the twist by a line bimd
(see Example 1). We believe that-stability is the correct notion for the Brill - Noether thgo
of non-simple vector bundles. In section 3 we will describbetee K -algebras arising for rank
two vector bundles.

2. Proofs of Theorems 1, 2 and 3

Let (E, h) be anA-sheaf onX. Since the saturation of aff-subsheaf of is an A-subsheaf of
E, the usual proof of the existence of an Harder - Narasimhaatfiin of any vector bundle on
X (see for instance [2], pp. 15-16) gives the following result

PrRoOPOSITIONL. Let (E, h) be an A-sheaf. There is an increasing filtratiof; }o<ij <
of E by saturated A-subsheaves such thgtE {0}, Er = E, E is saturated in fyq for
0 <i <rand E41/E is A -semistable, where |AC HO(X, End(Ej1/Ej)) is the image of
h(E)in HO(X, End(Ej;1/Ej)) andu(Ej1+1/Ej) > n(B) for every other A-subsheaf of EE;.

Proof of Theorem 1If E is semistable, then obviously it i&-semistable. Assume th& is
not semistable and Ik be the first step of the Harder - Narasimhan filtrationEof Thus
{0} # F andu(F) > w(E). By the uniqueness of the Harder - Narasimhan filtratiorEof
the subsheaF of E is invariant for the action of AGE). Since AutE) is a non-empty open
subset ofH9(X, End(E)), F is invariant for the action of th&-algebraHO(X, End(E)). Since
h(A) C HO(X, End(E)), F is anA-subsheaf oE. ThusE is not A-semistable.

a

Proof of Theorem 2The if part is easy (see Example 2). Here we will check theratheli-
cation. SinceE is polystable, there is an integer> 1, stable bundle, ..., Fs (uniquely
determined up to a permutation of their indices) With2 F; if i # | and positive integers

ri,...,rs such thate = ®1§i§sFi®ri- SinceE is polystable,u(Fj) = n(Fj) for alli, j.
SinceF; andF; are stable, with the same slope and not isomorpifleX, Hom(F;, Fin =0
ifi # j.HenceH 0(X, End(E)) = @1955 Mr; xr; (K). Since each factdFiEBIri is invariant for
the action of the group A(E), it is HO(X, End(E))-invariant and hencb(A)-invariant, i.e. it
is anA-sheaf. Sincgu(Fj) = u(Fj) for anyi, j, E is A-stable only ifs = 1. Obviously,A is
a unitaryK -subalgebra of the unitaty-algebraMr, «r, (K) of rq x r1 matrices and the induced

action of A is irreducible because no proper direct factoF@rl is A-invariant.
O

Proof of Theorem 3.SinceE is semistable but not polystable, the existence of a Jorttihder
filtration of E shows the existence of a maximal proper subsleaf E with 0 # F # E and
w(F) = w(E). Indeed,F contains all proper subsheaves Bfwith slopeu(E). ThusF is
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invariant for the action of the group AW). HenceF is HO(X, End(E))-invariant and hence an
A-sheaf. Thu€ is not A-stable.
a

ExAamMPLE 1. Take(E, h) with A # K, rankKE) = 2 and E non-split extension of a
line bundleM by a line bundleL. Seta = dimg (A). Assume thatL is A-invariant and
that E has noA-invariant line subbundle of degree degL); the last condition is always
satisfied if degL) > degM); both conditions are satisfied if ddg) > degM) and E 2
L & M. Hence, with the notation of Example 8, = A(V) for some vector subspadé of
HO(X, Hom(M, L)). Hence degM) > degL). We havera(L) = deglL) and Aa(E) =
degE)/2a = (degL) 4+ degM))/2a. Sinceh®(X, Hom(M, L)) > 0, E is not 1 o-stable if
degM) > 0. If degM) > 0, thenE is A a-semistable if and only it = M (i.e. equiva-
lently by the conditiorh® X, Hom(M, L)) > 0 if and only if degM) > degL)) anda = 2. If
2(deg L)) < a(degL) +degM)) (resp. 2degL)) < a(degL) +deg M)), thenE is e p-stable
(resp. ea-semistable). Hence if délyl) > O, E is alwayse a-semistable and it isp-stable if
and only if either degM) > O ora > 3.

REMARK 2. If (E, h) is A o-semistable (resp. a-stable) then it isA-semistable (respA-
stable) becausgh, F) < c(h, E) for every A-subsheaf of E.

PROPOSITION2. Fix integers a, r, d with a> 1andr > 2. Let X be a smooth and
connected projective curve. Lef(iRd, a) (resp. Sr,d, a), resp. T(r, d, a)) be the set of all
vector bundles E on X such that there exists a unitérgigebra A with dindA) = a and an
injective homomorphism tf-algebras h: A — HO9(X, End(E)) such that the pai(E, h) is A-
semistable (resp. po-semistable, respa-semistable). Then®R d, a), S(r,d, a) and T(r, d, a)
are bounded.

Proof. The boundedness &(r, d, a) follows from Theorem 1 and the boundedness of the set
of all isomorphism classes of semistable bundles with rankd degreel. The boundedness
of S(r, d, a) follows from the boundedness &r, d, a) and Remark 2. Now we will check the
boundedness of (r, d, @) proving that it is a finite union of bounded sets. The intetisecof
T (r, d, @) with the set of all semistable bundles is obviously boundéeince we may consider
only unstable bundles. L&t(r,d, a; cq, ..., cx) be the set of all bundleg € T(r, d, a) formed
by the vector bundles whose Harder - Narasimhan filtraticof ihe form {E;}o<j<x+1 With
Ep = {0}, rankEj) = ¢j for1 <i < x andEyx;1 = E. SinceE € T(r,d, a) and eaclE;
is an A-sheaf, we have d€g;)c(h, Ej)/c; < degE)a/r and hence deage/Ej) = degE) —
degEj) > degE)(1 — ag /rc(h, Ej)). The set of all vector bundles ox with rankr, degree
d and anx + 1 steps Harder - Narasimhan filtration satisfying theseequalities is bounded
([1]); in this particular case this may be checked in thedielhg way; for 0 < i < x the
set of all semistable bundles;1/E; is bounded; in particular the set of all possiltitg is
bounded; the set of all possiblg 1 is contained in the set of all extensions of members of
two bounded families, the one containiig, 1/E; and the one containing;, and hence it is
bounded; inductively, after at masisteps we obtain the result.

|

From now on in this section we consider the case in whiclis an integral projective
curve. Sef := pa(X). An A-sheaf is a pai(E, h) whereE is a torsion free sheaf oKX and
h: A — HOX, End(E)) is an injective homomorphism of unitak-algebras. A subshed®
of E is saturated irE if and only if eitherF = E or E/F is torsion free. Every subsheBf of
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E admits a unique saturation, i.e. it is contained in a unicuarated subsheaf & with rank
rank(F).

REMARK 3. Proposition 1 is true for a torsion free pék, h) on X; obviously in its state-
ment the sheaves;, 1 <i < r, are not necessarly locally free but each shgaf; / E; is torsion
free. The proofs of Theorems 1, 2, 3 and of Proposition 2 werbatim.

3. Nilpotent algebras

DEFINITION 2. We will say that A is pointwise nilpotent if for everyef A there isk € K
and an integer t> 0 such that(f — 1)t = 0. In this case is called the eigenvalue of f and
the minimal such integer t is called the nil-exponent of fe THill-exponent is a semicontinuos
function on the finite-dimensionKl-vector space A with respect to the Zariski topology. Hence
in the definition of pointwise-nilpotency we may take theesarteger t for all fe A.

REMARK 4. Fix f € h(A) such that there is € K andt > 2 such tha(f — Ald)t =0
and (f — ald)t=1 # 0. For any integeu > 0 setE(f,u) := Ker((f — Ald)Y). Since
Im((f —xld)Y) € E, Im((f — 2)Y) is torsion free and hendg( f, u) is saturated irE and in
E(f,u+ 1). Looking at the Jordan normal form of the endomorphism offther E|{P}, P
general inX, induced byf — Ald, we see that rarfE(f, u)) < rank(E(f, u + 1)) for every
integeru with 0 < u < t. In particulart < rank(E) and we have = rank(E) if and only if
E(f,1) is aline subbundle oE.

EXAMPLE 2. Fix an integer > 2 and letA be a unitaryK-subalgebra of the unitar-
algebraMy «r (K) of r x r matrices whose action da®" is irreducible. For any. e Pic(X) the
vector bundleE := L®" is an A-sheaf. E is semistable as an abstract vector bundle and every
ranks subbundleF of E with 1 (F) = w1 (E) is isomorphic toL ®S and obtained fronk fixing
ans-dimensional linear subspace 6. Thus we easily check thd is A-stable. Similarly,
for any stable vector bund® the vector bundl&®" is A-stable.

ExXAMPLE 3. AssumeA # Kld and take amA-paier (E, h) with rank(E) = 2. Hence
E is not simple but no proper saturated subsheadf E may have a faithful representation
A — HO(X, End(L)); more precisely, a saturated proper subsheaf E is an A-subsheaf of
E if and only if each element dfi(A) acts as a multiple of the identity dn. First assumee
indecomposable. Sinde is not simple but indecomposable, it is easy to check theends of
uniquely determined line bundlés M on X such thatE is a non-split extension dfl by L and
degL) > degM). we havehO(X, End(E)) = 1+ hO(X, Hom(M, L)) and there is a linear sur-
jective mapH9(X, End(E)) — HO(X, Hom(M, L)) with Ker(u) = K Id. For every linear sub-
spaceV of H O(X, Hom(M, L)) there is a unique unitatg-subalgebraA(V) of HO(X, End(E))
with u(A(V)) = V. We have dinfA(V)) = 1+ dim(V) and A(V) is pointwise-nilpotent with
nil-esponent two (except the cage= {0} becauseA({0}) = K1d). Each algebra(V) is com-
mutative. For every unitarl{ -subalgebraB of H O(X, End(E)) there is a unique linear subspace
V of HO(X, Hom(M, L)) such thatB = A(V). Now assume decomposable, sédy = L & M.
HO(X, End(E)) is not pointwise-nilpotent. We havé(X, End(E)) = 2+ h%(X, Hom(M, L)).
If L= M, thenHO(X, End(E)) = My, (K). Any commutative subalgebra 6fO(X, End(E))
has dimension at most two and it is isomorphickt@ K with componentwise multiplication.
Any pointwise-nilpotent subalgebra ®f9(X, End(E)) has dimension at most two and if it is
not trivial it has nil-exponent two. Now assurhe M. Hence eithehO(X, Hom(M, L)) =0
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or hO(X, Hom(L, M)). Just to fix the notation we assurh%(x, Hom(L, M)) = 0. Every non-
trivial pointwise nilpotent subalgebi of HO(X, End(E)) has nil-exponent two and dimension
at most 14 h9(X, Hom(M, L)). For any integew with 0 < v < h%(X, Hom(M, L)) and for
every linesr subspacé of HO(X, Hom(M, L)) with dim(V) = v there is a pointwise nilpotent
subalgebraB of H 0(X, End(E)) and the isomorphism class Bfas abstradk -algebra depends
only from v, not the choice oV and are isomorphic to the algebfgV) just described in the
indecomposable case. A byproduct of the discussion juehgthatE is A-stable if and only
if A= Moy o(K)andE =L @ L.

EXAMPLE 4. Fix an integer > 2 and two vector bundleB, D on X such thath9(X,
Hom(B, D)) > a— 1. Fix a linear subspacé of H%(X, Hom(B, D)) with dim(V) = a—1 and
let D(V) := KlId @ V be the unitarK -algebra obtained taking the trivial multiplication &h
i.e. such thatiw = 0 for allu, w € V. Notice thatD (V) is commutative. Consider an extension

1) 0->B—>E—>D—0

of D by B. There is a unique injection : D(V) — HO(X, End(E)) of unitary K-algebras
obtained sending the elemente V < D(V) into the endomorphisnf, : E — E obtained
as composition of the surjectidd — D given by (1), the map : D — B and the inclusion
B — E given by (1).

PrRoOPOSITION3. Assume chaK) # 2. Let A be a commutative pointwise-nilpotent al-
gebra with nil-exponent two an¢E, h) an A-sheaf. Set a= dim(A). Then there exist vector
bundles B, D and a linear subspace V of X, Hom(B, D)) with dim(V) = a — 1 such that,
with the notation of Example 4, E fits in an exact sequenceX %, D(V) and h is obtained as
in Example 4, up to the identification of A with(D).

Proof. Take a generat € h(A) and let) be its eigenvalue. Set= f — Ald, B’ = Ker(u) and
D’ = E/B’. Sincea > 2, f ¢ KId and hencai # 0. ThusD’ # {0}. Since In{u) € E, B/
is saturated irE. HenceD’ is a vector bundle. Sinag? = 0, B’ # {0}. There is a non-empty
Zariski open subsétV of A such that for everyn € W, calling Am the eigenvalue associated
to m, we have rankKer(m — Amld)) = rank(B’) and degKer(m — Amld)) = degB’). Set
w = m—Amld. Since(u — w)2 = 0 andu? = w2 = 0, we haveuw + wu = 0. Since
A is commutative and chéf) # 2 we obtainuw = wu = 0. Sinceu? = w2 = 0 we
obtain Im(u) € Ker(u) N Ker(w) and Imw) < Ker(u) N Ker(w). Vary min W and callB
the saturation of the uniom of all subsheaves ltwq) + --- + Im(wx), x > 1, andw; € W
and nilpotent for every. T is a coherent subsheaf of Kaj because the set of all such sums
Im(wq) + - - - + Im(wy) is directed and we may use [3], 0.12. $et= E/B. Thus we have an
exact sequence (1). We just proved tBas contained in Keiw) for all nilpotentw coming from
somef € W. SinceW is dense ih(A), we haveB C Ker(w) for every nilpotentv € h(A), i.e.
every f € h(A) is obtained composing the surjectith— D given by (1) with a maD < B
and then with the inclusion d in E given by (1). Hencd&(A) = D(V) for some V.

|
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