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A NOTE ON THE HILBERT SCHEME OF CURVES OF
DEGREE d AND GENUS (43) — 1

Abstract. This note is inspired by a lecture given during the schooh$an theory
and related topics” and contains a summary of the result$5hdbout the con-
nectedness of the Hilbert scheme of curves of dedraed genus{df) —1. The

only novelty is the list of degrees for which smooth and iuretile curves appear.

This short note was inspired by a talk | gave at the PoliterofcTorino during the School
“Liaison theory and related topics” The question of the connectedness of the Hilbert schemes
Hg,g of locally Cohen-Macaulay curves C P3 of degreed and arithmetic genug arose
naturally after Hartshorne proved in his PhD thesis thaHitteert scheme of all one dimensional
schemes with fixed Hilbert polynomial is connected. The ltdsissomewhat too general since,
even to connect one smooth curve to another, it involvesesumith embedded or isolated points.
On the other hand, if the question is addressed under the mestréctive hypothesis of smooth
curves, then the Hilbert scheme need not be connected: aetexample can be found for
(d, 9) = (9, 10). In the recent years, after the developing of liaison theibhyas become clear
that, even though one can be interested in the classificatismooth curves, the natural class to
look at is the class of locally Cohen—Macaulay curves, he.dass of schemes of equidimension
1 with all their local rings Cohen—Macaulay. In other wortley are 1 dimensional schemes
with no embedded or isolated points. The answer to the quresti case of locally Cohen—
Macaulay curves is known, so far, only for low degrees or ljghera. The schemntgy g is non

empty whend > 1 andg = (dgl) (that corresponds to the case of plane curves), sr1 and

g< (dgz). After the paper [9], it is well known thaktly g contains an irreducible component
consisting of extremal curves (i.e. curves having the ktrgessible Rao function). This is the
only component fod > 5 and(d — 3)(d —4)/2+1 < g < (d — 2)(d — 3)/2 while in the cases
d>549g=(d—-3)(d—-4/2+1andd > 4,9 = (d — 3)(d — 4)/2 the Hilbert scheme is not
irreducible, but it is connected (see [1], [12]). The coriadness is trivial fod < 2 since the
scheme is irreducible, see [5], while it has been provedfer 3, d = 4 and any genus in [11],
[13] respectively. Note that fat = 3, 4 there is a large number of irreducible components: they
are approximativel)é|g| ford =3 andz%lg2 for d = 4. The paper [4] has given a new light to
the problem, in fact Hartshorne provides some methods toexirparticular classes of curves to
the irreducible component of extremal curves, while in tapgy [14] Perrin has proved that all
the curves whose Rao module is Koszul can be connected totipgonents of extremal curves.
This note deals with the first unknown case for high genusgi.e (d — 3)(d — 4)/2 — 1 and
its purpose is to give an overview of the results in the fasthing [15]. Since it contains only a
brief state of the art, for a more complete treatment of théctthe reader is referred to [4], [5].

In [15] we have studied the connectedness of the Hilbertraeftdy 4 of locally Cohen—

Macaulay curves ifP3 = P3, wherek is an algebraically closed field of characteristic zero. A
way one can follow to prove the connectednessigfs, is to first identify its irreducible com-
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ponents for everyl and then to connect them to extremal curves using [4] andbitfiruation
[18]. Following this idea, we used the so callggectrumof a curve (see [16], [17]) to find all
the possible Rao functions and then all the possible Rao lesdcurring for curves iy g.
Ford > 9 it is possible to show that there are only four possible nesl(see [15], Theorem
3.3) and that each of them characterizes an irreducibldyfarhcurves. Those families turn out
to be the components ¢y 5 and their general member is described in the following:

THEOREM 1. The Hilbert scheme fflg of curves of degree & 9 and genusj has four
irreducible components:

1. The family H of extremal curves, whose dimensio 9 _q,

2. The closure K of the family of subextremal curves whose general membke idisjoint
union of two plane curves of degrees-2 and2. The dimension of Hlis # + 10.

3. The closure H of the family of curves whose general member is obtained blyagsbn
of heightl on a surface of degree € 2 from a double line of genus2 and corresponds
to the union of a plane curvéy_, of degree d— 2 with a double line of genus-2
intersectingCq_» in a zero—dimensional subscheme of ler@tfrhe dimension of glis
d@=D 49,

4. The closure B of the family of curves whose general member is the union darep
curveCq_» of degree d— 2 with two skew lines, one of them intersecting transversally

Cg_2 in one point. The dimension ofgHs &2_1) +09.

For curves of degred < 8 we have that the Hilbert schemﬂﬂ,g withd =2,g<0is
irreducible hence connected, while the cdse 3 and the casd = 4 were studied for all the
possible values of the genus in [10] and [13] respectiveilyalfy, Hs o was dealt by Liebling in
his PhD thesis [7]. Then we only have to consig&rg) € {(6, 2), (7,5), (8, 9)}. Inthese cases,
we have proved that the Rao modules of the type occurring for9 are still possible but the
spectrum allows more possibilities that were determinéaiguihe notion oftriangle introduced
by Liebling in [7]. Each Rao module is associated to a famflgurves that is not necessarily
a component of the Hilbert schentg 4 as it appears clear by looking at their dimension (see
[15], Theorem 4.3 and 4.5). The components of the Hilberesehare listed in the following

THEOREMZ2. The Hilbert schemes gb, H7 5, Hg g have five components: the four com-
ponents listed in Theorem 1, moreover

1. Hg 2 contains the closure #of the family of curves in the biliaison class of the disjoint
union of a line and a conic.

2. Hy 5 contains the closure of the familygtéf ACM curves.
3. Hg g contains the closure of the familyztéf ACM curves.

Now we can state our main result (see [15], Theorem 4.8) whasa rests on the fact that
all the curves in the families listed in the previous Thead&mi and 0.2 can be connected by flat
families to extremal curves:

THEOREMS3. The Hilbert scheme &Ig is connected for &> 3.

To complete the description éfy g given in [15] we specify where smooth and irreducible
curves can be found. In what followRis the ringk[ X, Y, Z, T] and M denotes the Rao module.
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PropPOsITIONL. The Hilbert scheme &Ig contains smooth and irreducible curves if and

only

1.

2
3.
4

if

d=5and M is dual to a module of the type M R/(X, Y, Z2, ZT, T?)
.d=6and M= R/(X,Y, Z, T?)(-1)

d=7andM=0

. d=8and M=0.

Proof. By the results of Gruson and Peskine [2] there exist smoogdurcible (non degenerate)
curves if and only if either < § < d(d —3)/6+1ord =a+Db, § = (a— 1)(b — 1) with

a, b > 0. This implies that eithetl = 5,6, 7 ord = 8,a = b = 4. Looking at the possible Rao
modules (see [7] for the complete list occurring in the adse 5) the only Rao modules with
cohomology compatible with smooth curves are the oneglliste
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