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ABsTrACT. In this paper, we apply the invariant region theory [1] and the com-
pensated compactness method [2] to study the singular limits of stiff relaxation
and dominant diffusion for the Cauchy problem of a system of quadratic flux
and the Le Roux system, and obtain the convergence of the solutions to the
equilibrium states of these systems.
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ResUMEN. En este articulo aplicamos la teorfa de la regién invariante [1] y el
método de la compactificacién compensada [2] para estudiar los limites singu-
lares de la relajacién rigida y difusién dominante para el problema de Cauchy
de un sistema de flujo cuadrético y el sistema Roux obteniendo la convergencia
de las soluciones para el estado de equilibrio de esos sistemas.

1. Introduction

We are concerned with singular limits of stiff relaxation and dominant diffu-
sion for the Cauchy problem of two special quasilinear conservation laws with
relaxation and diffusion: one is related to a system of quadratic flux

Ut + %(uz + Uz)z + u—ib('u) = EUgx, (1.1)
v+ (U0)y = Uy
with bounded measurable initial data
(u(z,0),v(x,0)) = (uo(), vo(2)); (1.2)
the other one is related to the Le Roux system:
up + (u® + )y + RO = ey, (1.3)
v+ (uv)y = €Uy '
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with bounded measurable initial data
u(x,0) = ug(x), v(x,0) =wvo(x) +¢€, vo(z) > 0. (1.4)

In this paper, we only consider the case of stiff relaxation and dominant
diffusion, that is, 7 = o(e) as € — 0 (see [3]). We will show that the solutions
of the Cauchy problem (1.1)-(1.2), (1.3)-(1.4) are uniformly bounded in L> by
the invariant region theory, and the relaxation limits are always stable and no
oscillation arises.

2. The relaxation system of quadratic flux
The relaxation system of quadratic flux is described by
—h

Ut + %(UZ + ,UZ)x + = T(U) = EUgy, (21)

v+ (U0) g = EVgy.
By simple calculations, the two eigenvalues of system (2.1) are

A1 :2u—s%, As :2u+s%
and the two Riemann invariants are
1 1
w(u,v) =u+s2, z(u,v)=u—s2.

Hereafter s = u? + v2.

In this section, we use the compensated compactness method and the invari-
ant region theory to study the Cauchy problem (1.1)-(1.2) and get the following
theorem.

Theorem 2.1. Let 7 = o(¢) as ¢ — 0, h(v) € C*(R) and meas{v : g"(v) =
0} =0, where g(v) = vh(v). Suppose that there exists a region

¥ ={(u,v) : w(u,v) <N, z(u,v)>—L}

for some N, L > 0, such that the curve u = h(v) and the initial data (uo(x),vo(z))
are inside the region %1, and v = h(v) passes the two intersections (vi,u1) and
(v, u2) of the curves w = N and z = —L (see Figure 1). Then, the solutions

o= f(v)

0.24)

FIGURE 1
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(uf,v%) = (us7E) | v=7E)) of the Cauchy problem (1.1)-(1.2) satisfying
uf(2,t)] < M, [v"(z,t)]| < M, (2,t) € Rx R",
where M is independent of . Moreover, there exists a subsequence (still labeled)
(u®,v%) converging strongly to the functions (u,v) as e — 0, which are the
equilibrium states uniquely determined by (E1) — (Es):
(Ey) u(z,t) = h(v(z,t)), for almost all (z,t) € R x R*;
(E2) v(x,t) is the L™ entropy solution of the Cauchy problem

vt + (vh(v)), =0, v(x,0) = vo(z).

Proof. By simple calculations, we have

u v U2 uv u2

wu:]-"'_ y Wy = y Wyu = —35 Wy = — 3 Wov = —37,
\/g \/g S2 S2 S2

u v '[}2 uv U2
Zu:]-_ y Ry = — y Ruu = — 73y Ruv — "3 Rov — — T3 -
\/g \/§ S2 S2 S2

Then

2 .
Wy = 0, Wyy 2> 0, WyyWyy — Wiy 2 0;

Zuu § 07 Zyv § 07 Zuulvv 22 > Oa

uv —

which implies that both w(u,v) and —z(u,v) are convex. Thus
Wy U2 + 2Wyy iy Vg + WepVs > 0, 2yt + 22upUpVy + 20005 < 0.

Multiplying the first equation in system (1.1) by w, and the second by w,,
then adding the result, we obtain

u— h(v)

Wy + AWy + wuf = EWyy — E(wuuui + Wy Uy Vs + wwvfg).
and hence
u — h(v)
Wy + Agw, + wuf < EWgy;
similarly,
u— h(v
zt + )\IZ:E + Zu% > EZxx-

If the curve u = h(v) passes the two intersections points(vy,uy), (va,uz2) of
the curves w = N, z = —L and is above the curve z = —L and below the
curve w = N as v; < v < vg, then it is easy to check that on the intersection

of 935 and the curve w(u,v) = N, wu%(”) > 0; on the intersection of 935

and the curve z(u,v) = —L, zu@ < 0. This shows that the region ¥; =
{(u,v) : w(u,v) <N, z(u,v) > —L} is an invariant region by the Theorem 4.4
of [1]. Thus we get the estimates

(2, t)] < M, o (z,t)] < M
for a suitable positive constant M, which is independent of €. Hence there
exists a subsequence (still labeled) (u®,v®) such that

w* —lim(u®(z,t), v°(x,t)) = (u(z,t),v(x,t)),
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where w* — lim denotes the weak-star limit.

We now prove that e(ug)?, e(u)? and M
simplicity, we will drop the superscript €.
Since (u,v) is bounded, we can choose a large constant Cj such that the

function p(u,v) = “72 — h(v)u+ 012”2 satisfies

are bounded in L! . For

loc*

puuui + 2Py Us Uy er'l)’l)vi > C (Ui + U?c) (2.2)

for some constant Cy > 0.
Multiplying system (1.1) by (pu, pv), we have from (2.2) that

u— h(v))?
p(u7v)t +pu(uvv)(gu2 + %v2)m +pv(u; v)(uv)m + % <
T (2.3)

€[paa(u,v) — C2(“i + vg)]
Direct calculations show that
pu(u,v)(%uQ—F v )

= %(pu(u,v)( (“2))) u(h(v),v) (3R (v) + 50%)

z D )
—%pux(u v)(u? = h*(v)) + (Pu(u,v) = pu(h(v),v)
(qu(u v)(u? = h*(0)) + [ pu(h(s), 5)(3h(s)h' (s) + 5)ds).
(puuum + Dup ¥z ( + ( ))(u ( ))
+puu(517 v)(u = h(v))(Bh(v)h' (v) + v)v,

=T +T5+ 15,
and

Do (1, 0) (uv)
= (po(u, v)v(u— h(v)) + [* pu(h(s), s)(h(s) + h'(s)s)ds),
j(puvlfx + vavx)v(u = h(v)) + Puv (B2, v) (u — h(v)) (h(v) + K/ (v)V)v,
=T+ 15+ T;,

where p, (h(v),v) = py(u, v)|u=n(v) and B, B2 take values between u and h(v).

Using the elementary inequality da® + Z—z > |ab| (6 > 0) and noticing that (u,v)
is bounded, we have

u — v u — v 2
1l £ OVl + o) 2 < 62200 4 o pra + ). ()
Similarly,
2
| Ty | §5(u ﬁ(v)) + Co(8)T(u2 +03), (2.5)
and

1) < 68O sz, B <sCEON L oypmz (20

Let q(u,v) =Ty + Ty, 6 = 1. It follows from (2.3)-(2.6) that

p(u, ) + q(u, v) + 1 (u—h(v))?

2 + (G = 7C3)(uj +v7) < epas(u,v) (2.7)
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for a positive constant Cs depending on the bounds of second derivatives of
p(u, v).

Since 7 = o(e) as € — 0, 27C5 < eCs if € is sufficiently small. Let K C
R x R* be an arbitrary compact set. Choose ¢ € C§°(R x R*) such that
ox = 1,0 < ¢ < 1 and write S = supp¢. Then, multiplying (2.7) by ¢ and
integrating by parts over R x RT, we get

0o o0 _ 2
/0 [m %5(1@ +02)¢ + 7@ :_L(U)) odxdt

< /O /_ DO+ 00, + epedadt < M ().

M are bounded in L}

: 2 2
that is, eus, cu; and Toc-

Next, we verify the compactness of n(v); + q(v), in H~! for any entropy-
entropy flux pair (n(v), g(v)) of the scalar equation

v + (h(v)v)y = 0. (2.8)
We rewrite the second equation in (1.1) as follows:
v+ (h(V)V) g = ey + ((R(V)V) = (WV)) 4. (2.9)

Let (n(v),q(v)) be any entropy-entropy flux pair of (2.8). Then, multiplying
(2.9) by 7' (v), we have

1)t +q(v)e = =0 (0)((w) = (R(v)v))z + &1 () Vaa
= —('()v(u = h(v)))e + n(v)es (2.10)
+on” (v)(w = h(v)ve =" (V)03

In view of the boundedness of e(uZ)?, £(ug)? and M in L}, ., we obtain

[ o= tpuasar < o [ S g0 ( [ zaear)’ —0

@t~ h<v>>>w<1>dxdt\ = [t h(v))cbmdmdt]
<ec (/Q T@id:cdt)é (/Q (“_dedt); —0;

/Q (En(v)m)@da:dt’ = /Q (sin’(v)ux)(s%@z)dmt‘

1
2
Sc(/evﬁ)ﬂ/e@i) —0
0 Q

as € — 0, where 2 C R x R*' is any bounded open set and ® € Hg(R x
RT). Moreover, since en’’v2 is bounded in L} , the right-hand side of (2.10)

loc?

is compact in W~19 for a constant ¢ € (1,2). Noticing that the left-hand

and
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side of (2.10) is bounded in W =% we have from the Murat lemma [5] that

n(v); + q(v°), is compact in H;,! with respect to the viscosity solution v°.
Finally, we use the compactness framework [4] about the scalar equation to

show that v® converge to the weak solution v of (2.8) almost everywhere. Let

0

(m(0), 1(0)) = (0 =k, g(0) — g(k)), (n2(0),42(0)) = (9(0) — g(k). [, (9'(s))*ds),

where k is an arbitrary constant, g(6) = 60h(6). Then using the Tartar-Murat

Lemma(see[5-7]), we have

M (v°)q2(ve) = m2(v%)q1(v®) = M (v°) g2(v®) — 12(v°) q1(ve). (2.11)
Here and below we use the notation n(v¢) = w* — limn(v®), q(v°) = w* —
lim g(v®).
By simple calculations, we have from the equality (2.11)

(v° =) /U (9'(s))?ds — (9(v°) = g(v)? + (g(v°) — g(v))* =0.  (2.12)

Since both terms in the left-hand side of (2.12) are nonnegative, we get g(v) =
g(ve) and

(v° =) /v (9'(s))%ds — (g(v°) — g(v))* = 0. (2.13)

Thus for any bounded open set Q C R x RT, we have

e

i [ (0 =) [ (o/(9)%ds — (0°) — gl0) Pade = 0

e—0 Jo
and hence
lim / (v® — v)/ (g'(s))%ds — (g(v°) — g(v))*dadt = 0.
e—0 Qv —v[>a) v
Since

G(0=0) [ @)as = 0) =g = [ (60) = ()%

and if ¢’ (v) # 0, a.e., then

€

/ (v°—v) /” (¢'(s))*ds—(g(v®)—g(v))?dadt > Cpmeas(Q(v:—v > a))
Q(vE—v>a) v

and

€

/ w-v | " (¢/(5)%ds — (g(v%) — g(v))Pdadt
Qv —v<—a) v

> Cymeas(Q(v° —v < —a))

for a suitable positive constant C, which is independent of €. Therefore for
any given a > 0, we have

lir%meas(Q(\fUE —v| > a)) =0,

e—
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i.e., v converge in measure to v which satisfies F5. This implies the pointwise

1

€ £1)2
convergence of a subsequence (still denoted by) v¢. Because W € L.

we obtain that for any compact set K C R x R,

// (uf — h(v®))?dzdt — 0, ase — 0,
K

which implies that there is a subsequence u® converging to v = h(v) almost
everywhere. So we end the proof of the theorem. o

3. The Le Roux System with Relaxation

Adding a relaxation term to the Le Roux system, we get

u—h(v
Uy + (u2 + U)x + % = EUgq, (31)
v+ (W) g = EVgy.
By simple calculations, the two eigenvalues of system (3.1) are
3 D u D

1— 2 2 ) 2 =
and the two Riemann invariants are

W(u,v) =u+ D, Z(u,v)=u—D.
Here and below D = vu? + 4.
The main result in this section is given as follows:
Theorem 3.1. Let 7 = o(¢) as ¢ — 0, h(v) € C*(R) and meas{v : ¢"(v) =
0} = 0, where g(v) = vh(v). Suppose that there exists a region
Yo ={(u,v) : W(u,v) < N, Z(u,v) > —L, v>0}

for some N, L > 0 such that the curve u = h(v) and the initial data (uo(x), vo(x)
+¢) are inside the region Yo, and u = h(v) passes (0, h(0)) and the intersection
(0,a) of the curves w = N and z = —L (see Figure 2). Then, the solutions

2+2

i = f1(1)

=l

FIGURE 2

(uf,v®) = (u=7E), v57C)) of the Cauchy problem (1.3)-(1.4) satisfying
[ (z, )| < M, [v°(z,t)| < M, (z,t) € Rx RT,
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where M is independent of €. Moreover, there exists a subsequence (still labeled)
(u®,v®) converging strongly to the functions (u,v) as e — 0, which are the
equilibrium states uniquely determined by (E1) — (E2) :

(E1) u(z,t) = h(v(x,t)), for almost all (z,t) € R x RT;

(E2) v(zx,t) is the L™ entropy solution of the Cauchy problem

v + (vh(v)), =0, v(x,0) = vo(z).
To prove the theorem, we need the following lemma.
Lemma 3.1. Let (u®,v¢) € C*°(R x (0,T1]) be the local solution of the Cauchy
problem (1.3)-(1.4). Then v¢(z,t) >0, (x,t) € Rx (0,T].
Proof. We rewrite the second equation in system (1.3) as
Wi 4wy + uptt = £(Wey + W), (3.2)

where w = logv. Then
2

— My, W
Wy = EWgy + (W, 25) Uy =
The solution w of (3.2) with initial data wo( ) = log(vo( ) 4 €) can be repre-
2
sented by a Green function G*(z — y,t) = \/W exp {— 4Et) }:

w= [ Gz —y,huo(y)dy

- ! i 3.3
+f0t f_oo[a(ww — %)2 —u, — |G (x — y, t — s)dyds. (3.3)

Since

/ G*(x — &, t)dE =1, //+OO|GE y,t—s)|dyds—2\/7(t>0)

it follows from (3.3) that

w>log€+f0tfoo (—uy — 4E)G(x—y,t—s)dyds
log6+f0f (uGy(x —y,t —s) — =G(x — y,t — 5))dyds
>loge —2K/-£ — Kit > —C(t,6,e) > —oo.

Thus v¢(z,t) has a positive lower bound c(t, ). vf

Proof of Theorem 3.1. By simple calculation, we have

U 2 4u 2u 4
Wy, =1 W =7 Wuu:*a Wuv:_ira va:_i;
*D D’ D’ D3 D3 D3
U 2 4dv 2u 4
Zuzlfiv vafiv Zuuzfiv Zuvzia Zvvzi-
D D D3 D3 D3
Thus, multiplying system (1.3) by VW (u,v), VZ(u,v) respectively, we obtain

u ., u—h(v)

W (u,v)e + AW (u,v), + (1 + D)

= Wy — %W(u,v)mZ(u,v)w;
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and
u.,u— h(v) €
Z(u,v)t + M Z(u,v), + (1 — 5)7 =Wy, + BW(u,U)wZ(u, V)g-
T

Clearly, on the intersection of 935 and the curve W (u,v) = N, (1—&—%)“%}“”) >

0; on the intersection of 9¥3 and the curve Z(u,v) = —L, (1 — %)u%h(v) <0.
Therefore, by Theorem 4.4 of [1], the region Y5 is an invariant region and
hence |u®(z,t)| < M, 0 < v®(x,t) < M by Lemma 3.2, where M is a positive
constant depending only on the L® norm of the initial data.

Using the same technique as in the proof of Theorem 2.1, we can complete
the rest of the proof for Theorem 3.1.

We conclude this paper with the following remark.

Remark 3.1. If the relaxation terms in (1.1),(1.3) both are a(u, v)u%h(”),
where a(u,v) > 0 is lipchitz continuous, then from the proof of the theorems,
we have the same conclusions.
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