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Abstract: The periodic unfolding method was introduced in [4] by D. Cioranescu,
A. Damlamian and G. Griso for the study of classical periodic homogenization.
The main tools are the unfolding operator and a macro-micro decomposition of func-
tions which allows to separate the macroscopic and microscopic scales.

In this paper, we extend this method to the homogenization in domains with holes,
introducing the unfolding operator for functions defined on periodically perforated do-
mains as well as a boundary unfolding operator.

As an application, we study the homogenization of some elliptic problems with a
Robin condition on the boundary of the holes, proving convergence and corrector results.

1 — Introduction

The homogenization theory is a branch of the mathematical analysis which
treats the asymptotic behavior of differential operators with rapidly oscillating
coefficients.

We have now different methods related to this theory:

e The multiple-scale method introduced by A. Bensoussan, J.-L. Lions and
G. Papanicolaou in [2].
e The oscillating test functions method due to L. Tartar in [13].

e The two-scale convergence method introduced by G. Nguetseng in [12],
and further developed by G. Allaire in [1].
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Recently, the periodic unfolding method was introduced in [4] by D. Ciora-
nescu, A. Damlamian and G. Griso for the study of classical periodic homogeniza-
tion in the case of fixed domains. This method is based on two ingredients: the
unfolding operator and a macro-micro decomposition of functions which allows
to separate the macroscopic and microscopic scales. The interest of the method
comes from the fact that it only deals with functions and classical notions of
convergence in LP spaces. This renders the proof of homogenization results quite
elementary. It also provides error estimates and corrector results (see [10] for the
case of fixed domains).

The aim of this paper is to adapt the method to the homogenization in do-
mains with holes. To do so, we define in the upcoming section the unfolding
operator for functions defined on periodically perforated domains. We also de-
fine in Section 5 a boundary unfolding operator, in order to treat problems with
nonhomogeneous boundary conditions on the holes (Neumann or Robin type).
The main feature is that, when treating such problems, we do not need any ex-
tension operator. Consequently, we can consider a larger class of geometrical
situations than in [2], [5], and [7] for instance. In particular, for the homogeneous
Neumann problem, we can admit some fractal holes like the two dimensional
snowflake (see [16]). For a general nonhomogeneous Robin condition, we only
assume a Lipschitz boundary, in order to give a sense to traces in Sobolev spaces.

The paper is organized as follows:

e In Section 2, we define the unfolding operator and prove some linked prop-
erties.

e In Section 3, we give the macro-micro decomposition of functions defined
in perforated domains.

e In Section 4, we introduce the averaging operator and state a corrector
result.

e In Section 5, we define the boundary unfolding operator and prove some
related properties.

e In Section 6, as an application, we treat an elliptic problem with Robin
boundary condition.
2 — The periodic unfolding operator in a perforated domain

In this section, we introduce the periodic unfolding operator in the case of
perforated domains.
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In the following we denote:

e  an open bounded set in RV,

N

e Y = []]0, ;] the reference cell, with {; > 0 for all 1 < i < N, or more gen-
i=1

erally a set having the paving property with respect to a basis (b1, - ,by)

defining the periods,

e T an open set included in Y'such that 971" does not contain the summits of Y.
We can be, sometimes, transported to this situation by a simple change
of period,

e Y* =Y\T a connected open set.

We define

T°=Je¢+7) and QF =O\T°.
gezN

Figure 1 — The domain ©° and the reference cell Y

We assume in the following that ¢ is a connected set. Unlike preceding
papers treating perforated domains (see for example [5],[6],[7]) we can allow
that the holes meet the boundary 92. In the rest of this paper, we only take
the regularity hypothesis

(1) 100 =0 .

Remark 2.1. The hypothesis aforementioned is equivalent to the fact that

the number of cells intersecting the boundary of Q is of order e~V

[11, Lemma 21]). o

(we refer to



470 DOINA CIORANESCU, PATRIZIA DONATO and RACHAD ZAKI

Remark 2.2. An interesting example on the hypotheses aforementioned
would be the lattice-type structures for which it is not possible, in some cases,
to define extension operators. This situation happens if the holes intersect the
exterior boundary 02 (see [7],[8]). o

In the sequel, we will use the following notation:

e ¢ for the extension by 0 outside Q° (resp. ) for any function ¢ in LP(QF)
(xesp. LP(Q),

e ¢ for the characteristic function of QF,

Y]

Y|’

e ¢ for the proportion of the material in the elementary cell, i.e. 0 =

e p(Y) for the diameter of the cell Y. o

By analogy to the 1D notation, for z € RV, [z]y denotes the unique integer
j=N

combination ) k;b;, such that z — [z]y belongs to Y. Set {z}y =2z —[z]y
j=1

(see Fig.2). Then, for almost every z € RY, there exists a unique element in RY,

denoted by E} . such that

where

Figure 2 — The decomposition z = [z]y + {z}v
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Definition 2.3. Let ¢ € LP(Q°), p € [1,+00]. We define the function
To(p) € LP(RVxY™) by setting

([T
(2) T(p)ey) = 3 (2] +ev) |
for every x € RN and y € Y*. o

Remark 2.4. Notice that the oscillations due to perforations are shifted
into the second variable y which belongs to the fixed domain Y™, while the first
variable = belongs to RY.

One see immediately the interest of the unfolding operator. Indeed, when
trying to pass to the limit in a sequence defined on )¢, one needs first, while using
standard methods, to extend it to a fixed domain. With 7., such extensions are
no more necessary. 0

The main properties given in [4] for fixed domains can easily be adapted for
the perforated ones without any major difficulty in the proofs. These properties
are listed in the proposition below.

To do so, let us first define the following domain:

f?zlnt(Us(f—i—Y)), where A€:{§€ZN; 5(§+Y)OQ§£¢}.

§EA

The set QF is the smallest finite union of €Y cells containing €.

Figure 3 — The domain QF
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Proposition 2.5. The unfolding operator 7. has the following properties:
1. 7 is a linear operator.
2. T(p) (x, {g}y) =(x), Vo€ LP(QF) and x € RV,
3. T(pp) =T(p) T-(¢), Vo, v € LP(F).
4. Let ¢ in LP(Y') or LP(Y™*) be a Y -periodic function. Set ¢°(x) = ¢ (g)
Then,
() (z,y) = @(y) -

5. One has the integration formula

1 1
/@dx T.(p) dx dy = T.(p)dxdy, YoeL'(QF).
e 1Y Jowsy 1Y Ja sy

6. For every p € L?(9°), T-(p) belongs to L?>(RNxY™). It also belongs to
L2(QexY™).
7. For every ¢ € L?(QF), one has

1 Z(O)l L2 @rxy+) = VIY el 222 -
8. VyL(p)(z,y) = eT(Vap)(z,y) for every (z,y) € RNxY™.
9. If o € HY(QF), then T.(y) is in L2(RY; H(Y™)).
10. One has the estimate

IVyTe (D)l (L2 @vxy oy = € VIV Vel 2@y

Proof: The proof follows along the lines of the corresponding one in the case
of fixed domains (see [4]). For the reader’s convenience, we prove here the fifth
assertion.

Let ¢ € L*(QF). One has

/Ego(:n) dx = /N o(x)de = ZA /(EJFY)&(QC) dx

56

_ Z/ - +5y> gNdy /a(€+Y) lé(f—li—Y)| dx

£€A

’Y’ 5%; /§+Y ><Y*

since ¢ is null in the holes. The desired result is then straightforward. m

€ E]y+ €y> dxdy ,
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N.B. In the rest of this paper, when a function v is defined on a domain con-
taining Q°, and for simplicity, we may use the notation 7z (¢) instead of Z¢(¢|qe ).

Proposition 2.6. Let ¢ € L?(2). Then,
1. T.(¢) — @ strongly in L>(RNxY™),
2. ox° — 0o weakly in L?(),
3. Let (¢°) be in L?(QQ) such that
©° — ¢ strongly in L*(Q) .

Then,
T.(¢°) — &  strongly in L*(RVxY™) .

Proof: 1. The first assertion is obvious for every ¢ € D(2).
If o € L?(Q), let ¢ € D(Q) such that ¢ — ¢ in L?(Q). Then

17:(¢) — PllL2mixy*) <
< | 7:(p) — 7;?(9076)”L2(]RN><Y*) + 117 (px) — ‘PkHLQ(RNxY*) + ok — 95HL2(RNxY*) )
from which the result is straightforward.

2. The sequence ¢ is bounded in L?(Q). Let ¢ € D(2). From 3 and 5 of
Proposition 2.5, one has

[oxvie = [ gvan = 2 [ Tew)daay

Consequently,

1 Y
oxYdr — oY drdy = ey d .
/Q Y| Jrvyy Y| Ja
3. One has
/ (T(¢%) — 3)  dudy <
RNxY*

<2([ (T -T@) ddy+ [ (T - dsan)
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On one hand, by using 1 and 7 of Proposition 2.5, we get as ¢ — 0
£ 2 £ 2
[ (@) - T@) dndy = [ (T ) dady
RNVxY* RNVxY*
—1¥| [ (- oPda
QE

!Yl/(wg—tpfdw — 0.
Q

IN

On the other hand, by using 1, one has

lim (’Z}(cp) — @)dedy =0.
e—=0 JpNyy*

Therefore, assertion 3 holds true. n

Proposition 2.7. Let ¢ be in L*(QF) for every ¢, such that
T.(¢°) =~ @ weakly in L*(RVxY™) .

Then,
—~ 1
o = — | @(,y)dy weakly in L*RY).
Y] Jy

Proof: Let ¢ € D(Q). Using 3 and 5 of Proposition 2.5, one has successively

— 1
[ Fvin = [ Gvde = o [ Tiydeay
RN Qe ‘Y‘ RNxY*
1
= = T (¢°) T-(¥) dx dy .
‘Y‘ RVxY*
This gives, using 1 of Proposition 2.6
N 1 R 1 ~
Phdr — Pz, y)Y(z)dedy = Pz, y)dyp Y(x)de .
RN Y| Jray Y] Jrn L y+

Proposition 2.8. Let ¢¢ be in L?()°) for every e, with

e[l 2s) < C s

ellVae™[l(z2@eyn < C .
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Then, there exists @ in L?(R; H'(Y*)) such that, up to subsequences
1. T.(¢°) = @ weakly in L2(RN; H'(Y™)),

2. eT.(Vop®) — V@  weakly in L2(RN x Y*),
where

y—2(,y) € L*RY;H,,.(Y?) .

Proof: Convergence 1 is immediate and 2 follows from 8 in Proposition 2.5.
It remains to prove that @ is periodic. To do so, let ¢y € D(2xY™*). By using the
definition of 7; and a simple change of variables, we have

/RNXY* (7-5(905) (z,y+lie;) — Te(¢%) (xjy)) U(x,y) dedy =

— /RNXY* <g0€ (5 [g]ij elie; + ay) —¢° (5 E}YJF 5y>>¢(x,y) dx dy

x

B /RNXy*(pE (E [E}YJF Ey) {w (z—elie,y) — ¢ (m,y)} dx dy .

Passing to the limit, we obtain the result since ¢ (x —¢cl;e;,y) — ¢ (x,y) — 0 when
e—0.n

3 — Macro-Micro decomposition

Following [4], we decompose any function ¢ in the form

0 = Qc(p) + Re(v) ,

where R. is designed in order to capture the oscillations.

As in the case of fixed domains, we start by defining Q.(¢) on the nodes ¢
of the eY-lattice. Here, it is no longer possible to take the average on the entire
cell Y as in [4], but it will be taken on a small ball B, centered on £ and not
touching the holes. This is possible using the fact that 9T does not contain the
summits of Y. However, B, must be entirely contained in 2°.
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To guarantee that, we are let to define Q.(¢) on a subdomain of Q° only.
To do so, for every § > 0, let us set

ng{xeﬁ; d(x,89)>5} and @:In‘c< U6(§+Y)>,

geln

where
I = {5 cZN; e(¢+Y) C Qg} .

Figure 4 — The domains Q§ and Q\f;

The construction of the decomposition is as follows:

13

e For every node €&, in QZEp

(v) We define

Q:(0)(e&k) p(e& +ez)dz .

1

| Be| Jb.
Observe that by definition, any ball B, centered in a node of ﬁgsp(y)
is entirely contained in )¢, since actually they all belong to sz(y).

e We define Q.(¢) on the whole ﬁ;ap(y)’ by taking a (Qi-interpolate, as in
the finite element method (FEM), of the discrete function Q. (y)(e&y).

e On (¢

5ep(v): Re Will be defined as the remainder: Re(p) = ¢ — Qe(v).
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Proposition 3.1. For ¢ belonging to H*()?), one has the following proper-
ties:

1. HQ&(@)|’H1(§§EP<Y>) <C H‘)OHH1(§§

epv))

2. ||R5(80)||L2(§;EP(Y>) < C‘SHVQUSDH(LQ(ﬁgap(Y)))N s
3. HVQTRE(SO)”(LQ(QZW(y)))N <C Hvx(/)”([ﬁ(ﬁggp(y)))zv .

Proof: These results are straightforward from the definition of Q.. The proof,
based on some FEM properties, is very similar to the corresponding one in the
case of fixed domains (see [4]), with the simple replacement of Y by Y*. n

We can now state the main result of this section.

Theorem 3.2. Let ©° be in H'(QF) for every e, with %[l 71 (=) bounded.
There exists ¢ in H'(Q) and @ in L?(Q; H',,.(Y*)) such that, up to subsequences

per
1. Q.(¢°) = ¢ weakly in H} (Q),
- T(¢°) = ¢ weakly in Lj, (Q: H'(Y*)),

loc

- To(Ve(9%) = Ve + V@ weakly in L2 (Q; L2(Y™)).

loc

2

1
3. S T(Ru(¢f) = @ weakly in L}, (0 H'(Y*)),
4

Remark 3.3. When comparing with the case of fixed domains, the main

€

Sep(v) We have here

difference is that, since the decomposition was done on £
local convergences only. o

Proof of Theorem 3.2: Assertions 2, 3 and 4 can be proved by using the
same arguments as in the corresponding proofs for the case of fixed domains.
We consider here just the first assertion.

Let K be a compact set in 2. As d(K, ) > 0, there exists e > 0 depending
on K, such that

Ve<ex, KC ﬁggp(y) .

Hence,
19l < 1My, ) < Ol ) < Ol ey < C.
so that there exists some ¢ € H'(f2) such that

Q.(¢*) ~ ¢ weakly in H},(Q) .
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What remains to be proved is that ¢ € HY(Q). To do so, we make use of the
Dominated Convergence theorem.
Let us consider the sequence (2% )n. Observe that it is increasing. Indeed,

N
x €Ny :>d(ac<9(2)>i>L hence z€Q°, .
~ ’ N = N+1’ N1

Moreover, for every N, there exists e depending on Q% such that
N

Ve <epn, one has Q% CWepy) -

Let us define the sequence of functions (¢n)n for every N € N* as follows:

2
on = |l xa, -
N
Observe that
(3) the sequence (¢n)n is increasing .
Let us show that
(4) the sequence (¢yn)y belongs to L1(€).

One has successively

/ ondz = / ol2. X, dz = / o2 de < / o2 dz |
) Q ~ o O

1>
2ep(Y)

N

for a suitable €. Then, by Fatou’s lemma, one has

/Q"PN’dx < liminf/ﬁ ’Q680’2d37 < liminf HQ&(SDE)Hiz(Qg )"
e ep(Y)

2ep(Y)

Finally, Proposition 3.1(1) yields

< C 112 . < 07
Lloxl < Clelng, <

whence (4).
The next step is to prove that

(5) the sequence (@) x simply converges towards |p|? .
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Let z € Q, then d(z,00?) = a > 0 where a € R. There exists Ny € N* such
1

that o > N%)’ hence d(z,02) > ;- and z € Q°, . As the sequence (05 )y is
No N
increasing, we deduce that z € QF for all N > Ny. Hence,
N
XQEI(:E):]-7 VNENO,
~

and this ends the proof of (5).
Thanks to (3),(4) and (5), we can apply the Dominated Convergence theorem
to deduce that

o € L) and  lim /|<pN|d1: :/ o] da .
N—oo Jo Q
Consequently ¢ € L?*(Q).
Similarly, we prove that Vi € (L%(Q))". Thus, ¢ € H(Q). u
4 — The averaging operator U,

Definition 4.1. For ¢ € L?(RVxY™*), we set

U-(p)(z) = D}*‘ Y*go (8 [g]y—i— £z, {g}y) dz, forevery zeRY .o

Remark 4.2. For V € L'(R¥xY™), the function x +— V (x, {{} ) is gen-
ely

erally not measurable (for example, we refer to [5]-Chapter 9). Hence, it cannot
be used as a test function. We replace it by the function U (V). o

The next result extends the corresponding one given in [4].

Proposition 4.3. One has the following properties:
1. The operator U is linear and continuous from L?(RNxY™*) into L?(RY),
and one has for every ¢ € L?(RVxY*)
U= (D) 2wy < @l 2@ysy =)
2. U is the left inverse of 1. on ¢, which means that U. o T, = Id on )°,

1 T
S _ d 2(mN *
3. 7;3 (X US(SD)) (x’y) - |Y*| /};*gp (6 |:€:|Y+€Z’ y) dZ, VSD € L (R XY )7

4. U, is the formal adjoint of 7.
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Proof: 1. It is straightforward from Definition 4.1.

2. For every ¢ € L*(QF), one has

U (T () @) = [ T (c[2] 4 {2, ) 2
_ D}*' Y*w(g[[gyﬂ}yﬂ{jh) az
= |Y1*| YJ’”(‘? [ﬂy“{ﬁ}y) dz

1

= v p(x)dz = ¢(z) .

3. Let p € L? (RN), one has

T (XU: (9)) (z,y) = }

- |y*r “0(6 o {W} > "
v Y

= (ol e () o, )

= |Y*| <5 E}Y—F €z, y> dz .

4. For every ¢ € L? (]RN) and ¢ € L? (RNX Y*), we have

l’
9

5[7 +ey

1
W RN Y*Z(SO) (x, ) Y(z,y) dedy =
- ,y) dx d
gezz:N/@rY s ey vla,y) dedy
= |Y* Z /Y v p(e€ +ey) (e +ez,y) Ndzdy
cezN X
¢ t
B |Y* 5%\7 /Y*><5 §+Y <5[€]Y+€Z7{E}Y> dz dt
= / o(t)U(t) dt
RN

and the proof of Proposition 4.3 is complete. n
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Proposition 4.4.
1. Let ¢ € L?>(RY). One has

U.(p) — ¢ strongly in L*(RYN) .
2. Let p € L2(RVxY™). Then,
T. (X°U-(p)) — ¢  strongly in L?*(RVxY™*) ,

and )
Us(p) = %] Y*SO(-vy) dy  weakly in L*(RY) .

Proof: 1. If p € L%(RY), one has by definition

= 1 E N *
Us(p)(z,y) = v Y*go (5 [6]Y+ 52) dz, V(x,y) € RYxY™.

But ¢ (e [f]y +¢ez) — ¢(z) when € — 0, and this explains the result.

2. It is a simple consequence of 1 in Proposition 2.6, and Proposition 2.7. n
As in the case of fixed domains, one has

Theorem 4.5. Let ¢° be in L?*(QF) for every ¢, and let p € L?>(RVxY™).
Then,

1. T.(¢°) — ¢ strongly in L*(RY x Y*)
— ¢ —U.(p) — 0 strongly in L*(RN).

2. T.(¢°) — ¢ strongly in L2 (RN;L*(Y™))
2

= ¢ —U(p) — 0 strongly in L} (RV).

Proof: 1. Observe that
o2 = Uepll2@ry < C || (%) = Te(XUL) || oy
< C (1 T6°) = 0l agmmeyy + 19 = TOCUS) | oy s))
— 0, when €—0.

The converse implication is immediate.
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2. Let w CC Q, and v € D(RY) such that
>0 and Y=1 onw.

Then, by using 1 of Proposition 2.6, one has

1%(9° = Ue0) | 2movy
C ||7.€(w) (7-6“08) - Z(XE 5806)) ||L2(supp¢><Y*)

C <|| 7}(¢) (7:2(()08) - 90) || L2(suppyxY'*)

+ | () (¢ — T-(x° s‘Pa))HL?(suppWY*))

— 0, when ¢—0.n

l9* — Uspll 2wy <
<

IN

Remark 4.6. This result is essential for proving corrector results when study-
ing homogenization problems, as we show in Section 6. 0

5 — The boundary unfolding operator

We define here the unfolding operator on the boundary of the holes 97, which
is specific to the case of perforated domains. To do that, we need to suppose that
T has a Lipschitz boundary.

Definition 5.1. Suppose that T has a Lipschitz boundary, and let ¢ €
LP(9T?), p € [1,+0c]. We define the function 72(p) € LP(RVxOT) by setting

x
THp)@.y) = o (= HYJF ey) |
for every € RN and y € 9T. o

The next assertions reformulate those presented in Proposition 2.5, when
functions are defined on the boundary 07¢.

Proposition 5.2. The boundary unfolding operator has the following prop-
erties:

1. 72 is a linear operator.
x

2. T (p) (az, {g}y> = p(x), Yo € LP(OT?) and z € RV,
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3. T(pv) = T2(0) (), Ve, v € LP(T7).
4. Let ¢ in LP(JT) be a Y -periodic function. Set ¢®(x) = ¢ (g) Then,

(%) (2,y) = o(y) -

5. For every ¢ € L'(0T¢), we have the integration formula

/ po(z)do(z) = —— T4(0) () da do(y)
oTe elY| Jryxor
1
=V o T2(p)(z,y) drdo(y) .

6. For every ¢ € L?(0T¢), T>(p) belongs to L2(RVNx9T). It also belongs to
L2(Qex0T).
7. For every ¢ € L?>(0T¢), one has

||7;b(<P)||L2(RNxaT) = VelY] ||90||L2(3TE) .

Proof: The proof follows by the same arguments that those used for Propo-
sition 2.5. As an example, let us prove the integration formula.
Let ¢ € LY(0T¢). From the definition of T¢, one has

/aTE o(x)do(z) = Z /E(&GT)u(x) do(x) .

gehe

By taking = = ¢(£ + y), we have do(x) = eV~ do(y). Hence,

| e@iota) = 3 [ ulet+n) Nt aoty)

§EA:

1 —
) gA:E /e(5+Y) [e(€+Y)] de /(aT“(dE +y)) N Ldo(y)
1 . i
- m RNxaTu (5 [E]y+5{g}y) dzx do(y)
- 5’13/’ RNxaTIgb((P)(x’y) dz do(y)
1

= — T (o) (z,y) dedo(y) .
v | T dedoty)
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Proposition 5.3. Let g € L?(0T) and ¢ € H'(2). One has the estimate

[ s ) de do<y>] < O (IMor(9)] + ) [Vl gy -
RNxOT

1

= W aTg(?J) do(y).

where Mar(g)

Proof: Due to density properties, it is enough to prove this estimate for
functions in D(RY). Let ¢ € D(RY), one has

/ 9(y) T2(¢)(x,y) dx da(y)’ =
RNxOT

|
/RNXaTg(y) @ (5 [

_l’_

< € (IMor(9)| ez + € llglz2om) 190l z2aep ) -
The desired result is then straightforward by using the Poincaré inequality. m

Corollary 5.4. Let g€ I?(0T) be a Y-periodic function, and set g°(z) = g <§>

€
for all v € RN\ |J (6 +T). Then, for all ¢ € H'(S2), one has
gezN

| F@ e o) < C (Mar(@)] + ) 199l zzgaenys -
oTe €

Proof: The proof follows from 2 and 5 in Proposition 5.2 and Proposition
5.3. 1

Remark 5.5. This result allows in particular to prove, in a much easier way
than usual, accurate a priori estimates for several kinds of boundary conditions
in perforated domains, as done for instance in Section 6 where we study an
elliptic problem with Robin boundary condition. A priori estimates for this type
of problems have been previously obtained in literature (see [6] for instance) by
means of a suitable auxiliary problem due to Vanninathan [14], [15], allowing to
transform surface integrals into volume integrals. o
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Proposition 5.6. Let g€ L?(0T) be a Y -periodic function, and set ¢°(z)=
g<£>. One has the following convergence results as € — 0:
£

1. If Mar(g) # 0, then
| s@ewiot) — HlMorto) [ war. veemi@.

2. If Mpr(g) =0, then

/ (@) p(e)do(z) — 0, Ve HY(Q)
oTe

Proof: We prove these two assertions for all ¢ € D(RY) and then we pass
to the desired ones by density.

1. One has by unfolding

1> _ 1 3
5/8ng (z) p(z)do(x) = g ﬁxaTTeb(g )(z,y) T2(p)(2,y) dado(y)
1
= 7 o 90 T2(¢)(x,y) dedo(y) .
When ¢ — 0, we obtain
¢ 1 _ o7
o[ @ et o) = g [ ) ela) dedoty) = T Morto) [ oty da
2. As in the proof of Proposition 5.3, we have
R C T
/6 @ ew)do(o) < 2 /R 9w (e[Z],) d do(y)‘
AR SAT
+ C/ g(y)w(g[g}y ) ~¢tl,) dz do(y)| .
RNxOT €

Observe first that

/RNXaTg(yW(8 g]y) dx do(y) = /aTg(y) do(y) /RN w(e [gy) dr =0,

since Myr(g) = 0. On the other hand

[ L) o))

€

drdo(y) =

e (), re) — G2

= ygly dx do(y) .
o9 g 2
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When passing to the limit as ¢ — 0, and since ¢ € D(RY), this integral goes to

/]RNXaTyg(?J) V() drdo(y) = /RN (/aTyg(y) da(y)) Ve(z)de =0 . n

The next result is the equivalent of Propositions 2.6(1) and 2.7, to the case
of functions defined on the boundaries of the holes.

Proposition 5.7.

1. Let ¢ € L?(2). Then, as ¢ — 0, one has the convergence

/ T4(0) (@, y) de doly) — 5 dadoly) .
RNxOT RNxOT

2. Let p € L*(Q). Then,
T2(¢) — @ strongly in L*(RNx9T) .

3. Let ¢° be in L?(0T¢) for every ¢, such that

T2(¢°) = @ weakly in L*(RVxOT) .
Then,

. / P do(z) — — Bla,y) b(a) dedoly), Ve H(Q).
oTe Y| Jrvxor

4. Let ¢° be in HY(QF) for every ¢ and $ € H'(2) such that

T(¢°) = @ weakly in L3 .(Q; H' (Y™)),

then
1
T(¢°) = @ weakly in Lf,.(Q; H2(T)) .

Proof: 1. For every ¢ € D(2), one has

/ T(0) (e, y) drdo(y) = e|Y] | (z)dz |
RNxOT oT=

Using 1 of Proposition 5.6 for g = 1, this integral goes, when ¢ — 0, to the fol-
lowing limit:
oT|
Y| 575 Mor(1) | ¢(z)dx,
Y| Q

and this is exactly

/ ¢ drdo(y) .
RNxOT

This result stands for every ¢ € L?(2) by density.
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2. We get the result by using the same arguments as in 1 of Proposition 2.6.

3. Let ¢ € D(92). One has successively

1
/ 26 do(x) = T (o) de do(y)
oTe RNxOT
1
= = T2 (%) T () dxdo(y) .
|Y| RNxOT

Passing to the limit as ¢ — 0 yields

/ ety do(z) — B(a,y) () dedo(y)
ore Y| Jrnvgor

The result is valid for all ¢» € H'(Q) by density.

4. Straightforward from the definition of the unfolding operators and the
Sobolev injections. =

6 — Application: homogenization of a Robin problem

Hereby, we apply the periodic unfolding method to an elliptic problem with
Robin boundary conditions in a perforated domain. More general Robin bound-
ary conditions will be treated in a forecoming paper.

We start by defining the following space:

Vo = {p e Q)| ¢ = 0 on 00°\OT}, }

where T , is the set of holes that do not intersect the boundary 0f2.
Consider the problem

—div(A°Vue) = f in Q°
(6) A*Vuf-n+ heu® =e¢g°  on 0T,
u® =0 on 0Q°\0T;,

where

1. h is a real positive number,

2. Af is a matrix defined by

Af(z) = (afj(x))lgiijN a.e.on ),

such that
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e A° is measurable and bounded in L*°(£2),
e for every A € RV, one has

(A%(2)A\, X) > af AP

where o > 0 is a constant independent of ¢,

e there exists a constant 8 > 0 such that
|AS()\| < BN, VYAERN,

3. feL?*Q),

4. ¢°(z) = g(f) where g is a Y-periodic function in L?(97),
€

5. n is the exterior unit normal to °.

Let us suppose that

(Hy) If h=0and g =0, we have the uniform (with respect to ¢) Poincaré
inequality in VL.
(H2) If h# 0 or g #0, T has a Lipschitz boundary.

Observe that these hypotheses are weaker than the ones normally made when
using other homogenization methods.

Remark 6.1. Assumption (H3) is needed for writing integrals on the bound-
ary of the holes. It also implies (H1) since it guarantees the existence of a uniform
extension operator (see [3], [9] for details). o

Remark 6.2. Under these hypotheses we can treat the case of some fractal
holes like the two dimensional snowflake (see [16]). o

Remark 6.3. Assumption (H;) is essential in order to give a priori estimates
in H'(QF). If we add a zero order term in the equation (6)-1 we do not need it. o

The variational formulation of (6) is

Find «® € V¢ solution of

(7) A*Vuf Vo dr + he/ u v do(z) =
Qe oTe

= fvdr + 5/ g°vdo(xz) for every v e Ve .
Qe ore
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Theorem 6.4. Let u® be the solution of (6). Under the assumptions listed
above, we suppose that

(8) T-(A°) - A ae in QxY™.
Then, there exists u® € Hg(Q) such that, up to a subsequence
(9) uf — 0u’  weakly in L*(Q)

where u is the unique solution of the problem

10T

v Mor(g) in Q

—div(A°(z) Vu°) + h ‘B}T u’ = 0f +
(10) Y]

u =0 on 0f)

and A%(z) = (a?]( ))i<ij<n is the constant matrix defined by

) = Z [ (a5 - oute) 5o 0)) a.

The correctors X?, j = 1,--- , N, are the solutions of the cell problem

Az, y) V(X —yj))Vody =0 Vo€ HL,.(Y*)

Y*

(12) X7 Y-periodic
My«(¥7)=0.

Furthermore, there exists @ € L*(Q; H),,.(Y*)) such that, up to subsequences
(13) T(u) = u®  weakly in Li,.(Q; H'(Y?)),

1
(14) g7;(7z€uf) —~ 4 weakly in L} (Q; H*(Y™)),
(15) T.(Vuf) = Vou + Vyu  weakly in L (Q; L*(Y?))
where (u®, ) is the unique solution of the problem
(16)

Vi € Hy(Q), V¢ € L*(Q; Hp,, (Y™))

/ Az, y) (Veu' +V,0) (Vaoo(2)+Vy(z,y)) dedy + h|OT| [u Vpdr =
Q

XY™ Q
\Y*|/fg0dﬂs +/<pd:c/ gdo(y
orT
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Remark 6.5. Observe that both f and g appear in the limit problem. o

Proof of Theorem 6.4: We proceed in five steps.

First step. We start by establishing a priori estimates of u®, solution to
problem (6). Considering u® as a test function in (7), one has

190122 gy + Bl ey < 1 gy IV ey +2

/ g-utdo(x)| .
orTe

Then, by using the uniform Poincaré inequality (H;) and Proposition 5.4,

we derive
IV ey v + Pl ey < C (142 + [Mor(@)) Ve oy -
We deduce that
(17) [ 10y < C -
Thus, there exists U° € H(Q) such that

ut — U°  weakly in L*(Q) .

Second step. In view of 2,3 and 4 of Theorem 3.2, there exists some
u’ € H}(Q) and @ € L*(Q; HY,,.(Y*)) such that

per
o T.(uf) = u’ weakly in L2 (Q;H'(Y™)),

loc

1
. - T-(Re(u)) — @ weakly in L7 (Q; H(Y™)),

loc

o T.(Vi(u)) = Vou’ + Vi weakly in L2 (QxY™).

To identify U, for ¢ € D(2), we have successively
~ 1
/u%@ dx = / utpdr = — T(u®) T (p) dzdy .
Q € ’Y’ QXY™
The former convergences yield

~ 1 Y=
/ufgo dr — — u’(z) o(z) dedy = Y] o dx .
0 Y] Jaxy Y] Ja

But /u~54p dx —>/U0g0 dx when e goes to 0. Consequently
Q Q

U°=04" .

We also deduce that u is a function of 2 only.
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Third step. We now prove (16). With v = ¢, ¢ € D(2), as a test function
in (7) we have

A*VuVy dx + hs/ up do(x) = fodx + 8/ g°p do(z) .
oTe

Qe ore Qe

By unfolding, and using Propositions 2.5 and 5.2, we get
L )TV ) dody + b [ T T) dodoly) =
QeExY* QexoT

_ /N T.(f) T(p) dedy + /N T (¢) T (o) dex do(y)
QeExY* QexoT

In view of (8), Proposition 2.6(1) and Proposition 5.7(2,4), we obtain when pass-
ing to the limit

/ Az, y) (Vou® + V,0) Vo(z) dedy + h/ o drdo(y) =
QxY™* QxoT

= / fo dxdy +/ gp dxdo(y) .
QxY* QxoT

Since u, f and ¢ are functions of = only, we actually have
Az, y) (Vou’ + V,a) Vo(z) dedy + h|OT)| /uow dx =
Q

(18) QxY*
= !Y*!/fw dx +/<de/ gdo(y) ,
Q Q oT

By density, this result is still valid for every p € HE(Q).
We take now as a test function in (7) the function v* defined by

xT

v (@) = cp@)E(%)

3

where
peD(Q) and £€H)(Y*).

First of all, observe that
T.(v°) = eT(p) €,

Vot = ewg(é) +¢Vy§<é) .

Hence
T.(v°) =0 weakly in L*(Q; H'(Y™)),
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and
T.(Vv¥) — pV,&  weakly in L2(QxY™) .

By unfolding, one obtains

| T TV TV dedy + [ T T dedoty) =
QEXY* Qe xOT

_ /N T.(f) T(oF) dedy + /~ T(¢°) T2(v*) dado(y) |
QEXY* QexoT

which gives by passing to the limit

@) (Veu + V) p(z) VyE(y) dedy = 0.
>< *

By density, we get

(19) Az, y) (Vau® + V) V(. y) dedy = 0,
QxY*
for every ¢ € L*(; Hy,,.(Y*)).

Finally, by summing (18) (for ¢ € H}(Q2)) and (19), we obtain (16).

Fourth step. The proof of the fact that u is a solution to (10) follows along
the lines of the proof in [5, Chapter 9]. Taking successively ¢ =0 and 3 =0
in (16) yields (see [5] for details)

al Gu
(20) =2 W) g @) + @),
Jj=1 J

where 7 is independent of y and ¥’ is the solution to (12).
Replacing u by its value found in (20), and using a simple change of indices,
yield

N ~
9 axk OUO _
- Zl [3% /*<‘%(~’Cay> — ai(z,y) ayj> dy} o T AT =

1,5,k=
— YIS / gdoly) ,
oT

which can be written in the form (10) with a - defined by (11).

Fifth step. By a standard argument (cf. [2], [5]), it is easily seen that
the matrix A° is elliptic. Then, the uniqueness of u° as solution of (10) is a
consequence of the Lax—Milgram theorem. n
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We end this paper with a corrector result, which makes use of the operator U
introduced in Section 4.

Proposition 6.6. Under the same hypotheses as in Theorem 6.4, if there
exists an extension operator P¢€ L(Vz; HE(Q)) verifying

||VP6U€H(L2(Q))N < CHVUEH(LQ(Qs))N .

Then,
1. Peu® —u® weakly in H} (),
2. T.(Vu®) — Vpul + Vi strongly in L} (Q; L*(Y™)),

loc

3. Vit — Vou® —U.(V,0) — 0 strongly in L2 (€ L2(Y*)).

loc

Proof: 1. Standard arguments give the result.

2. First, we prove this result in the case h = 0 and g = 0.
Let w cC €, and v € D(RY) such that

v>0 and wv=1 on w.

By using in (16) the functions

one gets
|Y*|/ fulv dx = / A (Vpu® + V) (Ve (uv) + Vy(vi)) da dy
Q QxY*
= / A (quo + Vyﬁ) (uo Vv + (Vggu0 + Vyu) v) dx dy
(21) QxY*
= / A (quo + Vyﬂ) u’ Vo dz dy
QxY*
+ / A (Vi + V) (Vou’ + V) v dady
QxY~*

On the other hand, using (7) and (9)

1
|Y*|/ fulv dz = |Y*| lim / fuv dz
Q 0 Qe

e—0

Y| lim [ fu'vdzr =
e—0 Qg
(22)
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= |Y| lin’(l) A® Vyu Vy(u®v) dx

—> QE

= |Y| lim (/ A Vyaut ut Vo de +
e—0 0Oe

Af Vu® Viuto dm) .
QE

From 1 and Proposition 2.6(3), we deduce that

T.(x*Puf) = T.(uf) — u® strongly in L% (S HY(Y™)) .

loc

Hence, using (8), (15) and Proposition 2.5, we have

Y] lin% A*Vuf u' Voo doe = lim | AT.(Veu®) T (u®) Vv da dy
g— Qe

e—0 0O
= / A (qu0+Vyﬂ) u’ Vo dzdy .
QxY™*
This, with (21) and (22), gives
(23) Y| lim [ A®° Vyu® Vyuv do :/ A (Vu+ V1) (Vu’ +V,4) v dz dy,
e—0 Jqe QxY*

which means, by using 5 of Proposition 2.5, that

lim AT (Vpu®) To(Vpu®) T (v) dedy =
e—0 JpNyy*

_ / A(Var+0) (Vou+ V@) v da dy.
QxY*

Finally, using (15) and the ellipticity of A, and passing to the limit as ¢ — 0,
yield

—_~—

2
/ (Ts(quE) — Vol — Vya) dedy <
wxXY*

—_~

2
< / v (’Z;(qua) — V0 — Vya) dz dy
RNxY*
1 —~ R —~— R
< / vA(?}(qua)—quo—Vyu> (’Z’E(qua)—quo—Vyu) drdy — 0.
Q JRNxY*

If h #0 or g # 0, boundary terms appear in (21) and (22). They can be treated
as in the proof of Theorem 6.4, to obtain (23). Then, we argue as in the previous
case to obtain the result.
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3. Combining 2 and Theorem 4.5(2), we have

Vs — U (Voul) — U (Vi) — 0 strongly in LZ,.(Q; L*(Y™)) .

loc

Then, by using 1 of Proposition 4.4 we obtain the desired result. m

[10]
[11]
[12]

[13]
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