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Nontrivial solitary waves of GKP
equation in multi-dimensional spaces
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ABsTrACT. In this paper, using the Mountain Pass Lemma without (PS) con-
dition due to Ambrosetti and Rabinowitz, we obtain the existence of the non-
trivial solitary waves of Generalized Kadomtsev-Petviashvili equation in multi-
dimensional spaces and for superlinear nonlinear term f(u) which satisfies some
growth condition. By the Pohozaev type variational identity, we obtain the
nonexistence of the nontrivial solitary waves for power function nonlinear case,
ie. f(u) =uP where p >2(2n —1)/(2n — 3).
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1. Introduction

In this paper, we shall investigate the existence and nonexistence of the non-
trivial solitary waves of Generalized Kadomtsev-Petviashvili equation in multi-
dimensional spaces

Wy + Wege + (f(w))e = Dy Ayw, (1.1)
where (t,z,y) € RF x Rx R"™', n > 2, D 'h(z,y) = [“__h(s,y)ds and

— 9>, 02 02
Ay = oyi T oy3 Tt Oy

Kadomtsev-Petviashvili equation and its generalization appear in many Phy-
sic progress (cf. [3], [4], [5], [6], [7] and the references therein). A solitary wave
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is a solution of the form
w(t,z,y) = ulx — ct,y),
where ¢ > 0 is fixed. Substituting in (1.1), there holds
—ClUg + Uz + (f (1)) = D;IAy%

or
(— Ugar +D;2Ayu+cu—f(u))$ =0. (1.2)

In [4] and [5], using constrained minimization, De Bouard and Saut obtained
the existence and nonexistence of solitary waves in the case where power non-
linearities f(u) = uP, p = m/n, m,n are relatively prime, n is odd. In Chapter
7 of [7], Willem extended the results of [4] to the case where n = 2, f(u) is a
continuous function satisfying some structure conditions.

In this paper we mainly deal with the case where n > 2 and f(u) is a con-
tinuous function. The rest of this paper is organized as: §2 gives the functional
setting of the problem and some embedding theorems which will be used latter;
§3 deals with the existence of the nontrivial solitary waves. In §4, first we de-
rive a variational identity and then use this identity to prove the nonexistence
of the nontrivial solitary waves.

2. Preliminaries

In order to attack the existence and nonexistence of the nontrivial solitary
waves of problem (1.1) we apply the following functional setting:

Definition 2.1. On Y :={g, | g € D(R™)}, we define the inner product

(u,v) := / [uzvy + Dy 'Vyu - D'V v + cuv] dV, (2.1)
0 0 .
where V, = (=—, -+, 7——), dV = dzdy, and the corresponding norm
ayl 6yn71
2 —1 2 2 1/2
ul| = ( ; [u2 + | D7V, ul? + cu?] dv) . (2.2)

A function u : R® — R belongs to X if there exists {u,, },;»°° C Y such that:

(a) uy — u a.e. on R™;
(b) fluj — ugll — 0 as j, k — oo

Note that the space X with inner product (2.1) and norm (2.2) is a Hilbert
space.
We will show that if estimate

<C 2 L iptw ] av)
lullzoary < C( [ o + 1D Tyl av) (2.3)
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holds for a certain constant C' > 0 and all functions u € Y, there is only one
possibility: ¢ =p = % In fact, let u € Y, u # 0, and define for A > 0 the
rescaled function

ux(z,y) = u(Az, \y), (z,y) e R xR L.
Applying (2.3) to uy, there holds

1/2
HUAHLG(R") < C(/R [(U)\)i + |D;1VyU)\|2} dV) . (2.4)

But simple computation implies

1
| owrrav = s [ iy, (2.5)

1
/" (U)\)i dv = m /” Ui dV, (26)

and
_ 1 _
/ |D$1Vyu,\|2dV:m/ |D;'V,ul?dv. (2.7)
R R™

Inserting these equalities into (2.4), there holds

1 1 2 -1 2 1/2
z@n—nyg lulla@n) < CW(/]R" [u2 +|D; 'V yul ]dV) :

That is

n— n—2 1/2
Jullpogeey < CNF 5 ([ 2+ D, av) (29

But then if 2”{}—’1 - 2”2—’3 # 0, upon sending A to either 0 or co in (2.8), we can

obtain a contradiction. Thus the only possibility is that % — % =0, i.e,
_ —_ 2(2n-1)
49=P= —5n—3 -

Actually, from the embedding theorems for anisotropic Sobolev spaces(cf.
[2], p. 323), the following lemma asserts that (2.3) holds if and only if ¢ = p.

Lemma 2.2. Ifg=p = 2(22:—__31),

holds for all functions u € X.

there exists a constant C' > 0 such that (2.3)

From the interpolation theorem and estimate (2.3), there is an embedding
theorem about X as follows:

Lemma 2.3. The following embeddings are continuous:
X — LP(R"),2<p<p.
Lemma 2.4. The following embeddings are compact:

X —— LV (R"),2<p<p.
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Proof. Suppose that {u,,}5°_; C X is bounded in norm (2.2). Without loss of
generality, assume that there exists {g,, }5°_; C L? .(R") such that u,,, = 0,gm.
Let Um = (vm,la Um,2, " Um,n—l) = vy.grn € (LZ(Rn))nil

Multiplying g¢,, by ¥ € D(R™) such that 0 < ¢ < 1, v» = 1 on B(0,R)
and suppy C B(0,2R), we may assume that supp g, C B(0,2R). Selecting
if necessary to a subsequence, we may assume that u, — v = d,¢ in X and
replacing g, by gm — g, we may assume that g = 0. Denote by F[u](r, s) the
Fourier transform of u(z,y).

Let
Qflz{(T,S)ERn||T|§p, |3i‘§/’277;:1727"'7n_1}7
Qo ={(r,s) €R™ | |r| > p}, Q1 ={(r,5) €R" | [r] < p, |s1] > p°},

Qi = {(7",8) eR"™ | |7"| <p |51| < p27"' ) |Si71‘ < P2, |51‘ > p2}7
Qn-r={(r;8) eR™ | [r| < p, |s1] < p?,--, [sn—al <p?, |sn—a] > p*}.
n—1

ThenR":'U Qiand Q;NQ,; =0, i #j.

i=—1

For p > 0, there holds

n—1
/ \um|2dV:/ | Flun] 2 drds = Z/ Flug][*drds.  (2.9)
B(0,2R) Rn Qi

i=—1

It is clear that
2 1 2 1 9
Fluy,l]|” drds = —— | F[Ozun]| drds < ——=|0Uml5,
S V)i = [ Flo) [ drds < g il
and for i =1,--- ,n — 1, there holds
I,
For any € > 0, there exists p > 0 large enough, such that

n—1
Z/ |F[Um”2d7”d8§8/2.
i=0 Y Qi

Since u,, — 0 in L?(R"), there holds

2
[Pl dudy = /Q g Flom I drds < .

8i

i i

Flum](r,s) = / U (, y)e ™ 2T @HYS) g 0, as m — oo
B(0,2R)

and
|F[um](r,s)| < coltml2 < 1.



NONTRIVIAL SOLITARY WAVES OF GKP EQUATION 15

Lebesgue’s dominated convergence theorem implies that

/ ‘F[umHQ drds — 0, as m — oo.
—1

Thus we have proved that u,, — 0 in L} (R™). By Lemma 2.3 and interpola-

tion theorem, there holds w,, — 0 in L} (R™)if 2 <p < p. o
Lemma 2.5. If {u,,}}>, is bounded in X and if
sup / U |[*dV — 0, as n — oo. (2.10)
(z.y)eR™ J B(x,y;7)

Then u,, — 0 in LP(R™) for 2 < p < p.

Proof. Let 2 < s < p and v € X. By Holder inequality and Lemma 2.3, there
holds

A
fules (gm0 gorn) W25 (30,03

_ 2 (2.11)
< COU|22()\B(w’y;T))(/;(w . [uZ + |D; ' Vyul® + cu®]dV) 2,
1 1-Xx A A 2(2 1
where — = —— 4+ —. Choosing s such that A% 1,ie., s= M, there
s 2 p 2 2n —1

holds
u|®*dV < cilu (12 N)s . w2 + | DIV ul? + cu?] dV. (2.12
01U L2(B(x,y;r)) x x Vy
B(zyir) Y Be,yir)

Now, covering R™ by balls of radius r in such a way that each point of R™ is
contained in at most 3 balls, then there holds

/ Jul*dv <3¢y sup |ul, B(Mr))/ [u2 +|D; 'V yul? +cu?] dV. (2.13)
n (z,y)eR"

Under assumption (2.10), (2.13) implies u,, — 0 in L*(R™). By Hélder in-
equality and Lemma 2.3, there holds u,, — 0 in LP(R™) for all 2 < p < p. o

We recall the following Mountain Pass Lemma without (PS) condition as
our Lemma 2.6 (cf. [1]).

Lemma 2.6 (Mountain Pass Lemma). Suppose X is a Banach space and
E € CY(X, R) satisfies the following geometrical properties:

(1) E(0) =0, and there exists p > 0, such that E 5.(0) >a>0;

(2) There exists e € X \ B,,(0), such that E(e) < 0.
Let T" be the set of all passes which connects 0 and e, i.e.,
I'={g e C([0,1], E)| 9(0) = 0,9(1) = e}, (2.14)

and

= inf max E 2.15
¢ = inf max B(g(t). (2.15)
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Then ¢ > « and E possesses a (PS). sequence at level ¢ defined by (2.15), i.e.,
there exists a sequence {u,,}>° such that E(u,,) — ¢ and DE(u,,) — 0 as
m — o0.

3. Existence of nontrivial solitary waves
The solitary waves of problem (1.1) satisfies:

where ¢ > 0. The weak solutions of (3.1) are the critical points of the functional
E defined on X as

B = [ (41D, Yl + eod] - F(w) av.

where F'(u) = /u f(s)ds. Assume:
0
(f1) f e CO(R,R), f(0) =0 and for some 2 < p < p = 2(227?__31), 0<c <
¢, ¢1 > 0, there holds
|f ()] < colul + ex|ulP ™
(f2) There exists v € X such that
f ()

———= — +00, as A — +00;

A
(f3) There exists « > 2 such that, for u € R, there holds

aF(u) < uf(u).
By assumption (f;) and Lemma 2.3, E € C*(X,R).

Lemma 3.1. Under assumptions (f1) and (f;), there exists e € X and r > 0
such that |le|| > r and

b:= inf E(u) > E(0)=0> E(e).

llull=r

Proof. From (f1), there holds

" P e
[F(u)] = | f(s)d3\§007+—|u| :
0 p
Then from the definition of the norm (2.2) in X, there holds
[l o o C1 L coypone
B > 15 = [ (PP + L) av = (G = Sl - aful,

By Lemma 2.3, there exists r > 0 such that
b:= inf E(u) > E(0)=0.

[lull=r
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It follows from assumption (f2) that
E(M\) — —o0, as A — +o0.
Hence there exists A\g > 0 such that e = A\gv satisfies ||e|| >, E(e) <0. ™

Define

d = inf E(v(t
inf max (1)),

['i={y e C([0,1; X) : 7(0) =0, 7(1) =e}.
Clearly, d > b > 0. Applying Lemma 2.6, there exists a (PS). sequence
{tp } -, at level ¢ = d such that
E(um) — d and DE(uy,) — 0 as m — oo.
Theorem 3.2. Under assumptions (fi)—(f3), problem (3.1) possesses a non-
trivial solution.

Proof. 1. Boundness of (PS). sequence.
Let {u,,},->° be the sequence derived by Lemma 2.6, i.e., E(u,,) — d and
DE(uy,) — 0 as m — oo. As m — oo, from assumption (f3), there holds

d+o(1) +o()||um| > E(um) —a " (DE(unm), um)

== Bl [ [0 ) = Fwn)] 0V
> (5= &)lluml*.
Hence {u,,} > is bounded in X.

2.0:= lim sup / [ |? AV # 0.
B(z,y;1)

M0 (x,y)€R™
Otherwise, by Lemma 2.5, there holds u,, — 0 in L°(R") for 2 < s <

2(22::31). It follows that

0<d =E(un)— 35(DE(up),un)+ o(1)

— [ Gumf ) ~ Plun)]av + o1) = 0(1),

which is a contradiction.
3. Existence of a nontrivial solution of problem (3.1).

Selecting if necessary a subsequence, we can assume that there existes a
sequence (Z,,ym) C R™ such that

/ [t |2 AV > 5/2.
B(Im )ym§1)

Define v, (2, y) := um (z + Tm, y + Ym) so that

/ o2 AV > 5/2.
B(0;1)
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Selecting if necessary a subsequence, we can assume that there existes a v € X
such that
Um — v in X, as m — oo.

By Lemma 2.4, v,, — v in L? (R™) and so v # 0, and for every w € X, there
holds

[ (Gom) = f@wav = [ (7o) - f)wdv

B(0,R)
+ / (F(om) — f(0))waV.
R"\ B(0,R)

Since w € X, then w € LP(R™) and {v,,} is bounded in X, hence {v,,} is
bounded in LP(R™), thus for any ¢ > 0, there exists R = R(e) > 0 large
enough and independent on m such that

[ (fom) — fepwav <e. vm
R"\B(0,R)
On the other hand, for this R > 0, from Lemma 2.4, there holds
/ (f(vm) — f(0)wdV — 0, as m — 0.
B(0,R)
Thus, there holds

fop)wdV — fWwdV, as m — oo,
R"L Rn

which implies
(DE(v),w) = lim (DE(vy),w) =0

m—00

Hence DE(v) = 0 and v is a nontrivial solution of problem (3.1). of

4. Nonexistence of nontrivial solitary waves

In this section, we derive a Pohozaev type variational identity of the solitary
wave of problem:
( — Ugy + D;QAyu - g(u)) =0,

where g € C*(R,R) such that g(0) = 0 and define G(u) := / g(s)ds.
0

First, we give a formal argument explaining the variational identity. For any
A > 0, define a transformation T'(A) : X — X as
TN\u(z,y) == u(x/A,y/\?), (z,y) € R x R"L,

Then T'(1) =idx. If u € X is a critical point of functional E(u), we conjecture
that

21 BT =o. (4.1)
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A simple computation shows that

>\2n73
E(T(\Nu) = 5 / (u2 + | Dy 'Vyul?) dV — A2 / G(u)dV. (4.2)
R n
and
0
o BT = "
2n —3 _ ’
— /R (u2 + |D;'Vyul*)dV — (2n — 1) . G(u)dV,
which implies that
2(2n -1
/ (u2 + |D; ' Vyul?) dV = A2n—1) G(u)dV. (4.4)
n 2n —3 R™
In fact, we have the following Theorem:
Theorem 4.1. Any solution of
( — Uy + D72 A u — g(u))gJ =0,
uwe X NHE.(RY), (4.5)

G(u),g(uw)u € L'(R), g(u)D;'Vyu € (L'(R™))" 1,
satisfies (4.4).

Proof. 1. Let

J(u) = /n (%[ui + |D;1Vyu|2] — G(u)) dv.

Then a weak solution of problem (4.5) is a critical point of operator J. Let

1 € D(R) be such that 0 < ¢ < 1,9(r) = 1 for r = 1 and ¢(r) = 0 for

r>2, |¢(r) <2, |¢"(r)] <4. Define a sequence of functions on R™ as:

a? + [yl
m2

U (,y) = 1( ), V(z,y) € R™

2. For any solution of problem (4.5), there holds

g/ u2dvV — %/ |D,; IV ul? dV Jr/ (G(u) — g(u)u) dV =0.  (4.6)
n RTL n

For every integer m, there holds

/n (= tze + D7 Ayu — g(u)) (Ymzu) dV =0. (4.7
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Integrating by parts, there holds

Rn R

- / [3 x(lbm =T + 'l/)m) + 277[}m Uy + wm czTUU | dV.
Rn

Lebesgue dominated convergence theorem implies that, as m — oo, there holds

—/ Uy (Ymu)  dV = g / u? dV +o(1). (4.8)
Similarly, there hold

D *Ayu(Ymzu) dV

/ wmxu) dav

>

n—

= /” Z D 1“% 8 ’L/)m.’liu) dV (49)

=1

n—1 n—1
/ (ZD Yy gz + > Dy uwmxap fuy, ) dV
" i=1
n—1

/” (ZD 1uybwm,yzxu 1 Z |D_ |2(¢m,z$+¢m)) Jv
i=1

i=1

) (wmxu) dv

1
:__/ |D; 'V, ul? dV + o(1),
2 Jgn

and

f/ng(u) (wmxu)ldv

= — / 9(W) (Y z2u + ru + Ypzuy) dV

(4.10)
dG(u)
. m) dVv

__ / (g + g,
_ / (G(w) = gluyu) dV +o(1).

Substituting (4.8)—(4.10) into (4.7) yields (4.6)
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3. On the other hand, since u is a weak solution of problem (4.5), i.e., D.J(u) =
0, then from (DJ(u),u) = 0, there holds

/n (u2 + |D;'Vyul?) dv = /n g(u)udV. (4.11)

4. For any solution of problem (4.5), there holds

1 _
_n / 2av—""3 [ 1DVl avemn—1) [ GV =0. (4.12)
2 n 2 Rn R"’L

For every integer m, there also holds
/ (= tew + D72 Ayu — g(w)) (Ymy - D;lvyu)x dv =0. (4.13)

Integrating by parts and applying Lebesgue dominated convergence theorem
imply that, as m — oo, there hold

a / Uga (U}my ’ D;lvyu)gg av
- / Uy (d’m,zy : D;lvyu + my - Vyu) dav
= / Uy (Yrmey - Dy 'V yu + y - Vyu), dV (4.14)
RTL

= / Uy (wm,my . D;lvyu +2¢p 2y - Vyu + ¥y - Vyux) dV
]Rn

n

_ gl/ W2 dV + o(1),

/ (D;2Ayu) (Ymy - D;lvyu)x dv

= —/R (D' Ayu) (Ymy - Dy 'Vyu) dV

RO

)) (Umy - D'V yu) dV (4.15)
n—1
/ Z (D, Uyl 1/me D, 1Vyu) idV
n2—3

= - / |D; 'V, ul? dV + o(1)
2 Jgn
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and
— /R 9(w) (Ymy - D' Vyu) dV
=— / 9(u) (Ym.oy - Dy ' Vyu + Yy - Vyu) dV
= —/ (9(w)m.ay - Dy Vyu + S dif) Yithm) AV 10
n Pt i

=(n-1) ) G(u)dV +o(1).
Thus, from equations (f.13)7(4.16) (4.12) holds. Equations (4.6), (4.11) and
(4.12) imply equation (4.4). ™

Theorem 4.2. (Nonexistence of nontrivial solitary wave) If g € C(R;R)
satisfies g(0) = 0 and

2(2n — 1)
2n —3
then 0 is the only solution of problem (4.5).

Proof. Tf uw #£ 0 is a solution of problem (4.5), then (4.4)-(4.11), there holds

/n [%G(W — g(u)u] dV =0

which contradicts (4.17). vf

G(u) — g(u)u < 0, Yu # 0, (4.17)

Corollary 4.3. Let ¢ > 0, and p > %
problem:

, then 0 is the only solution of

(= Upe + D72 Ayu+ cu — |u[P~2u) =0,

x

uwe X NHE (R"), (4.18)
|ulP~2uD 'V, u € (LY(R™))" L

1

Proof. Since g(u) = |u[P~2u — cu, then G(u) = ~|ulP — gu2, thus (4.17) holds.
p

o
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