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EXACT TRAVELING WAVE SOLUTIONS
FOR DISCRETE CONSERVATION LAWS

HoNG LIANG ZHAO, GUANG ZHANG and SUl SUN CHENG

Recommended by L. Sanchez

Abstract: In this paper, sine, cosine, hyperbolic sine and hyperbolic cosine trav-
elling wave solutions for a class of linear partial difference equations modeling discrete

conservation laws are obtained.

1 — Introduction

Consider a chain of chambers which interact through exchange of material.
Assume the chain can be modeled by a doubly infinite sequence of identical
chambers and that our material can, in a specific time period ¢, only flow from
the (n — 1)-th chamber to the n-th chamber. Let u? be the size of the material
in the n-th chamber and in the time period ¢. Then a dynamical model describing
the interaction as time evolves may take the form

which roughly says that the increase or decrease of the size of the material in the
n-th chamber in one time period is ‘balanced’ by the decrease or increase of the
size of the material in the neighboring chamber.
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t+1) (@)

In particular, when our interaction assumes that uy, Uy’ is proportional
to ug)_l — u,(f ), say, 1 (ug )_ 1 — uﬁf )) , then we have the following dynamic model
(1) ut —ufd =7 (ufl, — )

where r is a proportionality constant.

Clearly, the above equation is a special case of the following more general
conservation law
(2) ultt) = qu®) + bu'” ab # 0,

n n—1>
where ne€ Z =4{...,-2,—-1,0,+1,...} and t € N ={0,1,2,...}.
We remark that when either a or b is 0, the equation in (2) is quite simple.
For this reason, we have assumed that ab # 0.
For equation (2), the existence and uniqueness of solutions is easy to see.
Indeed, if the initial distribution {u,(lo)}ne 7 is known, then we may calculate
successively the sequence

nom @, 1) (2 (2 (2 (1
W, o) 1) 3 )
in a unique manner, which will give rise to a unique solution of (2).
An interesting question arises as to whether there is a solution {ugf )} of (2)

such that ug T = ug)_m for some integer m and all n and all ¢. If such a solution
exist, it is naturally called a traveling wave since in one period of time, the initial
distribution is shifted m units to the right if m is positive, or m units to the left
if m is negative. In the particular case when m is 0, there is no shift and the
corresponding solution is also called a stationary wave solution. For instance, the
equation (1) has a traveling wave solution {ug)} defined by ug )= 1forteN
and n € Z.

Traveling wave solutions are the subject of many investigations, see e.g. [1].
In particular, in [2], positive traveling wave solutions of the form

0

n

=\ meZ A>0, neZ teN.
have been found for the equation

(3) ultth = au’) L+ oult) + cu;t}rl , me€Z, teN,

n—

where the coefficients a, b and c are real numbers. In this paper, we will be inter-
ested in finding additional traveling wave solutions for the more special equation
(2). As we will see later, these solutions are related to the sine, cosine, hyperbolic
sine and hyperbolic cosine functions.
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For background materials involving equations such as (1) and (3), the book
by Cheng [3] can be consulted. An example illustrating the use of traveling wave
solutions is also included in the last section for additional illustration.

As in [1,2], we first observe that a traveling wave solution is of the form

(4) ul) =p(n—mt), neZ teN.
Indeed, if u'D = ©(n —mt) for some function ¢ : Z — R, then ul = uff)_m for

all n € Z and t € N. Conversely, if we let ¢(k) = u,(go) for k € Z, then

(t=2) _ (0)

t—1
ug) = ng—m) =Up_om = - = UpZmt = (p(?’L o mt)

as required.
Before we discuss the main results, we first consider the stationary solution
of (2). Note that if m = 0, then

ugf):go(n):uglo), teN, neZ,

and

(I—a)p(n)=bp(n—1), neZz.
Thus 1_4
(5) o(n) = 5 e(n+1), neZz.

The converse also holds as can be verified easily.

Theorem 1. Let {¢(n)},c, be a real sequence defined by (5). Then the

initial distribution {u%o)} = {@(n)},c, determines a stationary solution of (2).

Conversely, if {ug)} is a stationary solution of (2), then w0 = b1 — a)u;o)rl

forallne Z. n

We remark that in case a = 1, the real sequence {¢(n)},c, that satisfies (5)
is the trivial sequence, and in case a # 1, the real sequence {p(n)} defined

by (5) is of the form

nez

o) = (32) w0), nez.

Next we discuss non-stationary traveling wave solutions.  Substituting
¢ (n —mt) into the equations (2), we obtain

(6) pn—mt—m) = ap(n—mt)+bp(n—mt—1) .
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Letting £ = n — mt, we obtain the difference equation
(7) plk—m)=apk)+bpk—1), keZ.

In principle, if we can find an integer m and a corresponding solution {y(k)} ;.
of (7), then (4) defines a traveling wave solution of (2). To this end, we apply the
well known result that the unknown solution is a linear combination of solutions
of the form {)\k} . Substituting (k) = A\* into (7), we obtain the characteristic
equation
(8) a "+ —1=0.

For each integer m, we may then try to solve for the corresponding roots A.
As an example, let us consider the equation

ok —3) = 4p(k) +2¢(k — 1) .

Solving the characteristic equation 43 +2)X%2 —1 =0, we obtain roots

1 1 1

. 1 1. .
5, —35 — 5i, —5 + 5i. Hence the equation

ult) = 40 4 2“&317 neZ, teN,

n

has the traveling solutions {ug )} defined by

n—3t n—3t . n—3t — 3¢
u(w:(%) , (_%> COSW and <_%> SmW'

Next, the characteristic equation corresponding to
p(k—3) = 2p(k) +3p(k - 1)
has roots % and —1. Hence the equation
WD = 24,0 4 34,1 necZz, teN,

n n—1"

has the traveling solutions {ug )} defined by
ul) = (1/2)" 3 and (—1)"% .
Last, the characteristic equation corresponding to

ok —3) = —qo(k) — zolk—1)



... WAVE SOLUTIONS FOR DISCRETE CONSERVATION LAWS 93

has the multiple root A = —2. Hence the equation
1 1
uﬁfﬂ) :—Zug)—zufle, nezZ, teN,

has the traveling solution {u,(f )} defined by

u(t) — (_2)117315 )

n

Although we can solve in an explicit manner some of the characteristic equa-
tions as seen above, in the general case, it is difficult to find the exact roots.
We may turn to numerical methods of course. However, ‘explicit’ traveling wave
solutions are of theoretical interest and may provide insights to the qualitative
behavior of discrete conservation laws such as those described here and elsewhere.
For this reason, in section 2, we will seek sine and cosine traveling wave solutions,
and in section 3, we will seek hyperbolic sine and cosine traveling wave solutions.

In the following sections, for the sake of convenience, we set

1—a? -2 14+a2—02 1402 —a?
(9) =7 0 "7 T and ¢ =——7F

Note that &, 1 and ¢ are well defined when ab # 0, and

a+bE=n, b+at=(.

1

We will also take v = cos™" u as the inverse function of y = cosx defined for

xz € [0,7].

2 — Sine and cosine traveling wave solutions

We seek explicit solutions of (8) in special forms. Among these is one that
satisfies A = e where 6 € [0, 7]. In other words, we will seek (complex valued)
traveling wave solutions of the form {(eia)”*mt(} for (2). Note that such a solution
then leads to real traveling wave solutions unt )} and {Uff)} defined by

u(t):sin(n—mt)ﬁ, neZ, teN,

n

and
v® =cos(n—mt)d, neZ teN

respectively. Since (2) is a linear equation, linear combinations of these solution
are also traveling wave solutions. In particular, {— sin(n—mt)6} is also a traveling
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—if(n—mt)

wave solution. Therefore {e } is a (complex valued) traveling wave and

—6 now belongs to [, 27]. This is the reason why we have restricted our attention
to 0 € [0, 7.

It turns out such traveling solutions can be found when the pair (a, b) is inside
the following region of the plane:

(10) Q= {(@y)| —1<zl-|yl <1< [2l+]yl} -

Lemma 1. Suppose ab # 0 and let &, n and ¢ be defined by (9). Then

(1) [l e <l e (<l & —1<[af—[p<1<]a[+[b].

Proof: First,

<1 & |[1+a® -0 < 2|qf

—2]a| < 1+a*—b* < 2
1+a®—2lal <b* < 1+ a*+2|q|
(1—lal)* < 0* < (1+a])®

bl < 1—Ja] < b < 1+a
—1 < |a|—1b] <1< la|+]b| .

G

<
<

i3

Similarly, [¢(| <1 < —1<la]—[b] <1< |al + [b].
Second,

<1 & [1-a®—b?| < 2ab|

—2|ab] < 1—a? —b* < 2|ab|
—2|ab] < 1—a? —b* < 2|ab|
(lal = 16))* < 1 < (la| + [o])?

-1 < a|—1b| <1 < |a|+1b].

<
<

K R

The proof is complete. n

Theorem 2. Suppose ab # 0 and (a,b) € Q where Q is defined by (10).
If {eie(”_mt)} , where 6 € [0,7] and m € Z, is a (complex valued) traveling wave
solution of (2), then 6 and m must satisfy the system of equations:
cost =¢,
(12) cos(m—1)0 =,

cosmf =1 .
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Conversely, if 6 € [0,7] and m € Z satisfy (12), then {ew(”_mt)} is a (complex

valued) traveling wave solution of (2).
Proof: If {eie(”_mt)}, where 6 € [0,7] and m € Z, is a (complex valued)

traveling wave solution of (2), then e¥ will satisfy (8)

aeim@ + bei(m—l)@ =1,

that is, 8 and m form a solution pair of

acosmb +bcos(m—1)0 = 1,
(13)

asinmb + bsin(m —1)0 = 0 .
Thus

2 2
{a cosmb + bcos(m — 1)0} + [a sinmé + bsin(m — 1)9} =1,
so that 22
1—qa2—

(14) cosf = ;%“b .

Rewriting (13) as,

acosmf =1—bcos(m —1)8,
{ asinmf = —bsin(m — 1)0 ,
we see also that

2 2
a® cos> mf + a*sin® mf = (1 —beos(m — 1)9) + (—bsin(m - 1)0) ,

and
14062 —a?

(15) cos(m —1)0 = 5
Similarly rewriting (13) as
bcos(m —1)0 = 1 —acosmb,
{ bsin(m — 1)0 = asinmb ,
we may obtain ' 22
a2 —
(16) cosmb = +T .

Conversely, assume (12) holds, we need to show that (13) holds. Indeed,

1+b%—a?
tr ey

a1+a2—b2+b
2b

0+b —-1)0 =
acosmb + bcos(m — 1) 5
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Furthermore, note that if § = 0 or m, then the second equation in (13) is obviously
true. If 6 € (0, ), then sin @ # 0, so that

sinﬁ{a sinm@ + bsin(m — 1)9} =
= asinfsinmf + bsin O(sin ml cos 6 — sin 6 cos mh)
= asin 0 sinm@ + bsin @ sinmf cos 6 — bsin? O cos mb
= (a + bcosh)sinfsinmb — b(1 — cos? ) cos mb

= (a+ bcosh)|cos(m — 1)8 — cosmb cos | — b(1 — cos® §) cos mb
(

1— 2_b2 1 2 .2 1 2_21_ 2 12
:<a—i—b a ><+b a 1+a"—-b a b)

2ab 2b 2a 2ab

(1=t 2\ 14 a2 — 12
2ab 2a

=0

implies
asinmf + bsin(m — 1) = 0.

The proof is complete. n

Suppose ab # 0 and (a,b) € Q where Q is defined by (10). Further assume
that there exist # and m such that cos = £ and cosm# = n. We remark that we
cannot conclude that {ew("*mt)} is a (complex valued) traveling wave solution
of (2). Consider the following example

(17) — A=
Here a = —1 and b = 1. Thus, we have

1—a®—b> 1

cos) = —— = —|
(18) 2ab 2
g _ Lt a? —b? 1
cosmb = ——— = —— .
2a 2
Clearly, 0 = % and m = 4 satisfy (18). However, A = e™/3 is not the root of

equation (17). In fact,
_)\m_|_>\m—1 _ _e4i7r/3+63i7r/3

dr . . 4« ..
= —cosg—zsm?—i-cowr—kzsmw
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1 V3.
—5"‘71—1

1 V3
A

RIS

Hence, we know that cos§ = £ and cos m# = n are only necessary conditions, but
not sufficient.
If 0 € [0, 7] and m € Z satisfy the system (12). Then

cost = ¢ 0 =cos™L¢
cos(m—1)0=¢ < (m —1)0 = £cos™ ¢ + 2In
cosmb =1 m = +cos ' n+ 2kn

0 =cos™L¢

& m—1= (dcos™ 1 +2Imw)/cos™ ¢
m = (£cos™tn+2km)/cos™L ¢
& f=cos €and 1+ (Fcos ¢+ 2lm)/cos ™€ = (£cos L+ 2knm)/cos L E.
Thus, we immediately obtain the following fact.
Corollary 1. Suppose ab # 0 and (a,b) € Q where Q is defined by (10).

Then {eie(”_mt)}, where 6 € [0,7] and m € Z, is a (complex valued) traveling
wave solution of (2) if, and only if, there exist integral numbers | and k such that

0 = cos™!
and §

(19) m =1+ (£cos ' ¢ +2m)/cos &= (kcos tn+2kn)/cos EE€Z . w

As an example, consider the equation
W) = —ou 43D nez teN.
We note that here (a,b) = (—2,v/3) € Q,

1

| %

0
0 = -1 = - —
cos” - & = cos 5
and
m = (£cos™'n+ 2km)/cos ¢

1 T
= (£cos H(—=) + 2kn) /=
(& cos™ (=) + 2km) /%
2 T
= (£=— +2km)/—=
(5 +2km)/ 2
= +4+ 12k



98 HONG LIANG ZHAO, GUANG ZHANG and SUI SUN CHENG

k € Z. Now we check whether § and m satisfy the second equation of (12).
In fact,

cos(3+ 12k)=,  m =4+ 12k
6

cos(m— 1) = -

cos(—5 + 12k g M= —4+ 12k

0, m =44 12k

- 3
—i, m=—4+ 12k .
2
Thus m = 44 12k satisfies the equation. And then, we get all the sine and cosine
traveling solutions of this equation,

uld) = Ot _ (441200

For some cases, such as k = 0, we get m = 4 and the traveling wave solutions
are {sinm(n — 4t)/6} and {cosm(n —4t)/6}; for k = —1, we get m = —8 and the
traveling wave solutions {sinm(n + 8t)/6} and {cosw(n + 8t)/6}.

As another immediate corollary of Theorem 2, under ab # 0 and (a,b) € Q
where Q is defined by (10), if

(20) §=n and (=1,

then (2) has the traveling wave solution {eie(n*t)} where § = cos~! £. Similarly,
note that cos 20 = 2cos? @ — 1, therefore if

(21) 22 -1=n and &=,

then (2) has the traveling wave solution {ew("*%)} where 6§ = cos™'¢. The
same principle leads to the following result, which involves the m-th Tchebysheff
polynomial T}, : [-1,1] — R defined by To(z) = 1, T1(x) = = and T}, (cosf) =
cosmf for m = 2,3, ... .

Corollary 2. Suppose ab # 0 and (a,b) € Q where Q is defined by (10).
If T,,(§) = n and T,,,—1(§) = ¢ where m > 1, then (2) has the traveling wave

i0(n—mt)

solution < e where 6 = cos™ 1 €. u

In particular, if

Ty(6) = 4¢° — 3¢ = 1
(22) ;
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or

_ 2 _
) { <s>— 82+ 1=1

T3(§) =48 =36 = ¢,

10(n—3t) 10(n—4t)

then (2) has traveling solutions { e } or {e } respectively.
We remark that conditions (20) and (21) can be written as implicit relations

between a and b. For instance, (20) can be written as

1—a2—b2_1—|—a2—b2
2ab N 2a

1+b% —a?
2b

=1,

which has solutions (a,b) = (a,—a + 1), (a,a + 1). In view of the assumptions
ab # 0 and (a,b) € Q where Q is defined by (10), we see that when

(24) (a,6) € {(2,9)l y= -2 +1, ay # 0}
(25) (a,0) € {(@.y)l y=a+1, zy #0}

(2) has traveling wave solutions of the form {e?("~?} where 6 = cos™' ¢ € [0, 7].

_ 2 2\? 2 12
2(1 a b>_1:1+a b

Similarly,

2ab 2a
1—a%2—-02 1402 —a?

2ab 2b
has solutions (a,b) = (a,a — 1), (a,—a + 1). In view of the assumptions ab # 0
and (a,b) € 2 where Q is defined by (10), we see that when

(26) (a,0) € {@.y)ly =21, zy #0}
(27) (a.5) € {(z,9)l y=—w+1, ay # 0}

then (2) has traveling wave solutions of the form {eie(”_%)} where 0 = cos™1 ¢ €
[0, 7).

For the cases where m = 3 or 4, we can also find explicit conditions similar
to those above for the existence of traveling wave solutions. For the case where
m > 4, we can also find traveling wave solutions in theory, but the conditions
become very complicated.
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3 — Hyperbolic sine and cosine traveling wave solutions

In this section, we seek new explicit solutions of (8) in the form sinh(n —mt)0
or cos(n —mt)f. It turns out such traveling solutions can be found when the pair
(a,b) is inside the following region of the plane:

1—(2* +¢°) 1+a2% —y°
28 I' = ———=>1land ——>1,.

We remark that by symmetry considerations, we may show that I' is also equal
to

1 — (g2 2 1 2,2 1 2 .2
T Yl G 0 B P ek /A R R e ek N O
2xy 2x 2y

Theorem 3. Suppose ab # 0 and (a,b) € I' where T' is defined by (28).
If the double sequences {cosh(n—mt)0} and {sinh(n—mt)8}, where m € Z and
6 € R, are traveling wave solutions of (2), then ¢’ = ¢ + /€2 —1 and m € Z
must satisfy

(29) <§+\/§T—1>m=n+\/n2—1 it b>0

or
(30) (§+\/§2—1)m_n_,/n2_1 i <0

Conversely, if ¢! = ¢ £ /€2 — 1 and m € Z satisfy (29) or (30), then the double
sequences {cos(n —mt)0} and {sinh(n — mt)0} are traveling wave solutions of

(2).

Proof: If {cosh(n —mt)#} and {sinh(n — mt)#} are traveling wave solutions
of (2), then {cosh kf} and {sinh k#} are solutions of (7). Thus

a + bcosh 6 = cosh m6
(31)

bsinh 6 = sinh m#
which implies

(32) { a + b(cosh @ + sinh §) = cosh mf + sinh mé

a + b(cosh § — sinh §) = coshmé — sinh m#é

and

a+bef =em
a+be =m0
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Let t = €, we get the following system

a+bt=t"
+b 1
a+-=—

t tm

and )
a2+b2+ab<t+¥) =1.

Since & > 1, the above equation has solutions

(33) t=¢+ -1,

so that e/ = ¢ 4+ /€2 — 1.

On the other hand, we also get

a—t"="bt,
1 b
tm ot

From this, we get

(34) t"m=mnt\/n?-1.

If b > 0, then from (31) we know sinhmf and sinhf have the same sign.

Hence m > 0. Thust =&+ /&2 —land t" =n+ 2 —1,ort =& — /€2 -1

and t" = n — \/n? — 1. Therefore, we have

<§+\/§27—1)m_ -1,

If b < 0, then sinhmf and sinh § have different signs. Hence m < 0. Thus

t=¢+VE& —Tandt"™ =n—yn?2—1,ort =&6—/& —1and t™ =n++/n? — 1.

Therefore, we have
m
<£—\/€2—1) =n—yn*-1.

The proof of necessity is complete.
Now we prove the sufficiency of the condition. Assume first that e = & +

VEZ =1, then
cosh(n—mt)f = % {<§ + \/52—1)nmt+ <§ - 52—1)nmt} , ne€Z, teN,
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and
1 n—mt n—mt
; _ _ = 2_ _ _ 2_
sinh(n —mt)§ = 2{(5—1—\/{ 1) <§ VAS 1) }, neZ, teN.

Suppose b > 0 and (f + &2 — 1>m =1+ /n? — 1. Then the double sequence
{uq(f)} = {cosh(n — mt)0} satisfies

[ N =

uS*U

Il
NI N~ N~ N
1T 1T
T
+
i
[N}
|
[E—
"
|
3
o~
/J\?
+
7
[\]
ﬁ
—_
¥/|
3
+
T

and

S
S
-

I

Il
NI~ N~ N
/J—\rx\
+
I
)
|
[a—
~_

|
3
S
/J?
+
I
)
|
p—
\_/‘
—_
+
/J;r\
|
e
)
|
—
~_
|
3
&
/J—*r‘r\
|
e
)
ﬁ
—
|
-
—_

Thus, we have

au® 4+ b :%{(@r e 1) [a+b<§

(e o (e

|
Iy
[\
|
—_
N———
[

To prove

we need to show that
n-ViP—1=a+b(¢— V& -1)
N+ VP —1l=a+b(¢ \/52—1)

A
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which is equivalent to

n=a+bg,
V2 —1=0by/&—1.
In the following, we verify this result:
0+ bE = atb 1—a%—0? B a+1—a2—b2 B 14 a? —b? B
N 2ab N 2a N 2a -

and

L1_<Hﬁﬂll
N o 2a

1
:@N@mtmuﬁz

R RRRE

- o= e

- ‘2—1a’\/(1—a—b)(1—a+b)(1+a—b)(1+a—|—b),

1— a2 — b2\ 2
- n( )

(1— a2 —b?)2
:b\/W—1

b
= 1— a2 — b2)2 — 4a212
2|ab|\/( o —B)F—da

1
- a2 —p2 — a2 B
oal \/(1 a? — b? — 2ab) (1 — a? — b + 2ab)

:mm¢

[
2551[1 (a+b)][1+@+n)][1=(@=b)][1+(@@-1b)

1—(a+10b)? { (afb)ﬂ

= —J0—a—b)(A+a+tb)(Il-a+b)(l+a—b)
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Hence, we prove {uq(f )} is a traveling wave solution of (2) under the conditions

e =¢4+1/62—1and b > 0 as well as <§+ VE2 — l)m =n++/n* — 1. The other

cases can be proved in a similar manner. The proof is complete. n

Corollary 3. Assume that b = —1 and a > 2. Then equation (2) has

traveling solutions {ug)} and {vg)} with velocity m = —1 defined by

) 7\ T\
@p:§{<ﬁi%%__> + 3—7%—— ., nEZ teN.

5 n+t _ 5 n+t
wp:%{<ﬂi%%_£> _<2_7;_£> }, neZ teN.u

Corollary 4. Assume that a = —1 and b > 2. Then equation (2) has

traveling solutions {u,(f)} and {vs)} with velocity m = 2 defined by

n—2t
VbH2 — Vb2 — 4
ult) = 2{<b+ b ) +<b> }, neZ teN,

2 2
and
o L) (p+vE=a\"" (p-vE—a\""
Uy’ = = _— — | —— , MNEZ, teN.n
2 2 2
As an example consider the equation
D=3voul) —au” |, nez teN.

Simple calculation shows that m = —3 and e’ = (\/_ 5+ 1) /2. Hence this equa-
tion has traveling wave solutions {un } and { } defined by

n+3t n+3t
ug)—l{<\/g_1> ( ) }, neZ, teN,
2 2
n+3t n+3t
{<ﬂ24> ( jj } neZ, teN.

and

1
(t) — —
Uy, 5
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4 — Applications

As applications of our results, we first consider the following partial difference
equation

(35) WD) = qu® + by ab# 0,

n n—1"

defined on the ‘discrete cylinder’: (n,t) € {1,2,..., M} xN. Let us seek its solu-
tions of the form {uq(f )} defined for

(n,t) € ¥ ={0,1,.... M} xN
under the periodic boundary condition
(36) W =ul)  teN.
Note that the equations in (35) and (36) can be written as

ugtH) = augt) + bug\?

ugﬂ) = aug) + bugt)

(37) ..
uq(erl) = au,(f) + bug)_1
ug\?l) = aug\? + bug\?fl

(®) — [oi(n—mt)O ; : :
foreacht € N. If {un }(n,t)erN {e } is a traveling solution of (2), then

(t)

it is easy to see that {un = {ei(”_mt)e}(n’t)eq, satisfies all the equations

}(n,t)E\I/
of (37) except the first one. In order that the first equation is also satisfied,
it suffices to require

e—zth — ez(M—mt)O 7

or equivalently,

M0 — 1

Thus, we have the following result in view of Theorem 2.

Theorem 4. Suppose ab # 0 and (a,b) € 2 where Q is defined by (10).
Suppose 6 € [0, 7] and m € Z satisfy (12). Suppose further that ¢*™? = 1. Then
{eie(”*mt)}( - is a (complex valued) solution of the dynamical system (37). m
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For example, dynamical system
u§t+1) = 72ugt) + \/gug

(38) V=2 VB e

ugt;rl) = —2u§t2) + \/gugtl)
has the solution

(39) uB) — pif(n—mt) _ i (n—(4+12k)t)

n b

ne{l,2,..,12}, te N.

On the other hand, (35)—(36) or (37) can also be expressed as the dynamical

System
(40) uY = qu® 4 bAyu®, te N,

T
where u® = (ugt), - u%?) and Ajs is the circulant matrix

00 ..01
10 .00
Ay=101 .00
00 .10

MxM
In terms of vectors, a solution of (40) takes the form {u(t) }teN . Let us now seek

a solution of (40) which is periodic in time, where a vector sequence {u(t)} is

said to be w-periodic if w is a positive integer such that u(tt%) = u® for t € N.
Clearly, if {ug)} is a solution of (37), then

(n,t)evr
T
(i)
teN

will be a w-periodic solution of (40) provided

(41) ut) =o® n=1,..,M; teN.
i(n—mt)0 : : 21w
Corollary 5. Suppose {e }(n,t)e\lf is a solution of (35) such that =75

is a positive integer for certain | € Z. Then
{(ei(l—mt)e pi2-mto ei(M—mt)O)T}
Y Y tEN

is a periodic solution of (40) with period w = %—g ]
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Indeed, this follows from

U,EZH_M) _ ei(n—m(t—i—w))@

forne{1,..,M} and t € N.
As an example, consider the following discrete time dynamical system

_ ei(n—mt)@—imwQ _ ei(n—mt)@—inW — uglt)

(42) ut ) = 24 4 VBApu® | te N .
As we know
(43) {eiG(n—mt)} _ {ei%(n—(4+12k)t)}
is a solution of (42) where § = Fand m = 4 + 12k. Since
2 121
ml (44 12k)°

which is equal to 3 when k =0 and [ = 1, hence

{(eig(1—(4+1zk)t) ,ei%(12—(4+12k)t))T}

g e

teN
is a periodic solution of (42) with period w = 3.
As a final example, note that if we set
a 0 ...00
b a ...00
Wy =al +bApyy =10 b ...00 ,
00 ...ba MM

from (40), we have

(44) Y = Wiyl

Thus we get u() = W@, v = Wyu® = Wu©®, and in general u® =
Wt for t > 1. If {u(t)}teN is a nontrivial w-periodic solution of (44), then

(45) Wj‘j[u(o) = u© ,

that is, 1 is an eigenvalue of the matrix W§;. For example, consider the previous
example (42), where

-20 ..0 3
V3-=2..0 0
Wia=]0 +3..0 0
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Since we have a nontrivial 3-periodic solution of (44) in this case, 1 is an eigenvalue
of W3,

[1]

[2]
[3]
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