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1. Introduction

Stochastic analysis can be viewed as an infinite-dimensional version of classical
analysis, developed in relation to stochastic processes.

In this survey we present a construction of the basic operators of stochastic
analysis (gradient and divergence) in discrete time for Bernoulli processes. Our
presentation is based on the chaos representation property and discrete multiple
stochastic integrals with respect to i.i.d. sequences of random variables. The
main applications presented are to functional inequalities (deviation inequalities,
logarithmic Sobolev inequalities) in discrete settings, cf. [10, 16, 23], and to
option pricing and hedging in discrete time mathematical finance.

Other approaches to discrete-time stochastic analysis can be found in Holden
et al. [13] (1992), [14] (1993), Leitz-Martini [22] (2000), and also in Attal [2]
(2003) in the framework of quantum stochastic calculus, see also the recent
paper [12] by H. Gzyl (2005).

This survey can be roughly divided into a first part (Sections 2 to 11) in
which we present the main basic results and analytic tools, and a second part
(Sections 12 to 15) which is devoted to applications.

We proceed as follows. In Section 2 we consider a family of discrete-time
normal martingales. The next section is devoted to the construction of the
stochastic integral of predictable square-integrable processes with respect to
such martingales. In Section 4 we construct the associated multiple stochastic
integrals of symmetric functions on N", n > 1. Starting with Section 5 we focus
on a particular class of normal martingales satisfying a structure equation. The
chaos representation property is studied in Section 6 in the case of discrete time
random walks with independent increments. A gradient operator D acting by
finite differences is introduced in Section 7 in connection with multiple stochas-
tic integrals, and used in Section 8 to state a Clark predictable representation
formula. The divergence operator ¢, adjoint of D, is presented in Section 9 as an
extension of the discrete-time stochastic integral. It is also used in Section 10 to
express the generator of the Ornstein-Uhlenbeck process. Covariance identities
are stated in Section 11, both from the Clark representation formula and by use
of the Ornstein-Uhlenbeck semigroup.

Functional inequalities on Bernoulli space are presented as an application in
Sections 12 and 13. On the one hand, in Section 12 we prove several deviation
inequalities for functionals of an infinite number of i.i.d. Bernoulli random vari-
ables. Then in Section 13 we state different versions of the logarithmic Sobolev
inequality in discrete settings (modified, L', sharp) which allow one to control
the entropy of random variables. In particular we recover and extend some re-
sults of [5], using the method of [10]. Our approach is based on the intrinsic tools
(gradient, divergence, Laplacian) of infinite-dimensional stochastic analysis. We
refer to [4, 3, 17, 20], for other versions of logarithmic Sobolev inequalities in
discrete settings, and to [7, 28] for the Poisson case.

Section 14 contains a change of variable formula in discrete time, which is
applied with the Clark formula in Section 15 to a derivation of the Black-Scholes
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formula in discrete time, i.e. in the Cox-Ross-Rubinstein model, see e.g. [19],
§15-1 of [27], or [24], for other approaches.

2. Discrete-time normal martingales

Consider a sequence (Y%)ien of (not necessarily independent) random variables
on a probability space (2, F,P). Let (F,,)n>—1 denote the filtration generated
by (Yn)nen, i-e.

F_o1=A0,9Q},

and
fn:U(}/Oa"'aYn)a TLZO

Recall that a random variable F' is said to be F,-measurable if it can be written
as a function

F=f,Yo,....,Y,)
of Yy, ...,Y,, where f, : R**! - R,

Assumption 2.1 We make the following assumptions on the sequence (Y3, )nen:

a) it is conditionally centered:

E[Y, | Fno1] =0, n >0, (2.1)
b) its conditional quadratic variation satisfies:

E[Y? | Fna] = 1, n > 0.

Condition (2.1) implies that the process (Yo +- - -+ Y, )n>0 is an F,,-martingale.
More precisely, the sequence (Y, )nen and the process (Yo + -+ + Y3, )n>0 can
be viewed respectively as a (correlated) noise and as a normal martingale in
discrete time.

3. Discrete stochastic integrals
In this section we construct the discrete stochastic integral of predictable square-
summable processes with respect to a discrete-time normal martingale.

Definition 3.1 Let (uk)ren be a uniformly bounded sequence of random vari-
ables with finite support in N, i.e. there exists N > 0 such that up, = 0 for all
k > N. The stochastic integral J(u) of (un)nen is defined as

J(’U,) = Z ukYk.
k=0
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The next proposition states a version of the It6 isometry in discrete time. A
sequence (U, )nen of random variables is said to be F,,-predictable if u,, is F,,—1-
measurable for all n € N, in particular ug is constant in this case.

Proposition 3.2 The stochastic integral operator J(u) extends to square-integrable
predictable processes (un)nen € L?(QxN) via the (conditional) isometry formula

E[|J (1,00 ) *| | Fro1] = B[l coyull 2y | Fao1],  m €N, (3.3)
Proof. Let (un)nen and (v,)nen be bounded predictable processes with finite

support in N. The product u,Yiv;, 0 < k < I, is F;_1-measurable, and uyY;v; is
Fr_1-measurable, 0 <[ < k. Hence

E [i upYi f: uY ’.7-'"1] —E
k=n =0

E[Zukvkyk2+ S wYiuYi+ Y ukkalm’nt]

Z ukYkUzYz’fnll
k,l=n

k=n n<k<l n<l<k
= > EEwmorYy | Faal | Facal + Y EB[uYiwYi | Fia] | Food
k=n n<k<l
+ Z EE[uYrvY; | Fi—1] | Fa-1]
n<l<k

= ) EBluniEY7 | Fea) [ Faal +2 > ElurYiwEY | Fioa] | Fod]
k=0 n<k<l

8

= E[ukvk | .7:”71]

f,“] |

= E l i UKV
k=n

This proves the isometry property (3.3) for J. The extension to L?(Q x N)
follows then from a Cauchy sequence argument. Consider a sequence of bounded
predictable processes with finite support converging to u in L?(Q x N), for
example the sequence (u"),en defined as

>
Il

u™ = (ug)ren = (Url{o<k<n}l{jus|<n})keN, n € N.

Then the sequence (J(u"))nen is Cauchy and converges in L?(2), hence we may
define

J(u) == klim J(u).
From the isometry property (3.3) applied with n = 0, the limit is clearly inde-
pendent of the choice of the approximating sequence (u*)gen. O
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Note that by bilinearity, (3.3) can also be written as
E[J(Xfn,00)) I (Ln,00) )| Fn1] = E[(Afn.c0)ths In,o) )2y | Fual,  m €N,
and that for n = 0 we get
E[J(u)J(v)] = E[{u, v) )], (3.4)
for all square-integrable predictable processes u = (ug)ren and v = (vk)ken.

Proposition 3.5 Let (ug)ren € L?(2 x N) be a predictable square-integrable
process. We have
E[J(u) | Fx] = J(uljg ), keN.

Proof. 1t is sufficient to note that
=3

- ZulY + Z E [u;Y; | Fiea] | Fil

1=k-+1

= Zulyjuz E[Y; | Fi1] | Fl
1=k-+1
= Zuz‘Yz‘
1=0

= J(ul{oyk]).

E[J(u) | Fil

+ Z ’UJ1Y |-7:k
1=k-+1

d

Corollary 3.6 The indefinite stochastic integral (J(uljoy)))ren is a discrete
time martingale with respect to (Fp)n>—1.

Proof. We have

E[J(ulpkt1) [ Fu] = E[E[J(uljors1)) | Frtr | Fil
= E[E[J(u) | Fr1 | Fl
= E[J(u) | F¥]
= J(ulpy)

4. Discrete multiple stochastic integrals

The role of multiple stochastic integrals in the orthogonal expansions of random
variables is similar to that of polynomials in the series expansions of functions of
a real variable. In some cases, multiple stochastic integrals can be expressed us-
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ing polynomials, for example Krawtchouk polynomials in the symmetric discrete
case with p, = ¢, = 1/2, n € N, see Relation (6.2) below.

Definition 4.1 Let (?(N)°" denote the subspace of £2(N)®" = (2(N") made of
functions f, that are symmetric in n variables, i.e. such that for every permu-
tation o of {1,...,n},

fn(kg(l), Cee kg(n)) = fn(kl, Cee kn), kl, Ceey kn € N.

Given f; € [?(N) we let
Ti(f1) = J(f) = fik)Yi.
k=0

As a convention we identify £2(N°) to R and let Jo(fo) = fo, fo € R. Let

An:{(kl,,kn)GNnkl;ﬁkJ,1§1<j§n}, n > 1.

The following proposition gives the definition of multiple stochastic integrals by
iterated stochastic integration of predictable processes in the sense of Proposi-
tion 3.2.

Proposition 4.2 The multiple stochastic integral J,(fn) of fn € (3(N)°", n >
1, is defined as

Ta(fa) = Y falin, o in)Yi, Vi
It satisfies the recurrence relation
Tn(fn) =1 Yidn 1 (fa(, k)L e 1n-1 (%)) (4.3)

k=1

and the isometry formula

E[Ju(fu) Jon (gm)] = {g“lAnfm gm) 200y qn=m )

Proof. Note that we have

0<i1 <<y

= > Y Y falin i)Y Yi, (45)

1n=0 0<i,_1<in 0<i1<io
Note that since 0 <4y <ip < -+ < iy and 0 < j; < jo < -+ < j, we have

E[Kl o '}/in}/jl o Y]n] = 1{i1:j1 »»»»» in=Jn}"
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Hence
E[Jn(fn)In(gn)]
—(TL')%E[ Z fn(llaaln)}/’u}/ln Z gn(]laa]n)nlifjn
0<i1< - <ip 0<j1<<Jn
:(n|)2 Z fn(ll”ln)gn(]l’)JH)E[KIKnYJIY]n]

0<i1 <+ <, 0<G1<+<Jn

=0 D falinsesin)gn(in, i)

0<i1 <<y

=nl > falit,in)gn(in, o yin)

=nl1a, frn, Gm)e@yen-

When n < m and (i1,...,4,) € A, and (j1,...,Jm) € A, are two sets of
indices, there necessarily exists k € {1,...,m} such that jr & {i1,...,i.},
hence

E[Y;, -~ YY), ---Y;, ] =0,

and this implies the orthogonality of .J,, () and Jp,(gm ). The recurrence relation
(4.3) is a direct consequence of (4.5). The isometry property (4.4) of .J, also
follows by induction from (3.3) and the recurrence relation. O

If f, € (2(N") is not symmetric we let J,(fn) = Ju(fn), where f, is the
symmetrization of f,,, defined as

. . 1 . ) . . "
fulit, . oyin) = ] Z Jlicy, - sio,), iy, in € N,
Toex,
and 3, is the set of all permutations of {1, ..., n}. In particular, if (k1, ..., k,) €
Ay, the symmetrization 1k, . x,)} of 1f(k,,... k,)} in n variables is given by

Ty, (B1s e e ovin) = = Liir i dmlhrr kn}}s B1seeosin € N,

and )
I (Vg hy ko)) = Yy - Vi,

Lemma 4.6 For alln > 1 we have
E[Jn(fn) | il = Jn(falpmye),  kKEN, fo e Z(N)™

Proof. This lemma can be proved in two ways, either as a consequence of
Proposition 3.5 and Proposition 4.2 or via the following direct argument, noting
that for all m = 0,...,n and g,, € £*(N)°™ we have:

E[(Jn(fn) - Jn(fnl[o,k]"))Jm(gml[o,k]M)]
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= Loy {(fn(1 = Lo k)7 )5 Gmdi0,k)m ) 2 (i)

hence Jy,(fnlp k) € L2(Q2, Fi), and Jp(fn) — Jn(fnljok») is orthogonal to
L*(Q, F). O

In other terms we have
E[J.(f)] =0,  fo€l(N)", n>1,

the process (Jn(fnljo,kn))ken is a discrete-time martingale, and Jy,(f,) is Fi-
measurable if and only if f,1g g = fn, 0 <k < n.

5. Discrete structure equations

Assume now that the sequence (Y, )nen satisfies the discrete structure equation:
YZ2=1+¢,Yn, n €N, (5.1)

where (¢n)nen is an Fp-predictable process. Condition (2.1) implies that
E[Y? | Foo1]l=1, neN,

hence the hypotheses of the preceding sections are satisfied. Since (5.1) is a
second order equation, there exists an F,,-adapted process (X,,)nen of Bernoulli
{—1, 1}-valued random variables such that

2
Yo =204 X, 1+(‘P—2"), neN. (5.2)

Consider the conditional probabilities
pn=PX,=1|F,-1) and ¢, =PX,, =-1|F,-1), neN.  (5.3)

From the relation E[Y;, | F,,_1] = 0, rewritten as

Pn ©n\2 Pn ©n\2
n | 5~ 1 (_) n| = — /1 (_) =Y )
p ( 5 + + 5 )—i—q ( 5 + 5 0 neN

we get
1 ©On 1 ©On )
n=—(1- —, n=—=14+ —]7—), 5.4
P 2( \/4+<ﬂ%> ! 2( VA+ 92 G4
and
[ dn Pn dn — Dn
On = —_— = e e— TLGN,
hence

Yn:l{Xn:1}1/Z_n_1{Xn:71}1/%a n € N.
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Letting
X, +1

2

Zn: 6{0,1}, TLGN,

we also have the relations

q
Yn - - ;
2\/ann VPndn

n €N, (5.5)

which yield
fn:U(Xo,...,Xn):O'(Zo,...,Zn), n € N.

Remark 5.6 In particular, one can take Q = {—1, 1} and construct the Bernoulli
process (X, )nen as the sequence of canonical projections on Q = {—1, 1} under

a countable product P of Bernoulli measures on {—1,1}. In this case the sequence
(Xn)nen can be viewed as the dyadic expansion of X (w) € [0, 1] defined as:

o0

Xw =% ;ﬁXn(w).

n=0

In the symmetric case p, = qr = 1/2, k € N, the image measure of P by the
mapping w +— X(w) is the Lebesque measure on [0,1], see [26] for the non-
symmetric case.

6. Chaos representation

From now on we assume that the sequence (pi)ren defined in (5.3) is deter-
ministic, which implies that the random variables (X,,),en are independent.
Precisely, X,, will be constructed as the canonical projection X,, : Q — {—1,1}
on Q = {—1, 1} under the measure P given on cylinder sets by

P({eo, ... endx {1, 1} = [T ol ™2 2, {eos.ooven) € (-1, 1)L
k=0

The sequence (Yj)ren can be constructed as a family of independent random
variables given by

2
Yn:%—i-Xn 1+(‘p—2") . meN,

where the sequence (¢, )nen is deterministic. In this case, all spaces L" (L, F,,),
r > 1, have finite dimension 2"*!, with basis

s dk Pk
Livi—eo.... Vo=ent & (€0,...,€n) € II .
{{YD e e ) k_o{ Pk Qk}}

= {I{Xo—éo 7777 Xp=en} ° (60,...,6n) c H{—l,l}}.
k=0
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An orthogonal basis of L™ (2, F,,) is given by
Vi, - Y, = J(Q{y,kyy) - 0< k1 < <k <n, 1=0,....,n+1}.

Let

n 1 n
N (6.1)
k=0
denote the random walk associated to (Xg)ren. If px = p, k € N, then
Jn(1igny) = Kn(Sni N +1,p) (6.2)
coincides with the Krawtchouk polynomial K,,(-; N + 1, p) of order n and pa-
rameter (N + 1,p), evaluated at Sy, cf. [23].

Let now Hop = R and let H,, denote the subspace of L?(2) made of integrals of
order n > 1, and called chaos of order n:

Hn = {Jn(fn) D fa € 62(N)On}-
The space of F,,-measurable random variables is denoted by L°(Q, F,,).

Lemma 6.3 For all n € N we have
LY F) CHo @ © Hpya- (6.4)

Proof. Tt suffices to note that H;NL°(Q, F,,) has dimension ("Jlrl), 1< <n+l.
More precisely it is generated by the orthonormal basis

{Ykl"'Ykl:Jl(i{(kl 7777 kz)}) : 0§k1<"'<kl§n},

since any element F of H; N LO(€2, F,) can be written as F' = J;(fi1jo 1), hence

LO(Q,]:n) =(Ho@--- @Hn+1)mLO(Q;-7:n)-

Alternatively, Lemma 6.3 can be proved by noting that
Jn(fnl[O,N]") =0, n>N+1, f,€ 62(N)On

and as a consequence, any F € LO(, F) can be expressed as

N+1

F=E[F]+ Y Ju(faljo,n))-

n=1
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Definition 6.5 Let S denote the linear space spanned by multiple stochastic
integrals, i.e.

S = Vect {U Hn} = {ZJk(m : fre P(N)F, kE=0,...,n, neN} :
n=0 k=0
(6.6)
The completion of § in L?(€2) is denoted by the direct sum

Dn.
n=0

The next result is the chaos representation property for Bernoulli processes,
which is analogous to the Walsh decomposition, cf. [22]. This property is ob-
tained under the assumption that the sequence (X, )nen is id.d. See [8] for
other instances of the chaos representation property without this independence
assumption.

Proposition 6.7 We have the identily
L*(Q) = @ Ha.
n=0

Proof. Tt suffices to show that S is dense in L?((2). Let F be a bounded random
variable. Relation (6.4) of Lemma 6.3 shows that E[F' | 7,,] € S. The martingale
convergence theorem, cf. e.g. Theorem 27.1 in [18], implies that (E[F' | F])nen
converges to F a.s., hence every bounded F is the L?(Q)-limit of a sequence
in S. If F € L*(Q) is not bounded, F is the limit in L?(Q) of the sequence
(1{7|<n} F)nen of bounded random variables. O

As a consequence of Proposition 6.7, any F' € L%(£2,P) has a unique decompo-
sition .
F=E[F]+ Y Ju(fa),  fo€PP(N)", neN,
n=1

as a series of multiple stochastic integrals. Note also that the statement of
Lemma 6.3 is sufficient for the chaos representation property to hold.

7. Gradient operator
Definition 7.1 We densely define the linear gradient operator
D:S— L*(QxN)

by
Dy Jn(fn) = ndn_1(fu(x, k)1a, (%, k)),

keN, f, € 2(N)°" ne N,
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Note that for all kq,...,k,_1,k € N we have
1n, (koo ko1, k) = Lghy, by 1o,y (1, oo k1),
hence we can write
DiJn(fn) = ndn—1(fu(*,k)1kgsy), k€N,

where in the above relation, “x” denotes the first k—1 variables (k1, ..., k,—1) of
fu(k1,. .. kn—1,k). We also have D, F' = 0 whenever F € S is Fj_1-measurable.

On the other hand, Dy is a continuous operator on the chaos H,, since

DT (f) 220y = 02 Tn—1(fu (5, B)) |72
= nnl| fu(x, k)”é(N@("*l))’ fn € B(N®"), keN. (7.2)

The following result gives the probabilistic interpretation of Dy as a finite dif-
ference operator. Given

w = (wo,wr,...) € {=1,1},

let
k ( 1
w, = wo,wl,...,wk,l,—k awarla"')

and
k
W = (wo, w1y, Wh—1, — L, W1,y - - -)-

Proposition 7.3 We have for any F € S:
DyF(w) = /prqr(F(W¥) — F(WF)), keN. (7.4)

Proof. We start by proving the above statement for an F,,-measurable F' € S.
Since LY(£, F,) is finite dimensional it suffices to consider

F=Y Yy, = f(Xo,...,Xp),

with from (5.5):

dk; — Pk; +33k
flxo, ... xK,) = 2ZH N
First we note that from (6.4) we have for (k1,...,kn) € Ay:
Dy (Ye, +-Yk,) = DiJu(L{(hs,.kn)})

= anfl(i{(kl 7777 kn)}(*;k))

= ﬁ Z Lk ()
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X Z 1{{11 »»»»» in1}={k1,kio1,kip1,kn}}
(i1, yin—1)EAR_1

= Zl{k} Jn-1 1{(k1 kim1,kit1,eees kn)}>

VDrRa(F (W) — F(wF)) = 0 = D F(w).
On the other hand if k& € {ky,...,k;} we have

Flw k /Qk H Ak, — Pk; + Wk,
2.\ /Dk; Gk, ’

If k ¢ {ki,...,ki} we clearly have F(w?) = F(w*) = F(w), hence

k#k
F(wli): pk qk; — Pk; +(.()k ,
V aqk Py 2,/DPk;qk;
ky#k

hence from (7.5) we get

4 Wk,
F(w*) — F(W* = Tk: — Dk -
VREFE) - F) = o _1] e
k;#k
l
= Yki(w)
=1
ki #k
= Dy (Yi, - Yg) (W)
= DkF(w).

In the general case, Ji(f;) is the L?-limit of the sequence E[Ji(f;) | Fn] =
Ji(filjo,n)) as n goes to infinity, and since from (7.2) the operator Dy, is con-
tinuous on all chaoses H,,, n > 1, we have

DiF = lim DyE[F | F,]

n—oo

= lim (E[F | F](w?) —E[F | Fu] ("))

n—oo

= Vorge(F(Wh) - F(WY)), keN.
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The next property follows immediately from Proposition 7.3.
Corollary 7.6 A random wvariable F : Q — R is F,,-measurable if and only if
DF =0
for all k > n.
If F has the form F = f(Xy, ..., X,), we may also write
DyF = /prai(F — Fy), k eN,

with
Flj = f(XOa .- 'anfla+1an+la .- 'aXn)a

and
F]; = f(XO, vy X1, —1, Xgya, - ,Xn)

The gradient D can also be expressed as
DiF(S) = v/Prai (F (S + 1ixe=—1yLie<y) = F (S = L=y lin<y))

where F'(S.) is an informal notation for the random variable F' estimated on
a given path of (Sy,)nen defined in (6.1) and S. 4+ 1¢x, —+1}1{x<.} denotes the
path of (S, )nen perturbed by forcing X to be equal to +1.

We will also use the gradient V, defined as

ViF = Xu(f(Xos.o s Xpo1, =1, Xpgr, ..., Xn)
— f(Xor o X1 1, g1 X)), (7.7)

k € N, with the relation
Dy = — Xk \/Pkqk Vi, k €N,

hence Vi F' coincides with Dy F' after squaring and multiplication by pgqx. From
now on, Dy denotes the finite difference operator which is extended to any
F : Q — R using Relation (7.4). The L? domain of D is naturally defined as the
space of functionals F' such that E[|DF ||?2(N)] < 00, or equivalently

o0
Z | full e iny < 00,
n=0

if F =3 Ju(fn)- The following is the product rule for the operator D.
Proposition 7.8 Let F,G: Q) — R. We have

X
Dy(FG) = FDyG+GDyF — —=~

DiF DG, ke N.
Prdk
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Proof. Let Ff(w) = F(wh), F*¥(w) = F(w®), k > 0. We have

Dy(FG) = prar(FGY — FFGY)
= Lix——1pv/Drar (F(GY — G)+ G(Ff — F) + (Ff — F)(G% - @Q))
+1¢x,=13vPrar (F(G - G*) + G(F — F*) — (F - F*)(G - G*))

DkFDkG>

= 1yx,—_ 1 | FDLG + GDF +
e ' Prqk

1
+ l{szl} (FDkG + GDkF - \/p—kWDkFDkG> .

8. Clark formula and predictable representation

In this section we prove a predictable representation formula for the functionals
of (Sp)n>0 defined in (6.1).

Proposition 8.1 For all F € S we have
F = E[F]+ ) E[DyF | Fr 1Yk (8.2)
k=0

E[F]+ Z Vi DiE[F' | Fl.
k=0

Proof. The formula is obviously true for F' = Jy(fo). Given n > 1, as a conse-
quence of Proposition 4.2 above and Lemma 4.6 we have:

Jn(fn) = nzJnfl(fn(*5k)l[O,kfl]"*l(*))Yk

k=0

= 0y Jna(ful, B)1a, (6 k)L pojn1 (%)) Y
k=0

= 0y ElJu1(fals k)1a, (5, k) | Fie1]Vi
k=0

= Y _E[DrJu(fn) | FealYr,
k=0
which yields (8.2) for F' = J,(fn), since E[J,(fn)] = 0. By linearity the formula
is established for F' € S. O

Although the operator D is unbounded we have the following result, which
states the boundedness of the operator that maps a random variable to the
unique process involved in its predictable representation.
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Lemma 8.3 The operator

L*(Q) — L*(2 x N)
F i (E[DpF | Fr—1])ken

s bounded with norm equal to one.

Proof. Let F' € S. From Relation (8.2) and the isometry formula (3.4) for the
stochastic integral operator J we get

IED.F | Fallliz@uyy = IF —E[F]l7q (8.4)
< IF -E[F)izq) + (E[F)?
= |Fl720);
with equality in case F' = Jy(f1). O

As a consequence of Lemma 8.3 we have the following corollary.
Corollary 8.5 The Clark formula of Proposition 8.1 extends to any F € L*(2).
Proof. Since F — E[D.F | F._41] is bounded from Lemma 8.3, the Clark formula

extends to F' € L?(Q) by a standard Cauchy sequence argument. For the second
identity we use the relation

E[DyF | Fi—1] = DyE[F | Fi]
which clearly holds since Dy F is independent of X, k € N. 1

Let us give a first elementary application of the above construction to the proof
of a Poincaré inequality on Bernoulli space. We have

var (F) = EU_F—E[FHQ]

= E (i E[DyF | fkl]Yk>

L k=0
= E|Y (E[DiF | Fix 1))
Lk=0

iEHDkﬂQ | fkl]]

Lk=0

= E|> |DiF|?
Lk=0

IN
&=

3

hence
var (F) < HDFH%%QxN)-

More generally the Clark formula implies the following.
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Corollary 8.6 Let a € N and F € L?(Q). We have

F=E[F | Fd] + i E[DpF | Fr—1]Yk, (8.7)
k=a-+1
and .
E[F? =E[E[F | F))| +E | > (E[DyF | Fro1])?] - (8.8)
k=a-+1

Proof. From Proposition 3.5 and the Clark formula (8.2) of Proposition 8.1 we
have

E[F | Fo] = E[F]+ Y E[DyF | Fr_1]Yi,
k=0
which implies (8.7). Relation (8.8) is an immediate consequence of (8.7) and the
isometry property of .J. O

As an application of the Clark formula of Corollary 8.6 we obtain the following
predictable representation property for discrete-time martingales.

Proposition 8.9 Let (M,),en be a martingale in L*(Q) with respect to (Fpn)nen-
There exists a predictable process (ug)pen locally in L*(QxN), (i.e. u(-)1j n(-) €
L2(Q x N) for all N > 0) such that

My =M_1+> wYs, neN. (8.10)
k=0
Proof. Let k > 1. From Corollaries 7.6 and 8.6 we have:

M, = E[Mk | fkfl] +E[DkMk | fkfl]Yk
= Mk,1 —+ ]E[DkMk | fkfl]Yka

hence it suffices to let
up = E[Dp My, | Fr—1], k>0,
to obtain

M, = M_; + ZMk My =M+ ZukYk.
k=0 k=0

9. Divergence operator

The divergence operator § is introduced as the adjoint of D. Let U C L?*(2 x N)
be the space of processes defined as

U= {ij(fk+1(*,~)), feq1 € P(N)°F @ £2(N), k_,neN}.
k=0
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Definition 9.1 Let § : U — L?(Q) be the linear mapping defined on U as
8(u) = 6(Ja(far1 (%) = Jusr(far1)s  far € BN @ P(N),
for (ug)ren of the form
up = Jp(fas1(x k), k€N,

where fn+1 denotes the symmetrization of fn41 in n+ 1 variables, i.e.

n+1
Frogi(Bry oo kngr) = }:ﬁwlm,.wmkhm+hnwmwhmy

From Proposition 6.7, S is dense in L?(2), hence U is dense in L*(Q x N).
Proposition 9.2 The operator § is adjoint to D:

E[(DF,u)py] =E[Fs(u)], FeS, uel.

Proof. We consider F' = J,(fn) and urp = Jn(gm+1(x,k)), & € N, where
fn € 2(N)°" and gy 41 € (2(N)°™ @ £2(N). We have

E[(D.Jn(fn); Jm(gm+1 (*, ))>e2<N>]:n1E[<n 1(fn(%5))s T (g (%5 2)))iz )]

iy S B (e, D)L, (508 (g (5, 1))
k=0

= nlnoimmy ) (LA, (5 K) fu (%K), gt (%, k) un 1)
k=0

= n'l{n m+1}<1A fnagm+1>f2(N")

= n']_{n m+1}< An fnagm+1>f2(N")
= E[n(fn)JIm(Gm+1)]
E[5(u)F).

O

The next proposition shows that d coincides with the stochastic integral op-
erator J on the square-summable predictable processes.

Proposition 9.3 The operator § can be extended to u € L*(Q x N) with
(u) = urYi = Y Dyuy, — 6(¢Du), (9.4)
k= =0

provided all series converges in L?(Q), where (¢r)ren appears in the structure
equation (5.1). We also have for all u,v € U:

E[|6(u)l*] = Eflullfqp] +E

Z DkulDluk] . (95)

k,1=0
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Proof. Using the expression (4.5) of ug, = Jn(fn41(x, k)) we have

5(’(1,) = ‘]"Jrl(.fnJrl)
= Z fn+l(i1, ceey 'LnJ’,l)}/,Ll e }/,L.n+l

(15sin41)EAR L1

= Y > fanaline i R)Y YL Y

k=0 (i1,...,in)EA,

-ny > Fsa (i, oeyin—1, b k)Y, - Y Vi)

k=0 (i1,..0sin—1)EAL_1

= ZukYk — Z Dkuk|Yk|2
k=0 k=0

= Z ukYk — Z DkUk — Z @kaukYk
k=0 k=0 k=0

By bilinearity, orthogonality and density it suffices to take u = ¢gJ,,(f°"), f, g €
¢%(N), and to note that

16120 = I\Jn+1(1An+1f°" °9)Zz0)

2
1 ®1 ®R(n—1)
= —/3 n+1f ®gef 1a,40)
(n+1)2 + o)
1 2
= m((”*‘” (n+I)HfHE?(N)HgHE?(N)
T (n+ Dt + DI FIZGES. )2
= 1B l9ll7 @ + (0 = DR FIEH 9 )

= |lullzum + E [(g, DIn(f™))e2 ) (g, DIn(F7)) 62 ()]

Z DkulDluk] .
k,l1=0

= Elflulfqg) +E

(I
In particular, (9.4) implies the following divergence formula
Corollary 9.6 For u € L*(2 x N) an F € L*(Q) we have
5(Fu) = Fo(u) — (u, DF)a () — 6(2()u(-)D.F), (9.7)

provided all series converge in L*(Q).

In the symmetric case pr = qr = 1/2 we have ¢, =0, k € N, and

’U,) = ZukYk — Z Dkuk.
k=0 k=0
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Moreover, (9.5) can be rewritten as a Weitzenbock type identity:

16(uw)l|720) + 5 Z [1Dku(l) — Du(k)[1 220y = lullZ2ixn) + 1DullT2ioxne)-
kl 0
(9.8)
The last two terms in the right hand side of (9.4) vanish when (ug)gen is pre-
dictable, and in this case the Skorohod isometry (9.5) becomes the It6 isometry
as shown in the next proposition.

Corollary 9.9 If (ug)ren satisfies Dyuy = 0, i.e. ug does not depend on Xy,
k € N, then §(u) coincides with the (discrete time) stochastic integral

= Zquk’ (910)
k=0

provided the series converges in L*(2). If moreover (uk)ken is predictable and
square-summable we have the isometry

E[5(u)?) = E [[lullZ)| (9.11)

and 0(u) coincides with J(u) on the space of predictable square-summable pro-
cesses.

10. Ornstein-Uhlenbeck semi-group and process
The Ornstein-Uhlenbeck operator L is defined as L = §D, i.e. L satisfies

LIy (fn) = ndn(fn), In € 62(N)On
Proposition 10.1 For any F' € S we have

LF =6DF =Y Yi(DeF) =Y VPeaeYe(FF — Fy),
k=0

k=0

Proof. Note that DD F = 0, k € N, and use Relation (9.4) of Proposition 9.3.
O

Note that L can be expressed in other forms, for example

LF — i ARF,
k=0
where
AF = (x—1yqe(F(w) = F(w")) = 1ix,——1ype(F (W) — F(w)))

F— (LixenyanF (W) + Lix——1ypeF (wh))
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= F-E[F|F], keN,
and F is the o-algebra generated by
{X; : l#k, 1 eN}.

Let now (P;)ier, = (e)ier .. denote the semi-group associated to L and defined
as
PF =Y e "I(fn), teRy,
n=0
on F =% Ju(fn) € L*(Q). The next result shows that (P);er, admits an

integral representation by a probability kernel. Let ¢ : Q x Q — R be defined
by

N
¥ (@,w) =[A+ e Vi(WYi®@), woeQ teRy
i=0
Lemma 10.2 Let the probability kernel Qi (@, dw) be defined by
d .-
B[ n ] @) =@, N2 teR.,

For F € L?(Q, Fn) we have
PF(@) = / F)Qu@,dw), €9, n>N. (10.3)

Q
Proof. Since L?((2, Fy) has finite dimension 2V*! it suffices to consider func-

tionals of the form F =Yy, -+ Y, with 0 <k < --- <k, < N. We have for
we keN:

E[Vi(-)(1 + e Vi () Yi(w))]

= pk,/q—k (1 +et,/q—kYk(W)> —Qk\/& (1 —e ! &Yk(w)>
Pk Pk qdk qdk

= e (w),

which implies, by independence of the sequence (X)ken,

E[Y, - Yi,af (,)] = E

N
Yi, -+ Y, H(l + eitYki (W)Ykl())‘|

N =1
B H E [Vi,(-)(1+ eV, (w) Yk, ()]

= "y (w) Y, (W)

= e " In(L(r b)) (@)

= PJn(I{p,..kn)) W)
= P(Yk, - Yi,) ().
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Consider the Q-valued stationary process (X (t))ier, = ((Xk(t))ren)ier, with

independent components and distribution given by

P(Xk(t) = 1| X(0) =1) = pr + e ‘g1,
P(Xi(t) = =1 ] Xx(0) = 1) = gz — € “qu,
P(X(t) = 1| Xi(0) = =1) = pr. — ¢ ",

P(Xi(t) = —1| Xp(0) = —1) = g1 + e py,

keN/teRy.

(10.4)
(10.5)
(10.6)

(10.7)

Proposition 10.8 The process (X (t))ier, = ((Xk(t))ken)ier, is the Ornstein-

Uhlenbeck process associated to (P;)ier, , i.e. we have

PF =E[F(X(#)| X(0)], teR,.

(10.9)

Proof. By construction of (X (t))¢cr, in Relations (10.4)-(10.7) we have

BXL(0) = 11 X0) = (14 W2 [2).
X (0) = =1 X0(0) = g (1 - vy [22)),
P =11 50) =i (1 [
X (0) = =11 X0(0) = g (1 - vy [22)),

thus

dP(Xk(t)(@) = €| X(0)(w) = (1 + e~ Vi(w)Yi(@)) dP(Xk (@) =€),

¢ = £1. Since the components of (X (t))ren are independent, this shows that
the law of (Xo(t), ..., X, (t)) conditionally to X (0) has the density ¢}'(@, -) with

respect to P:

hence from (10.3), Relation (10.9) holds for F € L?(Q, Fn), N > 0.

(10.10)



N. Privault/Stochastic analysis of Bernoulli processes 457

The independent components X (t), k € N, can be constructed from the data of
X1(0) = € and an independent exponential random variable 7, via the following
procedure. If 7, < t, let Xj(t) = X;(0) = ¢, otherwise if 7, > t, take X (t)
to be an independent copy of Xj. This procedure is illustrated in the following
equalities:

P(X(t) = 1] Xk(0) =1) El{rso) +Eln<nlix.=1] (10.11)

= et pr(l—e),

P(Xi(t) = -1| Xx(0) =1) = E[l{r<nlix,=—1}] (10.12)
- qk(l - eit)a
P(Xp(t) = -1 Xx(0) = -1) = Elgron] +ELn<nlix,=—13] (10.13)

= e 'q(l-e),

P(Xk(t) =1| Xx(0) =—1) = El{r<lix,=1}] (10.14)
= pr(l—eh).
The operator L?(Q x N) — L?(Q x N) which maps (ug)ren to (Piug)ken is also

denoted by P;. As a consequence of the representation of P; given in Lemma 10.2
we obtain the following bound.

Lemma 10.15 For F' € Dom (D) we have
Pl Lo, y) < Nlull ooz, tE€Ry, we L*(QxN).

Proof. As a consequence of the representation formula (10.10) we have P(dw)-
a.s.:

o0

1Pl (@) = D [Paus(@)]
k=0

- > (/ w(w)@t@,dw))z

k=0
> / 1t ()2 Qu (@, do)

= /Q [[l|72 oy (@) Qe (@, dew)

HUH%w(Q,Ez(N))-

IN

IN
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11. Covariance identities

In this section we state the covariance identities which will be used for the
proof of deviation inequalities in the next section. The covariance Cov(F, G) of
F,G € L*(Q) is defined as

Cov(F,G) = E|(F — E[F])(G — E[G])] = E[FG] — E|FIE[G].

Proposition 11.1 We have for F,G € L*(Q) such that IE[HDFH?z(N)] < 00:

Cov(F,G) = ZIE DG | Fi_1]| DpF (11.2)
k=0
Proof. This identity is a consequence of the Clark formula (8.2):
Cov(F,G) = E[(F-E[F])(G-E[G])]
= E < E[DyF | Fr_1] )(ZEDZGH-} 1Y, )
k=0 =0

= E [Z E[DF | Fr1|E[DrG | fkl]]

k=0
= Y EE[E[DG | Fr 1] DiF | Fi1]]

k=0

= E [ZE[DkGufkl]DkF

k=0

0

A covariance identity can also be obtained using the semi-group (P;)icp, -

Proposition 11.3 For any F,G € L*(Q) such that
E[|DF[[q)) <00 and  E[|DG|3qy)] < oo,

we have

Cov(F,G) = lz / Y DF)P.D,Gdt| . (11.4)

Proof. Consider F' = J,(f,) and G = J,(gm ). We have

COV( (fn) ( m)) =EK [Jn(fn)Jm(gm)]

= Lin=myn!(fn, gnla, ) ez (m)

= l{n:m}n!n/ eintdt<fn, gnlAn>g2(Nn)
0
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00 0o
= l{nflszl}n!n/ eit Z<fn(*a k)a ei(nil)tgn(*a k)]'An (*a k)>f2(N"*1)dt
0 k=0

= nmE [/OooetZJnl(fn(*, E)1a, (%, k))e” DT (g (5, k) 1A, (%, k))dt]

k=0

= nmE l/ooo et Z Jn—1(fn(*, k) 1A, (%, k) Pem—1(gm (%, k)1a,, (*, k))dt]

k=0

) l/oo ety DkJn(fn)PtDkJm(gm)dt] .
0

k=0

From (10.11)-(10.14) the covariance identity (11.4) shows that

Cov(F,G)=E [Z / e 'DyFP,D,Gdt
k=0"0

E

1 ©©
/ > DyFP_1o50DGdo
0 k=0

1 o]
/ / > DiF(w)DiG((wilr,<—1oga}
0 JaxQ =,

+ Wil{r, < 1oga})ien)daP(dw)P(dw)

1 o0
[ ] 3 D@Dt ca) + it e e ()Pl o
0 Jaxa o

(11.5)

where (§;)ien is a family of i.i.d. random variables, uniformly distributed on
[0,1]. Note that the marginals of (X, Xplie,<a) + X1 1{¢,>q)) are identical
when X is an independent copy of Xj. Let

(s, £) = E[eio e Xt ey <o) U L6, 500))

Then we have the relation
Pa(s,t) = ap(s+1) + (1 — a)p(s)o(t), «€0,1].
Note that
1
Cov(e™e, %) = 61 (5,8) = o(s,1) = [ (5, t)d = 65 + ) — 9(5)0(0).
0 «

Next we prove an iterated version of the covariance identity in discrete time,
which is an analog of a result proved in [15] for the Wiener and Poisson processes.
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Theorem 11.6 Letn € N and F,G € L*(Q2). We have

d=n
Cov(F,G)_Z(—l)d“IE[ > (Do Di,F)(Dy, - Dy, G)| (11.7)

{1<ki1<--<kq}

> (Dg,y - Dy F)E Dy, - Dy, G | fknﬂl]] .
{1<k1<-<kni1}

Proof. Take F' = G. For n = 0, (11.7) is a consequence of the Clark formula.
Let n > 1. Applying Lemma 8.6 to Dy, --- Dy, F' with a = k,, and b = ky11,
and summing on (k1,...,k,) € A,, we obtain

El > (E[Dg, - -+ Dy, F' | fknl])rz]

{1<ki<-<kn}

= El Z | Dy, -+ Dy, F|?

{1<ki< - <kn}

—E[ 3 (E [Dy,yy -+ Di, F | fkn+11])2]a

{1<ki1<-<knt1}

which concludes the proof by induction and bilinearity. O

As a consequence of Theorem 11.6, letting ' = G we get the variance inequality

S G DA v DM ke
k=1 k=1

since

IE[ > (Dgysy -+ Dy, F)E [Dy,yy - Dy G| Fieyyy 1] ]
{1<ki1<-<knt1}

IEL > E [(Dk,yy -+ Diy F)E [Dyyy - Diy G | Fropy—1] | fknﬂl]]
1<k <-<kpt1}

]El > (E [Dg,., - D, G| fkml])?]
{1<ki1<---<kny1}
>0,

see Relation (2.15) in [15] in continuous time. In a similar way, another iterated
covariance identity can be obtained from Proposition 11.3.
Corollary 11.8 Let n € N and F,G € L*(Q, Fy). We have

d=n

Cov(F,G) = Z(_l)dJrlE Z (Dry Dy F)(Dry - - - D, G)
d=1 [1<ki<-<kq<N}
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+ (—1)"/ > Dyyy- Dy, F(W) Dy, - - Dy, G(W')
QX <y <o <hng1 <N}
q (w, W P(dw)P(dw). (11.9)

The covariance and variance have the tensorization property:
Var(FG) = E[F Var G| + E[G Var F|

if F,G are independent, hence most of the identities in this section can be
obtained by tensorization of a one dimensional elementary covariance identity.

An elementary consequence of the covariance identities is the following lemma.

Lemma 11.10 Let F,G € L?(Q) such that
E[DyF|Fi-1] - E[DyG|Fi—1] > 0, ke N.
Then F and G are non-negatively correlated:
Cov(F,G) > 0.

According to the next definition, a non-decreasing functional F' satisfies Dy F' >
0 for all k£ € N.

Definition 11.11 A random variable F' : Q@ — R is said to be non-decreasing
if for all wi,ws € Q we have

wl(k) < WQ(k), ke N, = F(wl) < F((.«)Q).

The following result is then immediate from Proposition 7.3 and Lemma 11.10,
and shows that the FKG inequality holds on €. It can also be obtained from
from Proposition 11.3.

Proposition 11.12 If F,G € L?(Q) are non-decreasing then F and G are non-
negatively correlated:

Cov(F,G) > 0.

Note however that the assumptions of Lemma 11.10 are actually weaker as they
do not require F' and G to be non-decreasing.

12. Deviation inequalities

In this section, which is based on [16], we recover a deviation inequality of [5] in
the case of Bernoulli measures, using covariance representations instead of the
logarithmic Sobolev inequalities to be presented in Section 13. The method relies
on a bound on the Laplace transform L(t) = E[ef] obtained via a differential
inequality and Chebychev’s inequality.
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Proposition 12.1 Let F : Q — R be such that |F — F;7| < K, k € N, for
some K >0, and || DF || L (q,,2v)) < 00. Then

o[- IDFI7 o (2,02 () ; K
K? IDF(Z 00,2

. T log [ 1+ K
xp | —=— ’
2K HDFH%eo(Q,e?(N))

with g(u) = (1 + u)log(1l +u) —u, u > 0.

P(F — E[F] > )

IN

IN

Proof. Although D;. does not satisfy a derivation rule for products, from Propo-
sition 7.8 we have

. +
Die’ = Lixe—yvprdn(e” — ) + Lix—y VPrar(e™ — )
——L—DyF
= 1x,—13v/preare’ (1 —e Vo *h)
+1{Xk:71}\/ZTQk€F(e\/mlc—qu"F_1)
F *LD;CF
= —Xiprqre (e VPRTE - 1),

hence .
__Zk
Dye®” = Xyy/prare” (1 — e~ 7 ), (12.2)

and since the function x +— (e® — 1)/x is positive and increasing on R we have:

—sF sF sK

e " Dpe*™  Xiy/Prdk (efs%DkF B 1) <€ - 1,
D, F D, F - K

or in other terms:

— P
eisFDkGSF GSFk F 1 GSFk F, 1 esK 1

L N . S P <
Dy F e K=" - K

We first assume that F' is a bounded random variable with E[F] = 0. From
Lemma 10.15 applied to DF', we have

E[Fet] = Cov(F, e
- E [/ ey Die’ PDyFdu
0 k=0
75FD sF o]
< |12 E eSF/ ¢ ™| DF P, DF || sy
DF - 0
esK —1 oF 0 7@
< K E |e HDFHE2(N) e HPUDFng(N)d’U
0
|
<

— K [¢*F] | DF|]? / e dv
K [ ] L>(9,£2(N)) 0
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|
<
- K

E [€SF] HDFH%OO(Q,P(N))'

In the general case, letting L(s) = E[esF~ElFD], we have
L (s
(s)

"E[(F — E[F])e*(" =]
E[es(F-EF)]

~

log(E[e!(F—EFD]) - = ds

™~

ds

S—. S—

<

1 t .
< EHDFH%w(Q,@(N))/O (eK —1)ds

—_

= ﬁ(em — K — 1)HDFH%°°(Q,E2(N))’

t > 0. We have for all x > 0 and t > 0:

P(F —E[F]>z) < e WE[e/F—EFD)

IN

1
exp (ﬁ(eﬂ( —tK = D|[DF|F (a2 — m) ’

The minimum in ¢ > 0 in the above expression is attained with

t= ! log [ 1+ el
K DF ey )

hence

P(F — E[F] > )

1 1 _
exp(—E ((x + E|DF|%W(Q¢2(N))> log (1 + xKHDFHLi(wz(N))) - x))

X _
exp(—ﬁ log (1 + xKHDFHLEO(QVEQ(N)))) ,

where we used the inequality (14 u)log(l+u)—u > %log(l+wu). If K = 0, the
above proof is still valid by replacing all terms by their limits as K — 0. If F’
is not bounded the conclusion holds for F,, = max(—n,min(F,n)), n > 1, and
(Fp)nen, (DF,)nen, converge respectively almost surely and in L?*(2 x N) to F'
and DF, with |\DFn|\%m(517L2(N)) < |\DF|\%DO(517L2(N)). O

IN

IN

In case pr = p for all k£ € N, the conditions
1
E|DkF| <fB, keN, and [DF|iwqem) <o

give

2
rir 5112 ) <o (<500 () ) <o (<5008 (1 )
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which is Relation (13) in [5]. In particular if F' is Fy-measurable, then

P(F — E[F] > z) gexp( Ng (6N>> < exp (—% (log (1+6—N> —1)).

Finally we show a Gaussian concentration inequality for functionals of (S, )nen,
using the covariance identity (11.2). We refer to [3, 4, 17], [20], for other versions
of this inequality.

Proposition 12.3 Let F : Q) — R be such that

Z SIDEFIIDF ]| < K.
k= o)
Then 5
P(F — E[F] > ) < exp (-%) . x>0 (12.4)

Proof. Again we assume that F' is a bounded random variable with E[F] = 0.
Using the inequality

e —et| < %|x —yl(e"* + '), z,y € R, (12.5)
we have
Dret™| = prale ™ — e |

< %\/;quﬂF,j (G

= %t|DkF|(e“%+ +etFi)

< Wwﬁm[ X, i # k|

— mm [e"F|DLE| | Xiy i £ K] .
Now Proposition 11.1 yields

E[FetF] = Cov(F, eSF)

= ) E[E[DiF | Fi1]Dre'"]

k=0
< | Dk F || E [| Dre' "]
k=0
iy tF o
< 5 Zpk /\quDkFHOOIE [E [e'F|DeF| | Xi, i # K]

k=0
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t =1
- -E letFZ | Dt F || 0| D& F|
k=0

2 — Dk Ak
< )|y —poryiDer
2 = Pk Nk .

This shows that

ds

10g(E[et(F7]E[F])]> /t E[(F — E[F])es(Ff]E[F])]
0

E[es(F-EIF])]

A
=
N
ﬁ
w
QL
»

= ﬁ K2
2 3
hence
*P(F —E[F]>z) < E[eMFEFD)
S €t2K2/2, t Z O,
and

t2
P(F —E[F]>z) <e=®X - >0

The best inequality is obtained for t = z/K?. If F' is not bounded the conclusion
holds for F,, = max(—n,min(F,n)), n > 0, and (F,,)nen, (DFy)nen, converge
respectively to F' and DF in L*(Q), resp. L*(Q x N), with [[DF,[|7 o s2 )y <

IDFI3 2

The bound (12.4) implies E[e®/FI] < 0o for all a > 0, and E[e®F’] < 0o for all
a < 1/(2K?). In case pi = p, k € N, we obtain

pz?
P(F—E[F]>z)<exp|— 5 .
IDFZ . £~ )

13. Logarithmic Sobolev inequalities

The logarithmic Sobolev inequalities on Gaussian space provide an infinite di-
mensional analog of Sobolev inequalities, cf. e.g. [21]. On Riemannian path space
[6] and on Poisson space [1], [28], martingale methods have been successfully
applied to the proof of logarithmic Sobolev inequalities. Here, discrete time
martingale methods are used along with the Clark predictable representation
formula (8.2) as in [10], to provide a proof of logarithmic Sobolev inequalities
for Bernoulli measures. Here we are only concerned with modified logarithmic
Sobolev inequalities, and we refer to [25], Theorem 2.2.8 and references therein,
for the standard version of the logarithmic Sobolev inequality on the hypercube
under Bernoulli measures.
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The entropy of a random variable F' > 0 is defined by
Ent [F] = E[Flog F] — E[F]logE[F],

for sufficiently integrable F'.

Lemma 13.1 The entropy has the tensorization property, i.e. if F,G are suf-
ficiently integrable independent random variables we have

Ent [FG) = E[FEnt [G]] + E[GEnt [F]]. (13.2)
Proof. We have

Ent [FG] = E[FGlog(FG)] - E[FG]logE[FG]

= E[FG(logF +log G)] — E[F|E[G](logE[F] + log E[G])

= E[G]E[Flog F] + E[F|E|G logG)] — E[F]E[G](logE[F] + log E[G])
E[FEnt [G]] + E[GEnt [F]].

O

In the next proposition we recover the modified logarithmic Sobolev inequality
of [5] using the Clark representation formula in discrete time.

Theorem 13.3 Let F' € Dom (D) with F > n a.s. for some nn > 0. We have
1
Ent [F] <E [F|DF||§2(N)] : (13.4)

Proof. Assume that F' is Fy-measurable and let M,, = E[F' | F,], 0 <n < N.
Using Corollary 7.6 and the Clark formula (8.2) we have

My=Ma+) wYs, 0<n<N,
k=0

with up = E[DpF | Fx-1], 0 < k < n < N, and M_; = E[F]. Letting f(z) =
x log x and using the bound

flx+y)— flx) = ylogz+ (x+y)log (1+ %)
y(1+10gx)+§,

IN

we have:

Ent[F] = E[f(My)] —E[f(M_1)]

N
- E|Y/0n) - f(M“)]
k=0



N. Privault/Stochastic analysis of Bernoulli processes 467

= E f(My_1 4 Yiug) — f(Mkl)]

2,2
Yy ug
M1

IN
&=

- T

quk(l + log Mkfl) +

>
Il
=)

1

W(E[DkF | fkl])Q]

IN
&=

(=M=

1
E|= 2 _
[F|DkF| | Fi 1H
0
= E

|DiF|?

Sl
] =

>
Il

0

where we used the Jensen inequality and the convexity of (u,v) — v?/u on
(0,00) x R, or the Schwarz inequality applied to 1/v/F and (DyF/vF)en,
as in the Wiener and Poisson cases [6] and [1]. This inequality is extended by
density to F' € Dom (D). O

Theorem 13.3 can also be recovered by the tensorization Lemma 13.1 and the
following one-variable argument: letting p+¢ = 1,p,¢ > 0, f : {—1,1} — (0, c0),
E[f] = pf(1) + ¢f(=1), and df = f(1) = f(=1) we have:
Ent [f] = pf(1)log f(1) + ¢f(=1) log f(=1) — E[f]log E[f]
= pf(1)10g(E[f] + qdf) + qf(=1) log(E[f] — pdf) — (pf(1) + ¢f(=1)) log E[f]
_ df df
=pf(1)log (1 + QW> +qf(-1)log (1 - pm)
df df s

< pr(UW —qu(—l)m IR

< pgE [%Idflz] :

Similarly we have

Ent(f] = pf(1)logf(1) +af(~1)log f(~1) — E[f] logEl/]
= p(E] +qd) log(ELS] + qdf)
a(EL) — pdf) log(ELf] — pdf) — (0f (1) + af (1)) log EL]
PE[]log (1 ; q%) + padflog £(1)
+qE[f]log (1 —p%) ~ gpdflog f(~1)
padf log £(1) — pgdf log f(—~1)
pqE [dfdlog f],

I IA
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which, by tensorization, recovers the following L' inequality of [11, 7], and
proved in [28] in the Poisson case. In the next proposition we state and prove this
inequality in the multidimensional case, using the Clark representation formula,
similarly to Theorem 13.3.

Theorem 13.5 Let F' > 0 be Fn-measurable. We have

N
Ent [F]<E [Z Dy FDylogF
k=0

(13.6)

Proof. Let f(z) = xlogx and
V(z,y) = (z +y)log(z +y) —wlogz — (1 +logz)y, =z, v+y>0.
From the relation

Yiuy = YyE[DyF | Fr_1]
Gl i,y E(FS — F) | Feoa] + pelix——n E[(F, — FF) | Feoil
= 1xe=nE[(Ff - FO)lix=—1y | Fr-1]
+ 1 =0 EF, — F)Lx=1 | Fe-il,

we have, using the convexity of U:

N
Ent [F]=E lz (M1 + Yyug) — f(Mkl)]

k=0

U(My_1, Yiug) + Yiur(l + log Mkl)]

N
> WMy, Yiu)

IN
&=

N
> E[pp¥ (F, (Ff = F)1x,——1y)

+ @V (F, (Fy — F)1ix,=1y) | fkl]]

N
k£ lzpkl{xk—l}‘l’ (Fe B = FY) + ael =0y ¥ (B By = FY)
k=0
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[ N
= E > peanV(F Ff — Fp) + peaeV(F Fy — )
Lk=0

' N
= E ZPkaGOngj—10gF1;)(F13L—F1;)
Lk=0
[ N
= E|> DiFDylogF
Lk=0

The proof of Theorem 13.5 can also be obtained by first using the bound
flz+y) — f(z) =ylogz + (z +y) log (1 + %) < y(1 +logx) + ylog(x + y),

and then the convexity of (u,v) — v(log(u + v) — logu):

N
Ent [F]=E lz f (M1 + Yiug) — f(Mkl)]
k=0
N
< E Z quk(l + 10g Mkfl) + Yiup 10g(Mk71 + quk)
k=0
N
= E Z Yiur(log(My—1 + Yiug) — 10ng1)]

k

k
[P+ (Ff = Fy)ixum_1) | Foos] — logEIF | Fi 1]
— Pk E[DiF | Fi—1]

x (logE[F + (Fy7 = FN)1ix,= 1) | Fx—1] — logE[F | fkl])]

Il
=)

WE

VPrQeE[DyF | Fi—1]

X
—
—
o |
omQ o
&=

IN

N
E lz E[vPraxDiF (log(F + (Fyf — Fy )1{x,——1}) — log F)
k=0

— VPra D F (log(F + (Fy, — Fi/)1x,=1}) — log F) | fkl]]

N
= E[Z \/pquDkFl{szfl}(longJr —10gF];)
k=0

— VoD F1x,—1)(log F; —log Fk‘L)
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IN

N
E [Z VPearq DeF(log F — log Fy) — \/prqipk Di F (log ;. — log F}Y)
k=0

N
= E [Z DyFDylogF
k=0

The application of Theorem 13.5 to ef” gives the following inequality for F > 0,
Fn-measurable:

Ent[ef] < ]E[

_El

= E

Dy FDye” ]

= 17

kak‘I’(eF’;,eF’: —ef) +kak‘I’(€F’:,€F7 - €F’:)]

>
Il
=)

kakeF’;((Flj—Fk*)eFf:*Fk _ P -FL +1)

M) =

=

(=)

+ peare™ (Fy — FH)ef =F —eFe =B 1 1)

N
> pil e (B = Bl — o 4
k=0

= E

+ @il x,—ny e (F — FH)eFe =00 — eFo =B 1)

N
= E leF > VPG| Yel (Ve FeVeE — Vel 4 1)1 (13.7)
k=0
This implies
N
Ent[ef] <E leFZ(kaeWF —eVrf 1) (13.8)
k=0

As already noted in [7], (13.6) and the Poisson limit theorem yield the L'
inequality of [28]. Let M,, = (n+ X1 +---+ X,,)/2, F = ¢(M,), and p;, = \/n,
k€N, A > 0. Then

i DkFDk 10g F
k=0
- % (1 - %) (n — M) (e(M,, + 1) — p(My)) log(e(My, + 1) — ¢(M,))
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In the limit we obtain
Ent [p(U)] < AE[(¢(U + 1) = ¢(U))(og (U + 1) —log p(U))],

where U is a Poisson random variable with parameter A. In one variable we
have, still letting df = f(1) — f(—1),

= (e’ — SV (F(1) - f(-1))
pqef(fl)((f(l) _ f(_l))ef(l)ff(fl) — S 4 1)
—|—pqef(1)((f(—1) _ f(l))ef(fl)ff(l) — D= 1)
< qefTV(F) = f(=1)efDFED S W=D gy
+pef W ((F(=1) = f(1))ef DI _ o/ (=D=1() 4 1)
= Ele/(VfeVS —eVl + 1)),

Ent[e/] < pqE [de/dloge’]

where Vyj, is the gradient operator defined in (7.7). This last inequality is not
comparable to the optimal constant inequality

N
Ent[¢"] <E [SF > peae(|VeFlel VT — el Vil 4 1)
k=0

, (13.9)

of [5] since when F," — F,_ > 0 the right-hand side of (13.9) grows as F:62Fk+,
instead of F, el Y in (13.8). In fact we can prove the following inequality which
improves (13.4), (13.6) and (13.9).

Theorem 13.10 Let F be Fy-measurable. We have

N
eFZpqu(VkFev’“F—ev’“F—Fl)
k=0

Ent [ef] <E : (13.11)

Clearly, (13.11) is better than (13.9), (13.7) and (13.6). It also improves (13.4)
from the bound
re® —e"+1< (e — 1), zeR,

which implies
eF(VFeVE —eVE 1) <ef'(eVF —1)2 = e F| Vel |2

By the tensorization property (13.2), the proof of (13.11) reduces to the follow-
ing one dimensional lemma.

Lemma 13.12 Forany0<p<1,teR,aeR,¢g=1—p,

pte! + qae® — (pet + qea) log (pet + qea)
S q (qea ((t— a)etfa _ eiﬁfa 4 1) _|_p€t (((L _t)eaft _ eaft 4 1)) .
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Proof. Set
50 = Pl (E— )" e D) et (0=t = et 1))
—pte! — qae® + (pet + qea) log (pet + qea) .
Then

g (t) = pq (qea(t —a)e'™" + pe (—eait + 1)) — pte' + pe’ log(pe’ + ge®)

and ¢”(t) = pe'h(t), where

pe’

h(t) = —a — 2pt — p + 2pa + p*t — p*a + log(pe’ + qe®) + —
pe’ + qe?

Now

2p€t p2e2t
Mit) = -2 2 _
©) PRV b e (pel + qe)?
pg*(e' — e*)(pe’ + (¢ +1)e*)

(pet + ge)?

3

which implies that h'(a) = 0, 2/(t) < 0 for any t < a and h/(t) > 0 for any
t > a. Hence, for any ¢ # a, h(t) > h(a) = 0, and so ¢”(t) > 0 for any ¢ € R and
g"(t) = 0 if and only if ¢t = a. Therefore, ¢’ is strictly increasing. Finally, since
t = a is the unique root of ¢’ = 0, we have that g(t) > g(a) = 0 for all t € R.

O

This inequality improves (13.4), (13.6), and (13.9), as illustrated in one dimen-
sion in Figure 1, where the entropy is represented as a function of p € [0, 1] with
f(1) =1 and f(—1) = 3.5. The inequality (13.11) is a discrete analog of the
sharp inequality on Poisson space of [28]. In the symmetric case py = qr = 1/2,
k € N, we have

Ent [e]

IN

N
E [erpqu(kaeWF —ViF+1)
k=0

N
1 - - .
= —E[E P (Fy = Fy e = —efd P 41)

8
k=0

+ e (Fy — F)efe —B — eFe =5 41)

1 N + -
= 3E lZ(eFk — el ) (B - FY)

k=0

1 N
— F
= §IE LEODkFDke ] ,
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16 7 optimal

14- modified

L1

6* sharp
4 entropy

0 0.2 04 p 06 0.8 1
Fic 1. Graph of the entropy as a function of p.

which improves on (13.6).
Letting F = ¢(M,,) we have

N
E |jiF Zpqu(VkFev’“F —ViF +1)

k=0
_ 2 (1 — 3) E [Mne“"(M")
n n
x ((p(Mp) — (M, — 1))eso(Mn)fso(Mnfl) — eP(Mn)=p(Mn—=1) o 1)}

—i—i (1 - é) E [(n — M,,)e?Mn)
n n
% (@M +1) = (M ))er M=) _ oMt =e(0Mo) 4 1))

and in the limit as n goes to infinity we obtain
Ent [esa(U)] < )\]E[e*"(U)((ga(U +1)— (p(U))esa(UJrl)fsa(U) — epUHD)=o(U) 1],
where U is a Poisson random variable with parameter A. This corresponds to

the sharp inequality of [28].

14. Change of variable formula

In this section we state a discrete-time analog of Itd’s change of variable formula
which will be useful for the predictable representation of random variables and
for option hedging.
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Proposition 14.1 Let (M,,)nen be a square-integrable martingale and f: R x
N — R. We have

(M, n)
= f(M-q,-1)+ Z Dy f(My, k)Y + ZE[f(Mk, k) — f(My—1,k —1) | Fr—1]
k=0 k=0
+ 3 F(My_y, k) — f(Mi_y, k— 1) (14.2)
k=0

Proof. By Proposition 8.9 there exists square-integrable process (uy)ren such
that

Mn:Mfl'i_ZukYk; n € N.
k=0

f(Mnan) - f(Mfla _1)

=3 f(My, k) = f(My—1,k—1)

=" F(Mi k) = fF(Mi—1,k) + f(My—1, k) — f(My—1,k —1)

= kZ:O z—: (f (Mkl +Uk\/zj:; k) - f(Mkl,k)> Yy
+ Zﬁ1{)(,6271} (f (Mkl + Uk\/@, k) — f(Mj—1, k))
qk Pk
+1x,=—1) (f (Mkl — ug \/zi:, k) — f(Mg—1, k))

n

Similarly we have

f(My,n) = f(M_y,-1) _z": o (f (Mkl — Uk Zﬁ,k) —f(Mkl,k)> Vi
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+ Z 1{X;c WE[f (Mg, k) — f(My—1,k) | Fr—1]

n

+ D f(My—1,k) = f(My—1,k = 1),

k=0

Multiplying each increment in the above formulas respectively by ¢ and pj and
summing on k£ we get

f(Mnan) = f(Mfla _1)

+Z\/kak (f (k1+uk\/zj:,k> f(Mk 1—uk\/§7: k))Yk

+Z]E (Mg, k) | Fr—1) = f(Mg—1,k - 1)

+Zf(Mk*1’k) — f(Mg—1,k—1).
k=0

Note that in (14.2) we have

Dy f(My, k) = \/kak<f (Mk1+uk q—k,k>

k

—f<Mk1—uk ZﬁJﬂ)), keN.
qk

On the other hand, the term
E[f(Mg, k) — f(Mg—1,k —1) | Fr—1]

is analog to the generator part in the continuous time It6 formula, and can be
written as

rf (Mkl‘i‘ukﬂz_];ak) +anf (Mkl _Ukﬂz_:ak> —f(Myg—1,k—=1).

When p,, = ¢, = 1/2, n € N, we have

f(Mn,n) = f(Mil,_l)_i_if(Mkfl +’Ulk;k);f(Mk,1—uk,k)Yk
k=0
n f(Mkfl + ug, k) — f (Mk,1 — U, k) — 2f (Mkfl — up, k)

+Zf(Mk*1’k) — f(Myg—1,k—1).

k=0
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The above proposition also provides an explicit version of the Doob decompo-
sition for supermartingales. Naturally if (f(M,,n))nen is a martingale we have

f(Mnan) = f(Mfla _1)

+vaka (f (Mkl +uk\/@, k) - f (Mkl —uk\/E, k)) Yy
k=0 Dk qk

= f(M_y,=1)+ ) Dy f(My, k)Y
k=0

In this case the Clark formula, the martingale representation formula Proposi-
tion 8.9 and the change of variable formula all coincide. In this case, we have in
particular

Dy f(My, k) = E[Dpf(Mp,n) | Fr—1] = E[Dpf(Mg, k) | Fr-1], ke N.
If F'is an Fn-measurable random variable and f is a function such that
EIF | Fol = f(Mayn), —1<n <N,
we have F' = f(My, N), E[F] = f(M_-1,—1) and

F = E[F]+ ) E[Dif(My,N)| Fr1]Ys
k=0

= E[F]+ ) Dif(My, k)Y
k=0

= E[F]+ ZDkE[f(MNa N) | FilY.
k=0
Such a function f exists if (M, )pen is Markov and F' = h(Mp). In this case,
consider the semi-group (Pj n)o<k<n<n associated to (Mp)nen and defined by

[Pr.nh](z) = E[A(My) | M}, = x].

Letting f(z,n) = [P, nh](x) we can write

n n

F=E[F]+ > E[Dyh(My) | Feo1]Vs = E[F]+ > Di[Prnh(My)]Yr.
k=0 k=0

15. Option hedging in discrete time

In this section we give a presentation of the Black-Scholes formula in discrete
time, or Cox-Ross-Rubinstein model, see e.g. [9, 19], §15-1 of [27], or [24], as an
application of the Clark formula.
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In order to be consistent with the notation of the previous sections we choose
to use the time scale N, hence the index 0 is that of the first random value of any
stochastic process, while the index —1 corresponds to its deterministic initial
value.

Let (Ag)ren be a riskless asset with initial value A_1, and defined by
H 1+ 7), n €N,

where (71 )ken, is a sequence of deterministic numbers such that r, > —1, k € N.
Consider a stock price with initial value S_;, given in discrete time as

(1 + bn)Snfla Xy = 15
(I1+an)Sp-1, Xpn=-1, neN,

n —

where (ag)ren and (bg)ren are sequences of deterministic numbers such that
-1 <ap <rp < by, ke N.

We have

" 14 by, \ /2
Su =5 [[ VA0 +an) ( ’“)  neN.
k=0

1+ ay

Consider now the discounted stock price given as

S’n = 12[1+Tk -1

1+ b Xx/2
= 31H<1+ 1+bk)(1+ak)(1+ak> ), n € N.

If -1 <ap <7 < b, K€ N, then (S’n)neN is a martingale with respect to
(Fn)n>—1 under the probability P* given by

pk:(rk—ak)/(bk—ak), qk:(bk—Tk)/(bk—ak), k eN.

In other terms, under P* we have

E*[Snt1 | Fol = (14 7041)5n, n > -1,

where E* denotes the expectation under P*. Recall that under this probability
measure there is absence of arbitrage and the market is complete. From the
change of variable formula Proposition 14.1 or from the Clark formula (8.2) we
have the martingale representation

— ag

k-

bi
S, =81+ Z YDy Sy = S_1 + Z S—1/Prdx

k=0 k=0 1+
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Definition 15.1 A portfolio strategy is a pair of predictable processes (Nk)keN
and (Ck)ken where ni, resp. (i represents the numbers of units invested over the
time period (k,k + 1] in the asset Sk, resp. Ay, with k > 0.

The value at time k& > —1 of the portfolio (nx, (i )o<r<n is defined as
Vi = Cet1Ak + Mk+15k, k> -1, (15.2)

and its discounted value is defined as

Vo=Vo [[Q+m)™",  n>-1 (15.3)
k=0

Definition 15.4 A portfolio (nk, Ck)ken is said to be self-financing if
An(<n+1 - Cn) + Sn(nnJrl - 7771) =0, n > 0.
Note that the self-financing condition implies

Our goal is to hedge an arbitrary claim on 2, i.e. given an Fy-measurable
random variable F' we search for a portfolio (1, (k)o<k<n such that the equality

F=Vy= CNAN + SN (15.5)
holds at time N € N.

Proposition 15.6 Assume that the portfolio (i, Ck)o<k<n 1S self-financing.
Then we have the decomposition

n

Vo= Vo [JA+me) + ) niSicavpigibs —an)Ys [[ @+re). (157
1=0

k=0 k=i+1
Proof. Under the self-financing assumption we have
Vi=Vicr = G(Ai— A1) +ni(S; — Si—1)
= 7riGA 1+ (ailix,——1) +bilx,—1})niSi—1
= miSi—1(ailix,——1y + bilix,—1y —75) +1iViy
= 1Si—1vPigi(bi — a;)Yi +1iVi-1, ieN,
hence for the discounted portfolio we get:
i i-1
Vi-Vieo = [[a+m) " Vi- [T +r) Vi
k=1 k=1
= H(1 + 1) (Vi = Viey —1iVia)
k=1
= 1Si—1vPiqi(bi — a;)Y; H(1 +rR) i eN,
k=1
which successively yields (15.8) and (15.7). O
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As a consequence of (15.7) and (15.3) we immediately obtain

Vn—v 1+Z77181 1\/1%% YH 1+Tk 1, TLZ—l (158)

The next proposition provides a solution to the hedging problem under the
constraint (15.5).

Proposition 15.9 Given F € L*(Q, Fy), let

N
1
- E*[D,F | Fpn_ 147)7 1, 0<n<N,
g Snflx/pn(In(bn - an) [ | 1] k:l_n];rl( k)
(15.10)
and
N
(o= AT ( I] G+r) "B F | 7] - nnsn> : 0<n<N. (15.11)
k=n-+1

Then the portfolio (N, Ck)o<k<n 1S self financing and satisfies

N
CnAn+77nSn: H (1+Tk)7lE*[F|.7:n], 0<n<N,
k=n-+1

in particular we have Vy = F, hence (N, Ck)o<k<N @S a hedging strategy leading
to F'.

Proof. Let (ni)-1<k<n be defined by (15.10) and n_; = 0, and consider the
process ((n)o<n<n defined by

o N
Hl—i—rk “1 and
1

,1 = S
—n)S
Chy1 = Ck — (s = ) Si : k=—-1,...,.N—1
Ay,
Then (nx, (x)—1<k<n satisfies the self-financing condition
Ak(Cet1 — C) + Sk(mes1 —m) =0, —1<k<N-1
Let now
N
Vo =B F][[@+m)™", and Vi, =Gudn+70S., 0<n<N,
k=0
and
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Since (Mg, (k)—1<k<n is self-financing, Relation (15.8) shows that

Vn—v 1+ZY77181 1\/}%%( )H(1+Tk) 5 —1 STLSN (1512)

1=0 k=1

On the other hand, from the Clark formula (8.2) and the definition of () —1<k<n
we have

N
E*[F | F] Hl—l—rk -1

N N N
= E B [F [ +m) "' + ) YiE'[DiF | Fia H (14 re) |7 n]
k=0 1=0 k=0

N n N
= EFI[J+re) Y VB (DF | Fia] [T +ra) 7!
k=0 1=0 k=0

N n
= E P[] +re) ™+ YimiSimay/pigi(bs — ai) [J (1 +70) ™"

k=0 =0 k=1

from (15.12). Hence

N
Vo =B [F| A [Ja+m)™", -1<n<N,
k=0
and
N
Vo =EF|F] [ @+m)!, -1<n<N.
k=n-+1

In particular we have Vy = F. To conclude the proof we note that from the
relation V;, = (, Ay + 1nSn, 0 < n < N, the process (¢,)o<n<n coincides with
(Cn)o<n<n defined by (15.11). 0

Note that we also have
N
Cp1An + 1 Sn =B [F | F) J[ C+m)™',  —1<n<N.
k=n-+1

The above proposition shows that there always exists a hedging strategy starting

from
N

Vo =B F ] +re)
k=0
Conversely, if there exists a hedging strategy leading to
N
Vn=F[[0+r)™",
k=0
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then (f/n)flgng N 18 necessarily a martingale with initial value

N
f/fl: * H 1—|—Tk -1
k=0

When F = h(Sx), we have E*[h(Sy) | Fi] = f(Sk, k) with

f(x,k)—lE*l ( H VA + b1+ ar) (1+bk>xk/2>]'

ikt 1+ 7 1+ ap

The hedging strategy is given by

N
1 N
= Dy f(Sk, k 14+7)"t
I Sk—1+/Prek (b — ax) kf Sk )1:111( )
va_k+1(1+m>1( ( 1+ by ) ( 1+ a ))
= S ) = f( S k)), k>l
Skfl(bk_azk) f k— 11+ f k 11—|—Tk

Note that 7y is non-negative (i.e. there is no short-selling) when f is an increasing
function, e.g. in the case of European options we have f(z) = (z — K)™.
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