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ON THE EXISTENCE OF MONOTONE SOLUTIONS FOR
SECOND-ORDER NON-CONVEX DIFFERENTIAL INCLUSIONS
IN INFINITE DIMENSIONAL SPACES

A.G. IBRAHIM and K.S. ALKULAIBI

Abstract: This paper is concerned with the existence of monotone solutions in an
infinite dimensional Hilbert space for a second order differential inclusion and without

the assumption of the convexity.

1 — Introduction

The existence of solutions for either first or second order differential inclustions
or functional differential inclusions has been studied extensively in recent papers.
For instance we refer to [1, 4, 6, 7, 8, 10, 12, 14, 16, 17, 18, 19, 20, 21, 22].

In order to explain our aim let H be an infinite dimensional Hilbert space,
Q) = Kx () be a subset of Hx H, I be a set-valued function defined on ) and its
values are not necessary convex subsets of H. Consider the following differential
inclusion:

2"(t) € F(z(t),2'(t)), a.e. on [0,7],

()
(z(t),2'(t)) = (20,90) € Q =Kx .

By a solution of (*) we mean an absolutely continuous function z: [0,7] — K
with absolutely continuous derivative such that (%) is satisfied. A solution
x:]0,T] — K of (x) is called monotone if there is a set-valued function P de-
fined from K to the family of nonempty subsets of K such that (i) x € P(z) for
all x € K, (ii) if y € P(x) then P(y) C P(z) and (iii) if t < s, t,s € [0,T]
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then z(s) € P(x(t)). In the particular case H= R (the set of real numbers) and
P(z) = [z,00) N K the monotoncity of the solution becomes, according to this
definition, as follows if ¢ < s then z(t) < z(s).

The purpose of this paper is to obtain conditions on the data that guarantee
the existence of monotone solution for (x).

We refer to in a recent paper V. Lupulescu [20] proved the existence of a
solution wich is not necessary monotone and in the case when dimension H is
finite. Also, in the above mentioned papers the monotoncity of the obtained
solutions were not researched.

The paper will organize as follows: in section 2 we will recall briefly some
basic definitions and preliminary facts which will be used throught the sequel.
In section 3 we will establish the main result.

2 — Notations and preliminaries

In this section we give the notations and known facts that we will use throught
the paper.

e H is an infinite dimensional seperable real Hilbert space.

e Ifx € Handd >0, B(z,0) ={y € H: ||y — z|| <4} is the ball centered
at x with radius § and B(z,0) its closure.

o If Ais asubset of H and z € H, d(z,A) = inf{||ly — z||: y € A} is the
distance from z to A.

o If Ais a subset of H then |A| = sup{|lal|: a € A} is the excess of A over
{0} and co A is the convex hull of A.

e A function w:[0,7] — H is called Lebesgue-Bochner integrable if
t — ||u(t)| is Lebesgue integrable and wu is strongly measurable, i.e. the
a.e. limit of a sequence of step functions. The Banach space of equiva-
lence class of such u will be denoted by L'([0,T], H). It’s known that if
w e LY([0,T], H) then (ffw(s)ds) =w(t), a.c.

e [?([0,T],H) is the Banach space of all strongly measurable functions
w:[0,7] — H such that fOT u(t)]? dt < .

e A function u: [0,7] — H is absolutely continuous if there is a function
v € L'([0,T], H) such that u(t) = u(0) + [3v(s)ds, for all t € [0, 7).
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e If X and Y are two topological spaces, a set-valued function G: X — Y
is called upper semicontinuous (lower semicontinuous) at z, € X if for any
open set U of Y containing G(z,) (G(z,) NU # 0), the set {z € X :
G(z) CU} ({x € X: G(x)NU # 0}) is a neighbourhood of z,. G is upper
semicontinuous (lower semicontinuous) if it’s upper semicontinuous (lower
semicontinuous) at each point in X.

e If F is a topological vector space, f: E — R and z, € E, then 2/ € E’,
the topological dual of F, is said to be a subgradient of f at x, if for every
re kb,

J(@) = f(ze) = (&'~ a0) .

The set of all subgradients of f at x, is called subdifferential and is denoted
by 0f(x,). It’s known that if E is a Hausdorff locally convex space, then
Of (o) is closed and convex. (See for instance [13]).

e If K is a subset of H and x € K, then the Bouligand’s contingent cone of
K at z is defined by:

.. Jdxz+hy, K)
T = H: 1 f~— 77— .
o) = {o s e 2R <o)

It’s known that if z is an interior point in K, then Tk (z) = H and if K is
closed and convex then Tk (z) = {A(z —x): A >0, z € K}. (See [3]).

e If K is a subset of H, z € K and y € H then the second order contingent
cone of K at (x,y) is defined by (see [9]):

dz+hy+ 22 K
T3 (x,y) = {ZEH: lim inf 2@ T+ 2 ):0}.

¥ h?
h—0 5

We remark that if TI((Z) (x,y) # 0 then y € Tx(x).

e If B is a bounded set of a normed space F, then the Kuratowski’s measure of
noncompactness of B, a(B), is defined by «(B) = inf{d > 0: B =%, B;
for some m and B; with diameter less than or equal to d}. In the following
lemma we recall some useful properties for the measure of noncompactness
«. For instance see Prop.9.1 [15].

Lemma 2.1. Let X be an infinite dimensional real Banach space and D1,
D5 be two bounded subsets of X.

(i) a(D1) =0 <= D is relatively compact .
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a(AD1) = [Aa(D1); A€R.
D1 - DQ — a(Dl) < Oé(DQ) .
Ck(Dl + DQ) < Oz(D1> + OJ(DQ) .

If o € X and r is a positive real number then a(B(xo,7)) =27 .1

For other properties of a we refer to ([5] and [15]), and for more details about
set-valued function we refer to ([2], [3], [13], [15], [19]).

3 — Main result

In this section we give the main result. First we start by the following Lemma
which plays an important role in the sequel. The proof will be based on the same
technique that was used in Lemma 3.1 in [20].

Lemma 3.1. Let K, ) be two nonempty subsets of H, P be a lower semi-
continuous set-valued function from K to the non-empty subsets of K and F be
a set-valued function defined on ) = K x () with non-empty subsets of H.

Assume that:

(i) Forallz € K, z € P(x);

(ii) For all (z,y) € Q, F(z,y) N T, (z,y) #0.

If QQ, is a compact subset of () and k is a positive integer, then there is
ne > 0 such that for all (zo,yo) € Qo there exist hoy € [Nk, 1), Uo, Vo € H and
(%j5,Yjo) € Qo such that:

1. 2o =20 + ho,k Yo + % hz,k Uof € P(xo) ;
2. ’Uo,k S F(xjoayjo);

3. d((o, o), (50, ¥j0)) < 7

4

[tto ) — Vol < f -

Proof: Let (z,y) be a fixed element in @ = K x Q. By (ii) there is v =
v(z,y) € F(z,y) such that:

d(z + hy + 2o, P(x)
lim inf ( 2 )

¥ h?
h—0 5

=0.
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Hence there is hy, = hy(z,y) € (0, 1] such that

hi hi;

Since P is lower semicontinuous, Cor.1.2.1 [3] yields that the function (a,b) —
d(b,P(a)) is upper semicontinuous. Consequently, the function (a,b) —
d(a + hyb + 5 hiv, P(a)) is upper semicontinuous from HxH to R. Thus the
subset

N(z,y) = {(a,b): d<a+hkb+%hzv, P(a)) < h_i}

is open. By (1), (z,y) € N(x,y). Then there exists r = r(x,y) € (0, %] such that
B((z,y),r) C N(x,y).

Now {B((x,y),r): (x,y) € Qo} is an open cover for (),. Since (), is compact,
there exists a finite set {(z;,¥;) € Qo: 1 < i < m} such that:

Qo € U B((wi,yi), i) -
=1

Put nr= min{hg(x;,y;): 1<i<m}. Since (zo,¥yo) € Qo there is j, €{1,2,...,m}
such that:

<w07y0) e B((xjo7yjo)’rjo) g N(xjoﬂyjo)7 (mjo7yjo) e QO .

Denote by ho = hi(Zjy, Yjo)s Voo = 0(Tjo,Yjs) € F(xj,,Y;,). From the definition
of the distance we can find z, € P(x,) such that:

h2
1 h2,, d(20+ hogyo + “55 vor, P(xo)) 1
E d<$o + hng Yo + 7 Vo, k> Zo) < hiﬂk + ﬁ
2
hg k/4k 1
< =3 + —
ho’k/Z 2k
_ 1 n 1
2k 2k
_ 1
=
hence:
Zo — Lo — ho k Yo 1
’ - Uo < - .
hi,k Yok k

2
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Let
o Zo — Lo — ho,k,‘ Yo
’U/o7k — hi R .
2

Then .

”Uo,k - Uo,k| < E s

2 k
Zo +ho,kyo + %uo,kz = 2 € P(xo) )

Uo,k’ € F(xjo7yjo) 9

and

ol

d((@o yo), (250, 35)) <

Theorem 3.2. Let K be a subset of H, €2 be an open subset of H such that
Q = Kx ) be a locally compact subset of Hx H, F' be an upper semicontinuous
set-valued function from ) to the family of non-empty compact subsets of H,
and P be a lower semicontinuous set-valued function from K to the family of
non-empty subsets of K with closed graph.

Assume the following conditions:

(H1) (i) Forall z € K, z € P(x),
(ii) For all x € K and all y € P(x) we have P(y) C P(x).

(H2) Forall (z,y) € Q. F(z,y) NTh (x,y) £ 0.

(H3) There exist a proper convex and lower semicontinuous function
V:H— R such that:

Flz,y) COV(y), V(z,y)eQ,
where OV (y) is the subdifferential of V.

Then for all (x.,yo) € Q there exists T >0 and an absolutely continuous
function z: [0,T] — H with absolutely continuous derivative such that:

2"(t) € F(x(t),2'(t)) a.e. on [0,T],
xz(s) € P(z(t)) forall t€0,T] and all s € [t,T],

2(0)=2,, 2'(0)=1ys .
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Proof: Let (zo,y,) € Q. Since @ is locally compact, each component K and
2 is locally compact. Because z, € K we can find §; >0 such that B(z,,d1) N K
is compact in H. Also, since gy, € ) and () is open we can find d >0 such that
B(yo,02) C Qis compact in H. Let § = min(dq, d2) and put Qo = (B(xo,d)NK) X
(B(yo,9)). So, Qo is a compact subset of Q). Since F' is upper semicontinuous,
F(Q,) is compact subset of H. Then we can find M > 0 such that:

Sup{HvH: v e F(QO)} <M.

Put

. 6 6 6
(1) T = mln{Q(M+1)’ \/Mi—i-l’ 2(]lyoll "‘1)}'

Let k be a fixed positive integer. We are going to show that there are a positive

real number 7, and a positive integer m (k) such that for each r€ {0, 1, ..., m(k)—1}
there exist hyj € [0, %], (@r ko, Yrk) € Qo, Urk,Vrp € H and (z5,,y;,) € Qo with
the following properties:

) Y ey < T < S by
(11) Lok = Loy Yok = Yo -

(iii) For all r =0,1,2,...,m(k)—2 we have

1
Tr41k = Tk + hr,k Yrk + §(hr,k)2 Urf € P(xr,k)
and

(2) Yr+1,k = Yrk + hr,k’ Up g -
(iv) Forallr=0,1,2,...,m(k)—1 we have

1
vrk € F(@s,y5,) s d(@rvrn)s (@5,,93,)) < P

and

u (% .
r.k r.k Lk

By Lemma 3.1 there exist 1 >0, ho € [N, %], Uo ks, Vo i € H and (x5, , yj,) € Qo,
such that:

1
~(hop)uoy € Plzo) C K,

(e} hO (e}
To + Nok Y +2

(3) Vo € F(%j,,Y5.)

1 1
(o, y0), (@jo i) ) < 7o o = vel) < o -



238 A.G. IBRAHIM and K.S. ALKULAIBI

Define

1
= (ho,k)2 uo,k

T1k = To + ho,k Yo + 9

and
Y1,k = Yo + ho,k Uo,k -

Then z1 € P(xz,) and if hoj < T we have

1 2
o1k = @oll < ho lgell + 5 (ho)? 1wl
1 9 1
< e lyoll + 5 (o) (llvell + )

1
< T |yo| +§T2(M+1)
6 4
2 =
< 5 + 5 )
and
Y16 = Yoll < hop ||tio k|l
1
< ho,k(M + _)

k
<TM+1) < 6.

Therefore (z14,y1%) € Qo. Again by Lemma 3.1 there exist hyy € [nk,%],
uk,vix € H and (zj,,y5,) € Qo such that

1
T +higpyie+ 5 (hig)*uig € Plaig) C K,
(4) vk € Fz),y5) ,
1 1
d((wrm ) (@ieys)) < 7o lluwe = vl < 4
If hop + h1k >T we set m(k) =1, otherwise we define
L.y
Top = Tik+hipy1 e+ 3 hY j u1k

and
Yok = YLkt higpuig -

By (3) and (4) we obtain g € P(z1) and

1 1
HxQ,k - xOH = ||To + hO,k Yo + 5 hz,k Uo i + hl,k(yo + hO,k UO,k) + 5 h%,k Uy,k — Lo

1
[+ 5 P ] <

IN

1
(hok + k) llyell + 5 h2 i ol + Pk o e |t
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1 1
< (ho + hig) |yoll + 3 h2 (M 4+ 1) + h g ho (M + 1) + 3 hi (M +1)

1
= (hog + h1g) lyoll + §(M + 1) (ho + h1g)?

1 6 0
< THyo||‘|‘§(M+1)T2 < §+§ = 0.

Also,

2,6 = Yoll < holltokll + P klluikll
< hop(M + 1)+ hy (M +1)
= (hox +hip) M+1) < T(M+1) < 6.

Thus (z2k,y2k) € Qo.  Invoking to Lemma 3.1, there exist hoy € [Uk,%],
ug k, V2 € H and (zj,,y),) € Qo such that

1
2ok = Tk + hopyor + 2 h%,k ug € P(rog),
(5) vak € F(2jy,95)

1 1
A2, yo)s @i ) < 7 Mluze = vaull < -

We reiterate this process. Since ho i, b1k, hog, ... are in [ny, %] we are sure that
there exists a positive integer m(k) such that for each r € {0,1,...,m(k)—1}
there exist h,j € [ng, %], (@rk, Yrk) € Qos Uk, Ur i € H and (z5,,y;,) € Qo with
properties in (2).

Now let us set tf =0 and t), = hop +hi g+ -+ he_1 s 7€ {1,2,...,m(k)}.
We remark that for all » € {1,2,...,m(k)} we have

1 _
th—ti'< ¢ and =t < g ®)

We define a function z: [0, 7] — H as follows. If t € [t} 1, 7], r € {1,2,...,m(k)}

we put

_ 1 1.2
ap(t) = apoip+ (=1 ) yr1p + 3 =t w1 -

Then we get
(6) xk:(tzil) =Tr_1k € P(wr—Z,k)7 re {172a ,’I?’L(k‘)} )
(7) xk,(t) = Yr—1,k T (t - tzil) Ur—1,k » Vie [tzilﬂf?};]’ re {L 2,.., m(k)} )

(8) @ (t) =ur_1p, Ve[t ], re{l,2,...,mk)}.
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Hence by (2), for all ¢ € [0,T] we obtain

1 11
lzx@I < o1kl + % yr 1.kl + 332 (=
< w1k — wo|l + llzoll + lyr—1.6 — Yol
9) + Yol + llur—16 — vkl + lor—1kll
1
< 28+ ol + llgll +  + M
< 28+ |lzoll + el + 1+ M
and
, 1
2 (t)]] < Hyrfl,kHJrEHurfl,kH
1
< ol + 8 + 7 (lr-1 = o1l + o1l
(10)
< |y+5+3(3+M)
Yo i\
< ol +6+ M +1
and
lze" () = llur—1kll < llur—16 — ve—1pll + lor—1k]l
1
< M+1.

Moreover, let ¢ be a fixed point in [0,7]. Then there is r € {1,2,...,m(k)} such
that ¢ € [t; !, ¢;]. We have

1
k() = zj_ill < ller—1w = 2goall + 2 Y-kl

11
+ 372 (||ur_1,k — Ur—1,k|l + ”Ur—l,k”)
1 1 11 /1
< — — (4 o SEl\ntM
c 3 (5 lel) + 575 (5 + M)
1
< 2 (2404wl + )
1
Hmk,(t) _ yjr_lH S ||y7‘—1,k‘ — yjr_1|| + E (HUT_Lk - U’/‘—l,k‘” + Hvr—l,k )

11,1
< 4o (p M)

(M +2)

| =
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and

1
-

N2k (1) — ve—1 k]l = NJwr—1k — v k]| <

Since v,_1 € F(xj,_,,yj_,), then we obtain
(12) (xk(t)vxk,(t)awkﬂ(t)) € graph F + ¢y (B(Ov 1) X B(Ov 1) X B(Ov 1)) )

where e — 0 as k — oo. Since t is arbitrary point in [0, 7], the relation (12) is
true for all ¢t € [0, 7.

By (10) and (11) the sequences (z) and (') are equicontinuous. In order to
apply Ascoli-Arzela theorem we are going to show that for every ¢ € [0, T the two
sets Z1(t) = {xx(t): k > 1} and Zo(t) = {x4/(t): k > 1} are relatively compact
in H. So, for every k > 1 let 6;: [0,T] — [0,T] defined by 0,(0) =0, 0,(t) = t},
t €t ). Also let Qo1 = {z: (z,y) € Qo for some y}, Qoo = {y: (z,y) €
Q. for some x}. Hence, each of Qo1 and Q.2 is compact in H. From the defini-
tion of (zx) and (x;') we have for all k > 1 and all ¢ € [0,7T], zx(0x(t)) € Qo1,
z'(0k(t)) € Qo2. Thus for all t €[0,7] the two sets {xp(0r(t)): k> 1} and
{2 (0r(t)): k > 1} are relatively compact in H. Now, for all ¢ € [0,T]

a(Zi(t)) = a{k®): k>1}
= o {@k(t) = 2p(0k(t)) + 2(Oc(t): k> 1} .
From (iii) and (iv) of Lemma 2.1 we get
a(Z1(t)) < a{ak(®) = 2r(0k®): k> 1} + a{aeOu(t): k> 1}

Since the set {x(0k(t)): k > 1} is relatively compact, a{xp(0(t)): k > 1} =0
(Lemma 2.1 (i)). Then

a(Z1(t))

IN

o {zi(t) — op(0x(t)): k> 1}

O (t)
:a{/ 21’ () ds: kZl}.
t

By relation (10) we obtain

a<B<O, %(Hyoll +6+ M+ 1)))

(H?JOH +5+M+1) . (By Lemma 2.1 (v))

a(Z1(t))

IN

El )
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Since § — 0 as k — oo, a(Z1(t)) =0. Hence Zi(t) is relatively compact. Simi-
larly the set Zy(t) is relatively compact. By a corollary of Ascoli-Arzela theorem
(see Th.0.3.4 [3]) the sequence (zj), k > 1 has a subsequence (again denoted
by (z)) and absolutely continuous function z:[0,7] — H with absolutely
continuous derivative z’ such that (xj) converges uniformly to x on [0,7],
(z1") converges uniformly to ' on [0,7] and (z}") converges weakly in L2([0,T, H)
to z”. Invoking to the convergence theorem (see Th.1.4.1 [3]) we get that

(13) 2"(t) € coF(z(t),2'(t)) a.e.on [0,7].

Note that here the values of F' are not necessary convex. Now we use condition
(H3) to show that

2"(t) € F(x(t),2'(t)) ae. on [0,T].

Since V' is proper convex lower semicontinuous then by Lemma 3.3 in [11],

we have

d / o " 2

SV@E@) = O acon [0,1].
Then .
(1) V@) = Vo) = [P

From (2) for every integer k> 1 and every r € {1,2,....,m(k)} there exist
Qr 1.k, ﬁr—l,k’ Yr—1,k € B(O7 %) such that

Ur—1k — Vr—1k = Ur—1k € F<xr—1,k —Qr_1k, Yr—1k — /67"—1,]6)
- av(yr—l,k: - ﬁr—l,k) .

(15)

From the definition of the subdifferential 0V, the last relation gets us

V(yr,k - /67",k’) - V(yT—l,k - ﬁr—l,k) >

> <UT—1,I€ —Yr—1k> Yrk = Brk — Wr—1k — 57~—1,k)>

Il
T~

Ur—1,k — Vr—1,ks Yrk — Yr—1k + 57“—1,k - /ﬁr,k>
= <ur—1,k —Y1gs K () — 2k () + Bk — ﬁr,k>

ty
= <Ur1,k — Y-k /tT_lfL'k”(t) dt> + (e =Tty Broik = Brk) =

k
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h
= <Ur—l,ka U1k (T — t2_1)> - <%—1,k, /trflﬁvl/(t) dt>
k

+ <ur71,k —Yr—1k> Bro1k — ﬁr,k>

th
= (5~ ;) ol = (e [ 500

k

+ <ur—1,k — Vr—1,k > ﬁr—l,k - ﬁr,k> .
Since
(s ekt =15 )) = (= 1) (1, 1)

(th = ) -1 i)

9

thus, for all positive integer number k and all r € {1,2,...,m(k)—1} we have

V(') = Bk ) = V(¢ = Broan) >

(16) > /tz 12" ()] dt — <’y K /t; x”(t)dt>
= tz_l r—1,k > Z_l
+ <ur—1,k — Vr—1,k > ﬁr—l,k - ﬁr,k> .

k)—1

Also, from (2)—(i) we have t;n( <T< tZ”(k), then from (15) when r = m(k)

one has,
V(xk,(T)) - V(ym(k)—l,k - ﬁm(k)—l,k) >
> <Um(k)71,k — Ymtk) =1k Tk (T) = Ym()—1,6 + ﬁm(k)fl,k>

= <um(k)71,k ()1 2 (T) =z (G + ﬁm(k)fl,k>

T T
= <Um(k)—1,ka /tm(k)_l$k”(t) dt> - <7m(k)—1,k, /tm(k)_l$k”(t) dt>
k k

+ <um(k)71,k — Y (k) =1,k » ﬁm(k)fl,k> :
Then

V<=Tk/(T)) - V(ﬂﬂk/(tzl(k)fl) - ﬁm(k)—l,k) >

17 > [ ")\ dt . "(t) dt
(17) 2 Jyr 2" ()17 dt — (Vimge)—1,k 5 t;n(k)_la:k (t)

+ <um(k)71,k = Ym(k) =1,k » /Bm(k)fl,k> :
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By adding the m(k)—1 inequalities from (16) and inequality from (17) we get
V<xk,(T)) - V(yo - 60,16) =
k
= V(Uﬁk/(T)) - V( (tk( - 1) /Bm(k:)fl,k)

+ V(mk (tm(k e Brn(k) ) — V(mk’(t;n(k)ﬂ) - /Bm(k)—Q,k)
(18) + o
+ V(") = Bik) = V(yo — Bog)

T " 2
> [Nl O1F i+ pl)
where
m(k)—1 ¢
o) = — 3 <%_17k, /H 2 (1) dt>
r=1 by
m(k)—1
+ <ur—1,k’ — Tr—1,k > /87“—17]6 - ﬁr,kz>
r=1
T "
<7m(k) /tm(k)_lxk: (t) dt>
k
+ <um(k)71,k = Y (k) =1,k » ﬂm(k)fl,k> :
We have
m(k
<3 ol / i ()] d
m(k)fl

+ Z lur—16 = Yr—1ell |Br=1,6 — Brill
r=1

+ 1y -1l Iz ()] dt

tm(k)fl
k
A Nt ()—1,6 = Vm(e) =1kl 1Bmee) -1kl

m(k)—1 m(k)—1

1 2
< D gkl G =67 + D0 vkl
r=1 r=1
1 k)—1
b Tl T = 697 4 ol

m(k)—1

1M+1 2M M+1 M

— +t 9
r=1 r=1 k
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and this yields klim p(k) = 0. By (18) we obtain
T 2
T V(7)) = V(g) > Jim sup / " (6)|2 dt .
—00 —00 0

Therefore, by (14) we have

T T
19) [ @Pa = vE@)-vo) = Jimsw [ a0 d .

Since (z1") converges weakly to x” in L2([0,T], H) then relation (19) implies
that (z3”) converges strongly to x” in L2([0,T], H). Consequently, there is a
subsequence of x”, denoted again by (z1”) converges to x” almost everywhere
on [0,7]. From (12) we obtain,

(20) lim d((:ck(t),mk’(t),xk”(t)), graphF) =0.

k—o00

By the assumptions on F' and by Prop. 1.1.2 [3] the graph of F is closed. Then
relation (20) yields that

2"(t) € F(x(t),2'(t)) a.e. on [0,7T].

It remains to prove that z(t) € P(z(t)), for all t €[0,7] and if s>t then
x(s) € P(x(t)).
In order to do this for all £ > 1 let d;: [0,7] — [0,T] be a function defined
by:
o(0) =0, Op(t)=1t;""

for all t € (¢} ', #] and all 7 € {1,2,...,m(k)}. Since

1
-t < L ve get klim xp(0k(t)) = klim 2 (0k(t)) = x(t)

for all t € [0,7]. Let t € [0,T] be fixed. For every positive integer k there is
r € {1,2,...,m(k)} such that t € (¢, ' ¢;]. We have

zp(Ok(t) = 21 (ty) € Pax(ty ")) . = Plzk(6k(1)))
Since the graph of P is closed, we conclude that
z(t) € P(x(t)) .

Now let t,s € [0,T] be such that s > ¢. Then for k large enough we can find
r,q € {1,2,...,m(k) — 1} such that r > ¢, s € [t) ', ¢;] and t € [tzfl,tZ].
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Assume that r = ¢+ j. Clearly 1 < j < m(k). We have
ri(t ) € Plag(t?))
Since P is transitive,
P(zx(t;h)) C Plar(t?) -
Similarly,
P(ay(t;,7%)) € Plax(t;)) -
We continue for j steps, hence we get
Pea(ty™)) € Plax(td)) -
But
w(th) € Plag(ty ™) -
We obtain
2h(th) € Play(td)) .
This means that
k(0 (s)) € Pz (0k(t))) -

Since klim O (t) = t, klim 0r(s) = s and the graph of P is closed, we get
—00 —00

z(s) € P(z(t)) . m

If we consider the particular case when P(x)=K for all z € K we obtain the
following Viability Theorem.

Theorem 3.3. Let K be a closed subset of H, Q) be an open subset of H
such that Q = K x  be a locally compact subset of Hx H, F be an upper
semicontinuous set-valued function from @) to the family of nonempty compact
subsets of H.

Assume that condition (H3) of Theorem 3.2 and the following condition are
satisfied:

(H4) For all (z,y) € Q, F(z,y)N T[(g)(:z:,y) #0.

Then for all (x.,yo) € Q there exists T >0 and an absolutely continuous
function x: [0,T] — H with absolutely continuous derivative such that:

2"(t) € F(x(t),2'(t)) a.e. on [0,T],
(x(t),2'(t)) € Q, Vte[0,T7],
z(0)=0, 2'(0)=19y.u



ON THE EXISTENCE OF MONOTONE SOLUTIONS... 247

Remark. If we suppose that the dimension of H is finite, in Theorem 3.3,
we obtain Theorem 2.1 of [20]. o
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