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Abstract: Let A be a set of integers. For every integer n, let 74 ,(n) denote the
number of representations of n in the form n = a1 +as +- - -+ ap, where ay,as, ...,ap € A
and a1 < ag < --- < ay. The function

TAR: 7 — N()U{OO}

is the representation function of order h for A. The set A is called an asymptotic basis of
order h if 7‘271}1(0) is finite, that is, if every integer with at most a finite number of excep-
tions can be represented as the sum of exactly h not necessarily distinct elements of A.
It is proved that every function is a representation function, that is, if f : Z — NoU {o0}
is any function such that f~1(0) is finite, then there exists a set A of integers such that
f(n) =ran(n) for all n € Z. Moreover, the set A can be arbitrarily sparse in the sense
that, if ¢(z) > 0 for z > 0 and ¢(x) — oo, then there exists a set A with f(n) = r4 n(n)
and card ({a € A : |a| < z}) < p(z) for all z.

It is an open problem to construct dense sets of integers with a prescribed represen-

tation function. Other open problems are also discussed.
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1 — Additive bases and the Erd6s—Turén conjecture

Let N, Ny, and Z denote the positive integers, nonnegative integers, and in-
tegers, respectively. Let A be a set of integers. For every positive integer h, we
define the sumset

hA = {a1+--~+ah: a; € A forallz':l,...,h}.

We denote by 4 ,(n) the number of representations of n in the form n = a; +
as + -+ -+ ap, where a1, az,...,ap € A and a1 < az < --- < ap. The function 74,
is called the representation function of order h of the set A.

In this paper we consider additive bases for the set of all integers. The set A
of integers is called a basis of order h for Z if every integer can be represented
as the sum of h not necessarily distinct elements of A. The set A of integers is
called an asymptotic basis of order h for Z if every integer with at most a finite
number of exceptions can be represented as the sum of h not necessarily distinct
elements of A. Equivalently, the set A is an asymptotic basis of order h if the
representation function 74 p : Z — No U {oo} satisfies the condition

card (r;l}h(O)) <00 .
For any set X, let Fo(X) denote the set of all functions
f: X = NoU{oo}

such that
card (f_1(0)> <00 .

We ask: Which functions in Fy(Z) are representation functions of asymptotic
bases for the integers? This question has a remarkably simple and surprising
answer. In the case h = 1 we observe that f € Fy(Z) is a representation function
if and only if f(n) = 1 for all integers n ¢ f~1(0). For h > 2 we shall prove
that every function in Fy(Z) is a representation function. Indeed, if f € Fy(Z)
and h > 2, then there exist infinitely many sets A such that f(n) = r44(n) for
every n € Z. Moreover, we shall prove that we can construct arbitrarily sparse
asymptotic bases A with this property. Nathanson [7] previously proved this
theorem for h = 2 and the function f(n) =1 for all n € Z.

This result about asymptotic bases for the integers contrasts sharply with
the case of the nonnegative integers. The set A of nonnegative integers is called
an asymptotic basis of order h for Ny if every sufficiently large integer can be
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represented as the sum of h not necessarily distinct elements of A. Very little
is known about the class of representation functions of asymptotic bases for Ny.
However, if f € Fy(Np), then Nathanson [5] proved that there exists at most one
set A such that 74 5(n) = f(n).

Many of the results that have been proved about asymptotic bases for Ny are
negative. For example, Dirac [2] showed that the representation function of an
asymptotic basis of order 2 cannot be eventually constant. Erdés and Fuchs [4]
proved that the average value of a representation function of order 2 cannot
even be approximately constant, in the sense that, for every infinite set A of
nonnegative integers and every real number ¢ > 0,

> ras(n) # eN+o (N og /2 N) .

n<N

Erdés and Turdn [3] conjectured that if A is an asymptotic basis of order h
for the nonnegative integers, then the representation function 74 j(n) must be
unbounded, that is,

limsuprap(n) = oo .
n—oo

This famous unsolved problem in additive number theory is only a special case
of the general problem of classifying the representation functions of asymptotic
bases of finite order for the nonnegative integers.

2 — Two lemmas

We use the following notation. For sets A and B of integers and for any
integer t, we define the sumset

A+B ={a+b:a€c A, be B},

the translation
A+t ={a+t:ac A},

and the difference set
A-—B ={a—-b:ac A, be B}.
For every nonnegative integer h we define the h-fold sumset hA by induction:
04 = {0},
hA = A+ (h—1)A ={a1+as+---+ap: a1,as,...,ap € A} .
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We denote the cardinality of a set S by card(S). The counting function for the
set A is
Aly,z) = card({a €A y<a< x}) .

In particular, A(—z,x) counts the number of integers a € A with |a| < z. If A is
a finite set of integers, we denote the maximum element of A by max(A).
Let [z] denote the integer part of the real number x.

Lemma 1. Let f: Z — Ny U {00} be a function such that f~1(0) is finite.
Let A denote the cardinality of the set f~'(0). Then there exists a sequence
U = {uy}32, of integers such that, for every n € Z and k € N,

fln) = card({k‘ >1: up = n})
and k+A}

] <[5

Proof: Every positive integer m can be written uniquely in the form
m=s>+s+1+r ,
where s is a nonnegative integer and |r| < s. We construct the sequence

vV = {0,-1,0,1,-2,-1,0,1,2,-3,-2,-1,0,1,2,3,...}

= {vm}?rﬁzl )

where
Vgzygi1y, =1 for |r|<s.

For every nonnegative integer k, the first occurrence of —k in this sequence is
U241 = —k, and the first occurrence of k in this sequence is v(j1)2 = k.

The sequence U will be the unique subsequence of V' constructed as follows.
Let n € Z. If f(n) = oo, then U will contain the terms v, 1, for every
s > |n|. If f(n) = £ < oo, then U will contain the ¢ terms v, 1, for
s =|n|,|n| +1,...,|n| + £ — 1 in the subsequence U, but not the terms vy 1.,
for s > |n| 4+ £. Let m; < mg < m3 < --- be the strictly increasing sequence
of positive integers such that {vy,, }?2, is the resulting subsequence of V. Let
U = {ur}32,, where uj = vp,,. Then

f(n) = card({k >1: uy :n}) .
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Let card ( f‘l(O)) = A. The sequence U also has the following property:
If |ug| = n, then for every integer m ¢ f~1(0) with |m| < n there is a positive
integer j < k with u; = m. It follows that
{0,1,-1,2,-2,..,n—1,—(n — DI\ f1(0) C {uy,ug,...,up_1},

and so
E—1>2n—-1)+1—-A.

This implies that

k+ A
\uk\ =n < 5 .
Since uy is an integer, we have
kE+ A

This completes the proof. u

Lemma 1 is best possible in the sense that for every nonnegative integer A
there is a function f : Z — Ny U {oo} with card (f~(0)) = A and a sequence
U = {uy}32, of integers such that

k4 A
(1) | = {*T} forall k>1.

For example, if A = 2§ + 1 is odd, define the function f by
0 if |n| <9
f(n):{1 if | > 6+ 1
and the sequence U by
Ugi—1 = 6+1i,
ug = —(0+1)

for all ¢ > 1.
If A = 2§ is even, define f by

0 if - 6<n<di-1
f(n) = .
1l fn>forn<—-6-1
and the sequence U by u; = § and
U2 = 5+/Lu
ugir1 = —(0 +1)

for all 4 > 1. In both cases the sequence U satisfies (1).
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The set A is called a Sidon set of order hif r 4 j,(n) = 0 or 1 for every integer n.
If A is a Sidon set of order h, then A is a Sidon set of order j for all j = 1,2, ..., h.

Lemma 2. Let A be a finite Sidon set of order h and d = max({|a| : a € A}).
If |e| > (2h — 1)d, then AU {c} is also a Sidon set of order h.

Proof: Let n € h (AU {c}). Suppose that

n=a++aj+h—jlec=a+ - +ay+(h—"0)c,

where
0<j<t<h,
a1y @j, @, .yay € A
and
a1 < < aj and a'1§ < ay
If j < ¢, then
el < [(€—J)c]
= la]+ - +ap— (a1 +-- +aj)
< (E+5)d
< (2h—1)d
<,

which is absurd. Therefore, j = ¢ and a1 + - +a; = aj + -+ + aj. Since A is
a Sidon set of order j, it follows that a; = a) for all i = 1,..., j. Consequently,
AU {c} is a Sidon set of order h. u

3 — Construction of asymptotic bases

We can now construct asymptotic bases of order h for the integers with arbi-
trary representation functions.

Theorem 1. Let f: Z — NgU {co} be a function such that the set f~1(0)
is finite. Let ¢ : Ny — R be a nonnegative function such that lim,_, ¢(z) = oc.
For every h > 2 there exist infinitely many asymptotic bases A of order h for the
integers such that

ran(n)=f(n) forall neZ,
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and
A(—z,z) < ¢(z)

for all z > 0.

Proof: By Lemma 1, there is a sequence U = {uy}?°; of integers such that

fln) = card({k > 1w = n})

for every integer n.

Let h > 2. We shall construct an ascending sequence of finite sets A1 C As C
As C -+ such that, for all positive integers k£ and for all integers n,

(i)

TAk,h(n) < f(n),

(i)

ra,R(n) > card({i: 1<i<k and u; = n}) ’

(i)
card(Ag) < 2k,

(iv)

Ay, is a Sidon set of order h — 1 .

Conditions (i) and (ii) imply that the infinite set

oo
A= U Ag
k=1
is an asymptotic basis of order h for the integers such that r4 ;(n) = f(n) for all
n € 7.

We construct the sets Aj by induction. Since the set f~1(0) is finite, there
exists a nonnegative integer dy such that f(n) > 1 for all integers n with |n| > dy.
If uy > 0, choose a positive integer ¢; > 2hdy. If u1 < 0, choose a negative integer
c1 < —2hdpy. Then

’01’ > 2hdy .

Let
Al = {—Cl, (h—l)q —|—’LL1} .
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The sumset hA; is the finite arithmetic progression
hA, = {—hcl + (h01 + ul)z’: 1=0,1,..., h}
= {—=hey, u, hey + 2uyg, 2hey + 3uy, ..., (h—1)hey + huy } .

Then |n| > hle1| > dp for all n € hAi\{u1}. Since f(u1) > 1, we have 74, p(n) =
1 < f(n) for all n € hA;. Similarly, since 74, 5(n) = 0 for all n ¢ hA;, it follows
that

rA1,h(n) S f(n)

for all n € Z. The set Ay is a Sidon set of order h, hence also a Sidon set of order
h — 1. Thus, the set A; satisfies conditions (i)—(iv).

We assume that for some integer k£ > 2 we have constructed a set Aj_q
satisfying conditions (i)—(iv). If

TAp () > card({i: 1<i<k and u; = n})
for all n € Z, then the set Ay = Aj_1 satisfies conditions (i)—(iv). Otherwise,
T A, h(Ug) = card({i: 1<i<k and u; = uk}) —1 < flug) .
We shall construct a Sidon set A; of order h — 1 such that

card(Ay) = card(Ax—1) + 2

and
TAe_ n(n)+1 if n=uy
(2) rAgh(n) = Ta_, n(0) if n€ hAp_1\{ug}
1 if ne hAk\ (hAk_l @) {uk}) .
Define the nonnegative integer
(3) d1 = max({laf: a € A1 U{u}}).
Then

Ap_1 C [~dp_1,dp_1] .

If up, > 0, choose a positive integer ci such that ¢y > 2hdg_1. If uxp < 0, choose a
negative integer c; such that c¢; < —2hdy_1. Then

(4) ‘Ck| > 2hdp_q .

Let
Ap = Ay U{—ck, (h—1)cp + ui} .
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Then
card(Ag) = card(Ax_1) +2 < 2k .

We shall assume that ug > 0, hence ¢ > 0. (The argument in the case uy < 0
is similar.) We decompose the sumset hAy as follows:

h
hA, = U (T(h—l)ck + rug — ick —I—jAk_l) = U B, ,
r+i+j=h r=0
r,1,7>0
where
h—r
B, = r(h—1)ck + rug + U (—z’ck + (h—r—z')Ak,1> )
=0

If n € By, then there exist integers i € {0,1,....,.h—r}and y € (h—r —i)Ar_1
such that
n = r(h—1)cg + rux —icy +vy .

Since
lyl < (h =7 —i)dp—1 ,
it follows that
(5) n > r(h—1)cg + rug — icy — (h—r—1i)di_1
and
n < r(h—1)cg + rup —icy + (h—r—i)dg_1 .
Let m € B,_; and n € B, for some r € {1,...,h}. There exist nonnegative
integers i < h —r and 5 < h —r + 1 such that
n—m > (r(h—l)ck + ruy, — icp — (h—r—i)dk_1>
— ((r=1)(h=1)ex + (r=1)ug — jo + (h—r+1-j)ds1)

= (h—l—i—j—i)ck + up — (2h—27’—2‘—j+1)dk,1

> (h—1—4)ex — 2hdg—1 .
If r > 2, then i < h — 2 and inequality (4) implies that

n—m>c,—2hdp_1 >0.

Therefore, if m € B,_1 and n € B, for some r € {2, ..., h}, then m < n.
In the case r = 1 we have m € By and n € By. If i < h — 2, then (4) implies
that
n—m > (h—1—i)ck — 2hdg_1 > cx — 2hdip_1 > 0
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and (5) implies that
n > (h—l—i)ck + ug — (h—l—i)dk_l > ¢ — hdp_1 > dy .

If r=1and ¢ = h — 1, then n = uy. Therefore, if m € By and n € By, then
m < n unless m = n = uy. It follows that the sets By, B1\{ux}, Ba, ..., By are
pairwise disjoint.

Let n € B, for some r > 1. Suppose that 0 < i < j < h —r, and that

n=r(h—1)ck +rug —icy +y for some y € (h—r—i)Ax_1
and
n=r(h—1)ck + rug — jer, + 2z for some z € (h—r—j)Ak_1 .
Subtracting these equations, we obtain
z—y=(—ick .
Recall that |a| < dj_q for all a € Ag_4. If i < j, then

< (-ia=z2-y
< |yl +|2| < (2h —2r —i— j)di_1
< 2hdp_1 < ¢,

Ck

which is impossible. Therefore, ¢ = j and y = z. Since 0 < h—r—¢ < h—1 and
Aj._q is a Sidon set of order h — 1, it follows that

TAk_hh—T‘—’i (y) = 1

and so
h

ra,n(n) =1< f(n) forall ne (Bi\{ux})U UBT .
r=2

Next we consider the set

h

B() = hAkfl U U (—z’ck + (h—i)Ak,1> .
=1

For i =1,..., h, we have

¢k > 2hdp_1 > (2h — 20+ 1)dj_q
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and so

max(—ic + (h—i)Ag 1) < —icx + (h—i)dy 1
< *(Z' — 1)Ck — (h*i%»l)dk_l
< min(—(i—1)eg + (h—i+1)Ag 1) -

Therefore, the sets —icy + (h — i)Ax_1 are pairwise disjoint for i = 0,1,..., h.
In particular, if n € Bo\hAj_1, then

n < max(—ck + (h—l)Ak_1> < —cp+ (h—1)dp_1 < —dgp_1 < —dp
and f(n) > 1. Since Ai_1 is a Sidon set of order h — 1, it follows that
ran(n) =1< f(n)
for all .
n e J(~ick + (h—i)Ax1) = Bo\hAy1 .

i=1

It follows from (3) that for any n € By\hAg_1 we have
n < —dp_1 < uyg,
and so uy & Bo\hAg_1. Therefore,
ragn(ug) =7a,  n(ug) +1,

and the representation function r4, j satisfies the three requirements of (2).
We shall prove that

A = A1 U {—Ck, (h—l)ck + uk} .

is a Sidon set of order h — 1. Since Aj_7 is a Sidon set of order h — 1 with
di—1 > max{|a| : a € A1}, and since

cx > 2hdy_q > (2(h—1) - 1)d,€_1 ,

Lemma 2 implies that Ax_; U {—cy} is a Sidon set of order h — 1.
Let n € (h — 1)A. Suppose that

n = r(h—1)cg + rug —icy +

= s(h—1)cp + sug — jex + vy ,
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where
0<r<s<h-1,
0<i1<h—-1-1r,
OS]Sh_l_Sa
€ h—1—r—10)Ak1,
and
y€(h—1-s—j)Ak1 .
Then
2| < (h—1—71—1i)dy—
and

Iyl < (h—1—s—j)dr—1 .
If r <s, then j < h—2 and

(h—1er < (s—=7r)(h—1)eg + (s —7r)ug
=(-da+z—y
< (G—dex+2h—2—r—s—i—j)dr
< (h —2)c + 2hdg—1
< (h—=1)ey ,

which is absurd. Therefore, » = s and
—icp+x=—jep+y € (h—1—7r)(AxU{—ck}) .

Since Ay U {—cg} is a Sidon set of order h — 1, it follows that ¢ = j and that x
has a unique representation as the sum of A — 1 — r — i elements of Ay. Thus, A
is a Sidon set of order h — 1.

The set Ay, satisfies conditions (i)—(iv). It follows by induction that there exists
an infinite increasing sequence A1 C Ay C - - - of finite sets with these properties,
and that A = U2, A is an asymptotic basis of order h with representation
function r4 1, (n) = f(n) for all n € Z.

Finally, we shall prove that, for every nonnegative function ¢(z) with
lim, . p(z) = oo, there exist infinitely many asymptotic bases A of order h
such that r4 p(n) = f(n) for all n € Z and A(—z,z) < ¢(x) for all € Ny. Let
Ag = 0, and let K’ be the set of all positive integers k such that A # Ag_1.
Then 1 € K" and

A= UAk = U {—ck,(h—l)ck} .

keK’ keK’
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For each k € K’, the only constraints on the choice of the number ¢; in the
construction of the set Ay were the sign of ¢; and the growth condition (4)

lek| > 2hdy—1 .

Since p(x) — o0 as x — oo, for every integer k > 0 there exists an integer wy,
such that

o(x) > 2k forall x> wy .

We now impose the following additional constraint: Choose cj, such that
lck| > wy,  for all integers k € K’ .

Then
Ai(—z,2) =0< p(x) for 0<z <]

and
Ai(—z,x) <2< p(x) for x> |c1| > wr .

Suppose that k£ > 2 and the set Ay satisfies Ax_1(—z,z) < p(z) for all z > 0.
If k ¢ K', then Ay, = A1 and Ag(—xz,2) < p(z) for all x > 0. If k € K, then

A N (=lekl, ler|) = Ar—1 N (—el, lek]) = Ag—1,

and so
Ap(—z,x) = Ap_1(—z,2) < p(z)  for 0 <2 < e

and
Ap(—z,2) <2k < p(x) for = > |ckx| > wy .

It follows by induction that the finite sets Ay satisfy Ax(—x,z) < ¢(x) for all k
and z. The infinite set A = Ui Ay is an asymptotic basis with 74 ,(n) = f(n)
for all n € Z. Since limy_,o |cx| = oo, for every nonnegative integer x we can
choose k € K’ such that |cgx| > z. It follows that

A=z, x) = Ap(—z, ) < p(2) .

For every integer k € K’ we had infinitely many choices for the integer ¢ to use
in the construction of the set Ag, and so there are infinitely many asymptotic
bases A with the property that r4(n) = f(n) for all n € Z and A(—z,z) < ¢(x)
for all x € Ny. This completes the proof. n
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4 — Sums of pairwise distinct integers

Let A be a set of integers and h a positive integer. We define the sumset
h A A as the set consisting of all sums of A pairwise distinct elements of A, and
the restricted representation function

Tan: Z — NoU {oo}
by
Fan(n) = Card({{ah---,%} CA: a1+ +ay=nand a1 <--- < ah}) .

The set A of integers is called a restricted asymptotic basis of order h if h A A
contains all but finitely many integers, or, equivalently, if f’;llh(O) is a finite subset
of Z. 7

We can obtain the following result by the same method used to prove
Theorem 1.

Theorem 2. Let f: Z — Ny U {oo} be a function such that f~1(0) is a
finite set of integers. Let ¢ : Ny — R be a nonnegative function such that
lim, o ¢(z) = co. For every h > 2 there exist infinitely many sets A of integers
such that

Tan(n) = f(n) forall neZ

and
A(—z,z) < p(x)

forallz > 0. n

5 — Open problems

Let X be an abelian semigroup, written additively, and let A be a subset
of X. We define the h-fold sumset hA as the set consisting of all sums of A not
necessarily distinct elements of A. The set A is called an asymptotic basis of order
h for X if the sumset h A consists of all but at most finitely many elements of X.
We also define the h-fold restricted sumset h A A as the set consisting of all sums
of h pairwise distinct elements of A. The set A is called a restricted asymptotic
basis of order h for X if the restricted sumset h A A consists of all but at most
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finitely many elements of X. The classical problems of additive number theory
concern the semigroups Ny and Z.

There are four different representation functions that we can associate to ev-
ery subset A of X and every positive integer h. Let (a1, ..., ap) and (a}, ..., a},) be
h-tuples of elements of X. We call these h-tuples equivalent if there is a permuta-
tion o of the set {1, ..., h} such that a;(i) =a; foralli=1,...,h. For every z € X,
let 74 5(x) denote the number of equivalence classes of h-tuples (aq, ..., ap) of ele-
ments of A such that a; + - -4 ap = =. The function r4 4 is called the unordered
representation function of A. This is the function that we studied in this paper.
The set A is an asymptotic basis of order h if 7’271}1(0) is a finite subset of X.

Let Rap(x) denote the number of h-tuples (a1, ...,an) of elements of A such
that a1 + --- + ap = . The function R4, is called the ordered representation
function of A.

Let 74 5(z) denote the number of equivalence classes of h-tuples (a1, ...,ap)
of pairwise distinct elements of A such that a1 +---+ ap = x, and let RA,h(x)
denote the number of h-tuples (ay, ..., ap) of pairwise distinct elements of A such
that a1 + - -+ + ap = x. These functions are called the unordered restricted repre-
sentation function of A and the ordered restricted representation function of A,
respectively. The two restricted representation functions are essentially identical,
since Ry p(z) = hl#ap(x) for all z € X.

In the discussion below, we use only the unordered representation function
74k, but each of the problems can be reformulated in terms of the other repre-
sentation functions.

For every countable abelian semigroup X, let F(X) denote the set of all
functions f: X — Ngo U {oo}, and let Fyo(X) denote the set of all functions
f: X — NyU{oo} such that f71(0) is a finite subset of X. Let F.(X) denote
the set of all functions f : X — NoU {oo} such that f71(0) is a cofinite subset of
X, that is, f(x) # 0 for only finitely many x € X, or, equivalently,

card (f_l(NU {oo})) <00 .

Let R(X, h) denote the set of all h-fold representation functions of subsets A
of X. If r4 3 is the representation function of an asymptotic basis A of order h for
X, then T’Z}h(()) is a finite subset of X, and so r4 , € Fo(X). Let Ro(X, h) denote
the set of all h-fold representation functions of asymptotic bases A of order A for
X. Let Rc(X,h) denote the set of all h-fold representation functions of finite
subsets of X. We have

R(X,h) C F(X),
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Ro(X,h) € Fo(X) ,

and
Re(X,h) C Fo(X) .

In the case h = 1, we have, for every set A C X,

1 fzeA,
T‘A,l(l’) =

0 ifxdA,
and so
R(X,1) = {f: X - {0,1}},
Ro(X,1) = {f: X —={0,1}: card(f~1(0)) < o0} ,
and

Re(X,1) = {f: X = {0,1}: card (7 (N U {o0})) <00} .

In this paper we proved that
Ro(Z,h) = Fo(Z) forall h>2.

Nathanson [8] has extended this result to certain countably infinite groups and
semigroups. Let G be any countably infinite abelian group such that {2¢g : g € G}
is infinite. For the unordered restricted representation function 742, we have

RO(G7 2) = fO(G) .

More generally, let S is any countable abelian semigroup such that for every s € S
there exist s’,s” € S with s = s’ + s”. In the abelian semigroup X = S ® G, we
have

Ro(X,2) = Fo(X) .

If {12¢g : g € G} is infinite, then Ry (X, 2) = Fo(X) for the unordered representa-
tion function 74 2.

The following problems are open for all A > 2:

1. Determine Ry(Ny, k). Equivalently, describe the representation functions
of additive bases for the nonnegative integers. This is a major unsolved
problem in additive number theory, of which the Erdés—Turdn conjecture is
only a special case.



...REPRESENTATION FUNCTION OF AN ADDITIVE BASIS... 71

2. Determine R(Z, h). In this paper we computed Ry(Z, h), the set of repre-
sentation functions of additive bases for the integers, but it is not known
under what conditions a function f : Z — Ng U {oo} with f~1(0) infinite
is the representation function of a subset A of X. It can be proved that if
f71(0) is infinite but sufficiently sparse, then f € R(Z, h).

3. Determine R(Ny, h). Is there a simple list of necessary and sufficient condi-
tions for a function f : Ny — Ny to be the representation function of some
set of nonnegative integers?

4. Determine R.(Z, h). Equivalently, describe the representation functions of
finite sets of integers, and identify the functions f € F.(Z) such that f(n) =
ran(n) for some finite set A of integers. If A is a set of integers and ¢ is an
integer, then for the translated set ¢t + A we have

reran(n) =14 n(n — ht)

for all integers n. This implies that if f(n) € R.(Z,h), then f(n — ht) €
Re(Z, h) for every integer t, so it suffices to consider only finite sets A of
nonnegative integers with 0 € A. Similarly, if ged(A) = d, then 74 4(n) >0
only if d divides n. Setting B = {a/d : d € A}, we have ry a(n) = rpp(n/d).
It follows that we need to consider only finite sets A of relatively prime
nonnegative integers with 0 € A.

5. Determine Ro(G,2), R(G,2), and R.(G,2) for the infinite abelian group
G = @;2,Z/2Z. Note that {2¢ : g € G} = {0} for this group.

6. Determine Ro(G, h) and R(G, h), where G is an arbitrary countably infinite
abelian group and h > 2.

7. There is a class of problems of the following type. Do there exist integers h
and k£ with 2 < h < k such that

R(Z,h) # R(Z,k) ?

We can easily find sets of integers to show that that Ro(No, h) # Ro(No, k).
For example, let A = N be the set of all positive integers, and let h > 1.
Then ry,,(0) = 0 and ry,(h) = 1. If B is any set of nonnegative integers
and k > h, then rp ;(h) =0, and so v, & Ro(No, k). Is it true that

Ro(No, h) N Ro(No, k) =0
for all h # k7
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8. By Theorem 1, for every h > 2 and every function f € Fy(Z), there exist

arbitrarily sparse sets A of integers such that 74 5(n) = f(n) for all n. It is
an open problem to determine how dense the sets A can be. For example, in
the special case h = 2 and f(n) = 1, Nathanson [7] proved that there exists
a set A such that r49(n) =1 for all n, and logz < A(—=z,z) < logz. For
an arbitrary representation function f € Fy(Z), Nathanson [6] constructed
an asymptotic basis of order h with A(—z, z) > 21/2h=1) 1 the case h = 2,
Cilleruelo and Nathanson [1] improved this to A(—z,z) > 2V21+e(1),

REFERENCES

CILLERUELO, J. and NATHANSON, M.B. — Dense sets of integers with prescribed
representation functions, in preparation.

Dirac, G.A. — Note on a problem in additive number theory, J. London Math.
Soc., 26 (1951), 312-313.

ERDOS, P. and TURAN, P. — On a problem of Sidon in additive number theory and
some related questions, J. London Math. Soc., 16 (1941), 212-215.

ErDGs, P. and Fucus, W.H.J. — On a problem of additive number theory,
J. London Math. Soc., 31 (1956), 67-73.

NATHANSON, M.B. — Representation functions of sequences in additive number
theory, Proc. Amer. Math. Soc., 72 (1978), 16-20.

NATHANSON, M.B. — The inverse problem for representation functions of additive
bases, in “Number Theory: New York Seminar 2003” (New York), Springer-Verlag,
2004, pp- 253-262.

NATHANSON, M.B. — Unique representation bases for the integers, Acta Arith.,
108(1) (2003), 1-8.

NATHANSON, M.B. — Representation functions of additive bases for abelian semi-
groups, Int. J. Math. Math. Sci., 2004(30) (2004), 1589-1597.

Melvyn B. Nathanson,
Department of Mathematics, Lehman College (CUNY),
Bronx, New York 10468 — USA
E-mail: melvyn.nathanson@lehman.cuny.edu



