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MICRO-SUPPORT AND CAUCHY PROBLEM
FOR TEMPERATE SOLUTIONS OF REGULAR D-MODULES

MASAKI KASHIWARA !, TERESA MONTEIRO FERNANDES 2 and PIERRE SCHAPIRA

Presented by J.P. Dias

Abstract: Let X be a complex manifold, V' a smooth involutive submanifold of
T*X, M a microdifferential system regular along V, and F an R-constructible sheaf
on X. We study the complex of temperate microfunction solutions of M associated
with F, that is, the complex RHom p, (M, T phom(F,Ox)). We give a bound to its

micro-support and solve the Cauchy problem under a suitable hyperbolicity assumption.

1 — Introduction

The Cauchy problem for solutions of linear differential operators as well as the
problem of propagation of singularities, are closely related subjects which have
been intensively studied in the 80''. In the analytic case, it is shown in [8] that
these problems may be reduced to purely geometric ones, using sheaf theory, the
only analytic tool being the Cauchy—Kowalevski theorem.

To be more precise, recall that a system of linear partial differential operators
on a complex manifold X is the data of a coherent module M over the sheaf of
rings Dx of holomorphic differential operators. Let F' be a complex of sheaves
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on X with R-constructible cohomologies (one says an R-constructible sheaf, for
short). The complex of “generalized functions” associated with F' is described
by the complex RHom(F,Ox), and the complex of solutions of M with values
in this complex is described by the complex

RHom (M, RHom(F, OX)) .

One may also microlocalize the problem by replacing RHom(F,Ox) with
phom(F,Ox). In (loc cit) one shows that most of the properties of this complex,
especially those related to propagation or Cauchy problem, are encoded in two
geometric objects, both living in the cotangent bundle T* X, the characteristic
variety of the system M, denoted by char(M), and the micro-support of F,
denoted by SS(F).

The complex RHom(F, Ox) allows us to treat various situations. For example
if M is a real manifold and X is a complexification of M, by taking as F' the
dual D'(Cy;) of the constant sheaf on M, one obtains the sheaf Bj; of Sato’s
hyperfunctions. If Z is a complex analytic hypersurface of X and F' = Cz[—1] is
the (shifted) constant sheaf on Z, one obtains the sheaf of holomorphic functions
with singularities on Z.

However, the complex RHom/(F,Ox) does not allow us to treat sheaves as-
sociated with holomorphic functions with temperate growth such as Schwartz’s
distributions or meromorphic functions with poles on Z. To consider such cases,
one has to replace it by the complex 7 hom(F, Ox) of temperate cohomology, in-
troduced in [4] or its microlocalization 7 phom(F, O x) constructed by Andronikof
[1]. At this stage, a serious difficulty appears: the geometric methods of [8] do
not apply any more, and indeed, it is a well known fact that to solve for example
the Cauchy problem for distributions requires more informations than the data
of the characteristic variety of the system.

In fact, very little is known concerning the problems of propagation of sin-
gularities and the Cauchy problem in the space of distributions, apart the case
where M has real simple characteristics (see [2, 10] for a formulation in the lan-
guage of sheaves and D-modules) and some very specific situation (e.g., operators
with constant coefficients on R™). We refer to [3] for historical and bibliographical
comments.

In this paper we give an estimate for the micro-support of the sheaf of temper-
ate microfunction solutions associated with an R-constructible object F', when
M has regular singularities along an involutive manifold V' in the sense of [7].
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More precisely, we prove the estimate
(1) SS(RHom (M, Tuhom(F,0x))) € py* (Cv(SS(F))")

where py: V xpex T*(T*X) — V xp+x T(T*X) — Ty (T*X) is the projection
and a is the antipodal map of Ty (T*X) as a vector bundle over V.

One can translate this result as follows. For a bicharacteristic leaf 3 of V,
one has ¥ xp«x Ty (T*X) ~ T*%, and ¥ xy Cy(SS(F))* may be regarded as
a subset of T*¥. Then for any ¥, (1) implies

(2) SS(RHomp, (M, Tphom(F, OX))\Z) C U xy Oy (SS(F))® .

What makes this paper original, in our opinion, is that we treat general
R-constructible sheaves F'. Let us illustrate our results by an example.

We consider a smooth morphism f: X — Y, weset V =X xy T*Y, and we
assume that M is a coherent module regular along V. Let M be a real analytic
manifold with complexification X, S a closed subanalytic subset of M. We obtain
the estimate

$S(RHomp, (M, Ts(Dbar))) C VF(SS(Cs))"

where Dby; denote the sheaf of distributions on M, and the operation + is defined
in [8] and recalled in Section 2.

2 — Notations and main results

We will mainly follow the notations in [8].

Let X be a real analytic manifold. We shall denote by 7: TX — X the
tangent bundle to X and by 7: T*X — X the cotangent bundle. Set T*X =
T*X\X and 7: T*X — X the projection T*X — X. For a smooth submanifold
Y of X, Ty X denotes the normal bundle to Y and 7y X the conormal bundle.
In particular, 7% X is identified with X, the zero section.

For a submanifold Y of X and a subset S of X, we denote by Cy(S) the
normal cone to S along Y, a conic subset of Ty X.

If A and B are two conic subsets of T*X, the operation A F B is defined in
(loc cit) and will be recalled below. The set A* denotes the image of A by the
antipodal map, (x;¢) — (z;—¢).
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For a cone v C T'X, the polar cone 7° to « is the closed convex cone of T*X
defined by

7 = {@&; wen(), (1,€) 20 for any (w;v) € 7} .

Let f: X — Y be a morphism of complex manifolds. One has two natural

morphisms
T°X «— X xyT'Y — T*Y .

fa =
(In [7], fq is denoted by *f'.)

We denote by D(Cx) (respectively D*(Cx), D% .(Cx)) the derived category
of complexes of sheaves of C-vector spaces (respectively with bounded cohomolo-
gies, with bounded and R-constructible cohomologies).

We denote by D’ the duality functor on D°(Cx), defined by

D% (F) = RHom(F,Cx) .

If F is an object of D’(Cx), SS(F) denotes its micro-support, a closed
R*-conic involutive subset of T*X.

On a complex manifold X we consider the sheaf Ox of holomorphic functions,
the sheaf ©x of holomorphic vector fields, the sheaf Dx of linear holomorphic
differential operators of finite order, and its subsheaves Dx(m) of operators of
order at most m. We shall also consider the sheaf £x on T*X of microdifferen-
tial operators of finite order ([14] and [13] for an exposition) and its subsheaves
Ex (m) of operators of order at most m. We denote by Modon(Dx) (respectively
by Modeon(€x)) the abelian category of coherent Dyx-modules (respectively co-
herent £x-modules). We denote by D°(Dx) the bounded derived category of left
Dx-modules and by ch’oh(D x ) its full triangulated category consisting of objects
with coherent cohomologies. We define similarly D*(€x) and D, (€x).

The notion of regularity of an £x-module along an involutive submanifold V'
of T* X will be recalled in Section 3.

The main purpose of this paper is to prove the three following results.

Let V be an involutive vector subbundle of T*X. Let M be a coherent
Dx-module regular along V and let F' € D% __(Cx).

Theorem 2.1. We have the estimate:

(3) SS(RHomp, (M, Thom(F,0x))) € VFSS(F)".

Note that V + SS(F)? coincides with the closure of V+SS(F)? by Lemma 4.1.
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As a particular case of Theorem 2.1, assume that X is the complexification of
a real analytic manifold M and let S be a closed subanalytic subset of M. We
obtain the estimate:

SS (RHomDX (M, FS(DbM))> C (SS(Cs))* TV .

For a complex submanifold Z of X, we denote by Mz the induced system of
Mon Z.

Theorem 2.2. Assume T3X N ((SSF)*+V) C T%X. Then
RHomp, (M,Thom(F, (’)X))’Z ~ RHomp, (MZ,Thom(FZ,(’)Z)> .

Let U be a conic open subset of 7*X, and let V be a closed smooth conic
regular involutive submanifold in U. We denote by

pvi V xpex THT*X) =5 V xpex T(T*X) — TyT*X

the canonical projection.

For an R-constructible sheaf F', the cohomology of 7 phom(F,Ox) is pro-
vided with an action of Ex as proved in [1], therefore, when 7 phom(F,Ox) is
concentrated in a single degree, we regard it as an £x-module.

Theorem 2.3. Let U and V be as above and let M be a coherent
Ex-module defined on U and regular along V. Assume that F € D}_(Cx) and
T pwhom(F, Ox)|y is concentrated in a single degree. Then

(4) SS(RHome, (M, Tuhom(F,0x))) € pv = (Cv(SS(F)") .

For a bicharacteristic leaf ¥ of V, one has ¥ xp-x Ty (T*X) ~ T*Y, and
Y xy Cy(SS(F))* may be regarded as a subset of T*X.
Corollary 2.4. Let 3 be a bicharacteristic leaf of V. Then one has
SS(RHom p, (M, Tphom(F, ox))]z) C ¥ xy Cy(SS(F)® .
Proof: The map py decomposes as V xp«x T*(T*X) — T*V — TyT*X.

Jd

Here j: V — T*X is the embedding. Set S = RHomp, (M, T phom(F, Ox)).
Then the support of S is contained in V', and

SS(Slv) = Ja(SS(S)) < ™ (Cv(SS(F))") .

Hence the corollary follows from the following lemma. m
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Lemma 2.5. Let f: X — Y be a smooth morphism of real analytic mani-
folds. Let T*(X/Y') be the relative cotangent bundle and h: T*X — T*(X/Y)
be the canonical projection. Let S be a closed conic subset of T*(X/Y'), and let
F € D(Cx). Then the following two conditions are equivalent.

(i) SS(F)c h=Y(9).
(ii) For any y € Y, identifying f~'(y) x x T*(X/Y) with T*(f~(y)),

SS(F|j-1)) C f () xx S .

Proof: (i)=(ii) Since SS(F ® Cy-1(,)) = h™'(SS(F|s-1(y))), it is enough
to show that
SS(F & Cp-1y) € h7H(S) .

Since SS(F @ Cy-1(y)) C SS(F) $T}k_1(y)X, we may reduce the assertion to

(5) hH(S) +Tj-1y X C h7'(S) .

Let N =X xy T*Y C T*X. Then T*(X/Y)=T"X/N, and T}, X C N.
Hence (5) is a consequence of h=1(S)+ N = h~1(S) + N (Lemma 4.1 (i)).

(ii)=(i) Let us take a coordinate system x = (x1,22) on X such that f is
given by = — 1. Assume that (xq,&) € T*X\h™1S. Set L(z,0,¢) = {x € X;
Ol — z| < —(x — 2,&) < ed}. It is enough to show that

RU(X; F®@Clrizse) = 0

for z sufficiently close to z¢g and 0 <e,6 < 1. For any y €Y, RI(f '(y);
F @ Cprpse)lf-1)) = 0 by the assumption. Hence Rf.(F @ Crp,s5.) = 0,
which implies RT'(X; F'® Cr,5.)) = 0. m

3 — Regularity for D-modules

The results contained in this section are extracted or adapted from [2] and
[5].
Recall that a good filtration on a Dx-module M is a sequence of coherent
Ox-submodules { M} ez satisfying:
(i) Dx(l)My C My for any I, k € Z,

(ii) M= LkJ/\/lk,
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(iii) locally on X, My =0 for k < 0,
(iv) locally on X, Dx(l)My = My for k> 0 and any [ > 0.

We shall use the following notations. For a coherent D x-module M, we denote
by ExM the coherent Ex-module £y ® m M. For a coherent £x-module

71'_1DX

M and a coherent Ex (0)-submodule Ny of M, we set
M(m) = Ex(m)Ny for meZ.

Lemma 3.1 ([6]). Let M be a coherent Dx-module and let Ny be a coherent
Ex(0)-submodule of Ex M|;.y such that Ny generates ExM on T*X. Set

My, = {u eEM; (1@u)|jy ENo(kz)} for k>0,
Mp=0 for k<O0.
Then M, defines a good filtration on M.

We shall use the notion of regularity along a closed analytic subset V' of T*X
due to [7]. Let us denote by Jy the subsheaf of £x of microdifferential operators
of order at most 1 whose symbol of order 1 vanishes on V. In particular Jy
contains Ex(0). Then &y denotes the sub-sheaf of rings of £x generated by Jy .
More precisely,

&= A"

m>0

Definition 3.2 ([7]). Let M be a coherent £x-module. An Ey-lattice in M
is an Ey-submodule Ny of M such that N is Ex(0)-coherent and generates M
over £x. 0

Definition 3.3 ([7]). A coherent Ex-module M is called regular along V' if
M has an Ey-lattice locally on T*X. o

Note that if a coherent £x-module M is regular along V', its support is con-
tained in V.
If M € Db, (Ex), one says that M is regular along V if H¥(M) is regular

along V for every k € Z.

Definition 3.4. Let V be a closed analytic subset of T*X. A coherent
Dx-module M is called regular along V if the characteristic variety of M is
contained in V' and if ExM is regular along V :=V \ T X. o
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One extends this definition to D, (Dx) as in the £xy-module case.

The next result follows from [7].
Lemma 3.5. Consider a distinguished triangle M’ — M — M" - in
b
D coh
so is the third one.

(Dx) and assume that two of these three objects are regular along V. Then

The next lemma gives a characterization of the D x-modules which are regular
along V when V has a special form. If V' is an involutive vector subbundle of
T*X, then one can find locally on X a smooth morphism f: X — Y such that
V=X xyTY.

Lemma 3.6. Let f: X — Y be asmooth morphism and let V := X xyT*Y .
Let M be a coherent Dx-module regular along V. Then, locally on X, M is
the pull-back of a coherent Dy-module by f. In particular M admits a finite
resolution locally on X

0N >Vt .0 S M—o0,

each Dx-module L7 being isomorphic to a finite direct sum of the Dx-module

Dx_y.

Proof: Since the assertion is local on X we may assume that X = Z xY and
f is the projection Z x Y — Y. Hence V = Z x T*Y. Let ©f C ©x denote the
Ox-module of vector fields tangent to the fibers of f. With the above definition,
an Ep-lattice for Ex M|,y is a coherent Ex(0)-submodule Ny of Ex M such
that Ny generates ExM on T*X and such that O Ny C Np.

Locally on X, there exists a coherent Ox-submodule My of M such that
M ~ DxMy. Let us prove that the coherent &;-module Ny = Ey My is an
Ey-lattice in Ex M| . Since Mg generates Ex M it is sufficient to prove that
Ny is Ex(0)-coherent.

Locally on X, there exists a finite covering of T*X by C*-conic open subsets
Uj and £ -modules Nj such that N is an & -lattice in M on Uj;. Hence, for
cach j, there exists m; € Z such that Np is contained in Nj(m;) on Uj.

Consider the increasing sequence {J{5My}>0 of coherent Ex (0)-submodules
of Ny. For each j, the restriction of this sequence to U; is contained in
N;(m;), which is Ex(0)-coherent, hence it is locally stationary. Therefore Ny
is €x(0)-coherent.

To summarize, we have constructed an Ep-module Nj, coherent over
Ex(0)-module and which generates M. We may now apply Lemma 3.1 and
consider the good filtration M), associated to M.
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By the construction, © y M) C M. Setting L = M, for k£ > 0, we find a
coherent Ox-submodule £ of M such that ©;£ C £ and M = DxL. Hence,
locally on X, there is a Dx-linear epimorphism g: (Dx_y)™ — M. Repeat-
ing the same construction with M replaced by ker(ypg), we construct an exact
sequence

Dﬁl—w—)pgo—y—’/\/l — 0.
©1 %o

Since
HomDX('DX_Q/,’DX_,y) ~ f_IDy ,

there is a Dy-linear morphism 1: Dyl — Dg‘) such that ¢; = f~1¢. Set
N = cokert. This is a coherent Dy-module and we have an isomorphism

M =~ Dx_y @pap, [N

To conclude, we choose a finite resolution of N by finitely free Dy-modules, and
tensorize over f~1Dy by the flat f~'Dy-module Dx_y . u

4 — Review on normal cones

We shall now recall some constructions of [8] which will be useful for the next
steps. To start with, we shall assume that X is a real manifold. Let S and S5
be two subsets of X. The normal cone C(S7,52) is a closed conic subset of T'X
which can be described as follows:

Let (z) be a system of local coordinates on X. Then (z¢;v9) € C(S1,S2) if
and only if there exists a sequence {(x, Yn,cn)} in S1xS2 xR such that

(6) Tn — X0, Yn — X0, Cn(xn - yn) — 0 -
n n n

If A is a conic subset of T*X, we denote by A° its polar which is a conic subset
in TX. Let A and B be two conic subsets of T*X. One defines the sum

A+B = {(l‘;f) €T"X; £ =6 +& for some (z;61) € A and (;2) EB} :

If A and B are two closed conic subsets of T*X, one also defines A + B, a
closed conic set containing A + B, which may be described in a local canonical
coordinate system (z;€) as follows: (z0;&g) belongs to A+ B if and only if there
exist a sequence {(zn;&,)}n in A, a sequence {(yn;nn)}n in B, such that

(7) Tp — To, Yn—To, (Sn+mm)—=%, |Tn—Ynllé]—=0.
n n n n
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If AnB* C TxX, we have
A¥B = A+B.

Let now Y be a closed submanifold of X and let i: Y — X be the inclusion
morphism. Using the Hamiltonian isomorphism, we get an embedding of T*Y
into Tz x (T X). Let A be a conic subset of T*X. One sets

i#(A) = T*Y N Crz x(A) .

This set can be described explicitly by local coordinate systems as follows. Let
(z,y) be a local coordinate system on X such that Y= {z=0}. Then (yo;m0) €
i*(A) <= there exists a sequence { (s, Yn; &n,Mn) }n in A such that

(8) Tn =0, Yn = Yo, Mo and  fzg|[6a] -0

Lemma 4.1. Let X be an open subset in a finite dimensional real vector
space E with 0 € X. Let A be closed conic subset of T*X. Let L be a vector
subspace of the dual vector space E* and let V = X x L. Then we have

(i) VFIA=V A

(ii) For any 0 € E* we have

V+(AFX xR99) N X xR2% c VFA.

(iii) Let i: E*— T*X be the map 0 — (0;60) and assume (0;0) € A. Then,
for any vector subspace N of E*,

({0} x N)N(VFA) C T(X
if and only if
(N+i'(A)nL = {0}.

Proof: (i) The inclusion V + A C V + A is clear. Conversely, assume that
there are sequences {(zn;(n)}n C V and {(yn;nn)}n C A such that

Ty — T, Yn — T, Cn+7]n—>£~
n n n

Then the sequence {(yn;Cn)}n is contained in V. Therefore, {(yn;Cn)}n and
{(yn;nn) }n satisty (2).
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(ii) Suppose that (2;60) € V+ (A T+ X x R<00). Then by (i) there exist sequen-
ces (Cn)n in L, {(Yn; nn) }n in A, Ay, >0, such that Yn— 2 and (4 1n — Anb) - 0.
Therefore

Cn‘f‘??n_()‘n"i‘l)lg 7 0.
Since A\, > 0, we get

Cn + M
— 0,
A +1 n

hence (z;0) € V+ A.

(iii) The condition is obviously necessary. Let us now assume that there exists
6 € N, 0 # 0, such that (0;0) € V + A. Then there exist sequences ((y ), in L and
(Yn;Mn)n in A such that y, — 0 and ¢, + — f. Taking suitable subsequences,
we may assume that (,/|¢,| converges to | € L, | # 0. Suppose that (, — 0.
Then (0;0) € A, a contradiction. If |(,| is unbounded we get (,,/|Cn| + 7 /|Cn] —0
hence (0;—1) € LNi~!(A), a contradiction. In the other case, we may assume
that ¢, — [ and setting (0;7) = (0;0 —1) € (N + L) Ni~Y(A), we get n+ 1 = 6,
a contradiction. u

5 — Proof of Theorem 2.1

Let X be an open subset of a finite-dimensional real vector space E. For
(x0;&0) € T*X, e >0, 0 > 0, an open convex proper cone vy of F and v € 7, we
introduce the following notation:

L&,fo = {y € Ea <y—3307§0> > _E} )
Z(x,7,¢,80) = (€ +7) N Leg, -
Here 7 denotes the closure of «y, The following result is proved in [8].

Lemma 5.1. Let F € D*(Cx) and let p = (z¢;&) € T*X. The conditions
below are equivalent:

(i) p¢&SS(F).

(ii) There exists an open neighborhood U of xy and an open convex proper
subanalytic cone v C E such that & € Int(y°)?, satisfying:
for any x € U and sufficiently small € > 0, Z(x,~,¢e,&y) is contained in

X and
(9) RFC(Z(x,%E,fo);F) = 0.
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We can now embark into the proof of Theorem 2.1.

We may assume X = Z x Y, f is the projection, and X, Z, Y are open subsets
of affine complex spaces. Moreover, using the results of §3, we may assume that
M = Dx_,y. We shall set for short:

H(F) := RHomp, (M,Thom(F, OX)) .

Let 0 = (z0;&) ¢ V + (SS(F))® Let us take an open convex proper cone v
and an open neighborhood U of zq such that & € Int(7°)® and U x v° N (V F
(SS(F))*) € T%¥X. By Lemma 5.1 and keeping its notations, it is enough to
prove

RI. (Z(x,’y,e,&o); H(F)) =0 forany x € U and sufficiently small € >0 .

Taking v € v, set Zs = Z(x — dv,7y,e — §,&) for 0 < d < . Then we have

CZ({E,’Y,&,&)) = liLI{(CZ(; )
6>0
and hence we obtain
o (Z(x,fy,s,fg);H(F)) ~ lim HJ (X;H(F) ®Czé) .
6>0

Set
Zs = (x—6v+7v) N {yeX; <y—:co,§0)2—a+5}.

Then for 0 < ¢’ < §, there is a chain of morphisms
H(F)®Cgz, — H(F®(CZ(’S) — H(F) ®(CZ§/ — H(F@ng,) .
Therefore we have

lim HJ(X; H(F) ® Cy,) ~ lim HI(X;H(F ©Cgy)) -
>0 >0

Since f is proper over the support of C 71, We may apply Theorem 7.2 of [9] and
obtain

Hg(Z(x,’y,s,ﬁo);H(F)> ~ @)Hg(Y;Thom(Rf!(F®(CZ(/S),(’)y)) )
>0

Hence, we are reduced to prove

(10) RI(F®Chinecy) =0,



TEMPERATE SOLUTIONS OF REGULAR D-MODULES 497

where Z'(z,7v,¢,&) = (x +v) N{y € X; (y — x0,&) > —¢}. In order to prove

this, we shall apply [8, Proposition 5.4.17]. Set X; = {y € X; (y — x0,&) > t}.
Then if we prove

(11) (y: ~60) ¢ (SS(F @ Cpoyy)) +V)
for y € U, we have
Rf(F ®Cyignree)) = RAF @Cuiynx,) -

Hence taking ¢ > 0, we obtain the desired result (10).
Thus the proof is reduced to (11). We have

SS(C(x_H,)) C Xx~%%.

Hence we have
SS(F @ C(y4q)) C SS(F)F(Xx 7% .

Since SS(F)N (X x~°) C Tx X, we get
SS(F) + (X x~°) = SS(F)F (X x~°)

and
SS(F@C(:B+7)) C SS(F)+ (X x~°Y) .

On the other hand, by the choice of v, we have
(X xy)N(SS(F)+V) C TxX .

Hence
(Xx 7)1 (SS(F) + (X x7°) + V) C TxX

and we obtain
(X x Tnt(y?) N ((SS(E)F (X x 7)) + V) = 0.

Then the desired result follows from —&p € Int(7°). n

6 — Proof of Theorem 2.2

We shall now embark in the proof of Theorem 2.2. Since the question is local
on X, by Lemma 3.6 we may assume that M is isomorphic to Dx_y. By (7.5)
of [9], if d denotes the codimension of Z, we have a natural isomorphism

(12) RHomp, <MZ,Thom(FZ,OZ)> ~ RHomp, (M,Thom(FZ,OX))‘Z [2d).
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With this isomorphism in hand, Theorem 2.2 will be a consequence of the next
Lemma, for a real submanifold.

If Z is a real submanifold of a complex manifold X, we still denote by 77X
the conormal bundle to Z of the real underlying manifold X .

Lemma 6.1. Let Z be a real analytic closed submanifold of X of codimension
d > 1 and assume that

T;XN(VFSS(F)*) C T(X .

Let M be a regular Dx-module along V. Then the following natural morphism
is an isomorphism:

(13)  RHomnp, (M, Thom(F, OX)))Z — RMomp, (M,Thom(FZ,oX))\ [d].

Z

Proof: Since T; XNV C T% X, there exists a coordinate system (y1, ..., yn) on
Y as a real analytic manifold and a coordinate system (f1, ..., fm,y10 f, ...,yno f)
of X such that Z is defined by the equations f; =--- = f; = 0. We shall argue
by induction on d.

(i) Let us prove the result for d = 1. Assume that Z is a real analytic hyper-
surface defined by the equation f(z) = 0, and set

Z+:{z€X; f(z)ZO}, Z_:{ZEX; f(z)g()}.
Assume that df, —df ¢ V+ SS(F)?®. We shall show that the morphism
(14) RHomop, (/\/l, T hom(F, C’)X)) ‘Z — RHomp, (M, T hom(Fyz, (’)X)) ‘Z 1]
is an isomorphism. The morphism (14) is given by
F—s Fype ®F, — Fy =5 .
Therefore to obtain (14) it is enough to prove that

RHomp (/\/I,Thom(FZi,(’)X))‘Z =0.

Since
SS(Fy+) € SS(F)F (X x R=%(4df))
+df € V+ SS(Fy+)® implies +df € V +S9S(F)* by Lemma 4.1 (ii), which con-

tradicts the assumption. Hence

+df ¢ V+SS(Fy+)*.



TEMPERATE SOLUTIONS OF REGULAR D-MODULES 499

Denoting
S+ = Homp, (M,ThOm(sz:,Ox)) ,

then, by Theorem 2.1, +df ¢ SS(S1) hence Si|z = RT'z+(S+)|z = 0.

(ii) In the general case, assume that Z is defined by z1=---=1z4=0.
Let us set Z; = {x1=0} and Zy = {za=---=24=0}. Since

T3, X 0 (VI (SS(F)Y) € TxX

in a neighborhood of Z, the hypothesis of induction implies
RHomp, (M, Thom(F, (’)X))’Z ~ RHomp, (M,Thom(FZQ,OX))‘Z [d—1] .
On the other hand, SS(Fz,) C SS(F) —T—T}QX. Hence by (7)

RHomp, (M,Thom(F, OX))’Z ~ RHomp, (M Thom(Fz,,Ox) )‘Z

~ RHomp, (/\/l Thom(Fz,Ox >‘Z

This ends the proof of (13). m

7 — Proof of Theorem 2.3

We start by recalling the functor of tempered microlocalization.

7.1. Review on 7 uhom

We shall recall the construction of the functor 7vhom(-,Ox) of tempered
specialization of ([1]).

Let XC be the complex normal deformation of X x X along the diagonal A
which we identify with X by the first projection p;. We may then identify T'X
with the normal bundle Th (X xX).

Let t: X¢ = C and p: XC — XxX be the canonical maps, let Q be
t=1(C — {0}) and Q@ =t"'(R*) c Q. Let py: XxX — X be the second pro-
jection.

Consider the following diagram of morphisms:

(15) TX =~ Ta(XxX) <5 XC L Q= 1(RT).
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Let p: © — X x X, be the restriction of p. Finally denote by p; the composition
p1o p and by P, the composition ps o p.
Under these notations, 7vhom(F,Ox) is defined by

Tvhom(F,O0x) = i~! RHomp . (DX@_)X, Thom(]?Q_IF ® Cq, OXC)> )
p1

Let D%, (Crx) (resp. Db (Cr+x)) be the derived category of complexes of sheaves
on TX (resp. T*X) with conic cohomologies. We denote by the symbol ~ the
Fourier-Sato Transform from D%, (Crx) to Dg,(Cr«x). Then by definition,
T phom(F,Ox) = Tvhom(F, OX)A. Let us recall that under the identification
of T*(TX) with T*(T*X) by the Hamiltonian isomorphism we have SS(F) =
SS(F)A for any F € D% (Crx).

Remark that for any coherent Dx-module M, one has

(16) RHom-1p, (71'71./\/1, T phom(F, OX)) ~

~

~ RHom,-1p, (TﬁlM,TVhOm(F,O)()) .

The proof of Theorem 2.3 will be performed in two steps.

7.2. First reduction

First of all remark that the statement of Theorem 2.3 is local on T*X and
invariant by local canonical transformation as proved in [1], 5.5. Therefore,
since V' is regular involutive, locally in T*X, we may choose a canonical coordi-
nate system (2;&), © = (&1, ..., Zn), £ = (€1, ..., &), such that V = {(z;¢) € T*X;
£1=0,...,£4 = 0}, in other words, locally on X, we have X ~ ZxY where Y is an
open subset of C"~% and V= X ;f T*Y, is associated to the projection f: X — Y.

By the results of [7], we have an exact sequence of coherent & x-modules

N
(17) 0—- N — (5X/(5XD:E1 +E&xD,, +”'+5XDId)) - M =0

where N is still regular along V.

By “devissage” thanks to (17), we may then assume that M = Ex/(Ex Dy, +
gXDIz —+ ...+ ngxd) =Ex_y.

Hence from now on we will assume M = Ex_y. Of course, in that case,
M~ Ex ®7T71@X ﬂ_l'DX_,y.
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7.3. End of the proof

Having (16) in mind, we are bound to prove the analogue of (4) with
T puhom(F, Ox) replaced by 7vhom(F,Ox). We have

RHom —1p, (T_lM, Tvhom(F, (’)X)) ~

~ it RHomp <D}~<C_>w ’Thom(ﬁQ_IF ® Cq, OXC))
h

where h = f op; is a smooth morphism since f and p; are smooth.
By Proposition 6.6.2 of [8], we have an inclusion

(18) SS (i_l RHompc (D)ZC_yv Thom(@_lF ® CQ,OXC))> -
X h

c it (SS (R?-(omp).([C (DXC—Q” Thom(ﬁ;lF ® CQ,OXC))>> .
h

Therefore it is enough to consider the case of the partial De Rham system D g¢_ .

Let us take a local coordinate system () = (z1,x2) on X such that f: X 2 Y
is by (z1,x2) — x1. Then V= X xyT*Y is given by V = {(z1, z2; &1, &2); & = 0}.
Endow X x X with the system of local coordinates (z,z'), so that A C X x X is
defined by x = /. Under the change of coordinates: z, y = x — 2/, A will be
defined by y = 0. Using (z,y), X is endowed with the coordinates (¢, z,y), and
(19)  plt,z,y) = (z,x—ty), Pit,z,y) =2 and Pyt z,y) =z —ty .

Let (t,z,y;7,&,n) be the associated coordinates of T*(XC).
Let V be the submanifold 7, ,(X© x T*Y) of T*XC, which is explicitly given
Y
by
V= {teyr&m T=0,n=0, (1:5)eV}.

By Theorem 2.1 we have the following estimate:
(20) SS <R’Homp)~(<C (DXC—>Y7 T hom (ﬁQ_IF ® Cq, OXC)>> C
h
C VISS(p,'F ®Cq)*.
By (18) and (20) we get

(21) SS(RHomT1DX (T—lM,Tuhom(F, (’)X))> c z‘ﬁ(f/J?SS(p;lF@cQ)a).
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Therefore it is enough to prove the inclusion
#(VF8S(m; ' F  Ca)*) C C(V,SS(F)) .

More precisely, since SS(py ' F ® Cq) C SS(py ' F) + SS(Cq) we shall prove the
inclusion

i <V1 (s5( p21F)a—T—SS((CQ)“)> C C(V.SS(F)) .
We have
(22)  SS(Ca) = {(t,2,y;7,6,m); €=0, =0, Imt =0, Ret >0, Rer =0}
U {(t,x,y;T,ﬁ,n); £E=0,n=0,t=0, Rer < O} ,
and since Py is smooth,
(23)  SS(Dy'F) = PayPan(SS(F))
= {(ta,ysm&m); (e—ty:€) € SS(F), n=—t&, T=—(&y) |-
Hence SS(py ' F)*N SS(Cq) C T4 X, which implies
SS(p; 'F)* T 8S(Cq)* = SS(py 'F)* + S5(Cq)* .
Remark that the identification T™(7X) with T'(7T*X) is described by
T"(TX) > (z,y;6m) < (z,my,§) € T(IT™X) .

Let (xo,y0;&0,m0) € T*(TX) and assume that
(x0,0;&0,m0) € i (‘7:L (55( leF)a+SS(CQ)a>> :

Then there exist sequences {(ta: #s yui0:&us OV} i 7 {(ts T 5 7hs €0t
in SS(py 'F)® and {(t", 2/ y/;7/,0,0)}, in SS(Cq)* such that
(i) tn —0, t, — 0, tr — 0, t,tr > 0.

) Tn — o, xl, — o, xl — .

) Yn = Y0, Yn = Y05 Y > Yo-
(iv) 7, + 71, —0.

n
) &+ &, o &o-
)

/

T = 10 (hence &, — =10 and t&, =10 by (v)).
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By (vi), there exists a sequence of positive numbers (ay), such that a, — 0
n
and a,&, — no. Consider the sequence {(x}, — t,y); —an&},)}n in SS(F) and
n
{(z], + (an—t))yl; an&n)}n in V. Then

(@5 = tayni —an&n) = (z0;m0), (@ + (an—1)y5s anén) — (0370)

and
an_1<(1’%+(an_t/n>y;van§n) —(:L‘;I—t%y;,—anf;» = Wns&n &) W (v, %0) -

Hence one has (xo,70;v0,&0) € C(V,SS(F)).
Since C(V,SS(F)) = py 1 (Cy(SS(F))%), we finally obtain

SS (R'Homﬂ—lpx (7'M, Thom(F, ox))) C pvt(Cv(SS(F)))

as asserted. m

REFERENCES

[1] ANDRONIKOF, E. — Microlocalisation tempérée, Bull. Soc. Math. France, Mémoire
57, 122 (1994).

[2] D’AaNoLo, A. and ToNIN, F. — Cauchy Problem for hyperbolic D-modules with
regular singularities, Pacific J. Math., 184 (1998), 1-22.

[3] HORMANDER, L. — The analysis of linear partial differential operators II, Grundleh-
ren der Math. Wiss., 257, Springer-Verlag, 1983.

[4] KaAsHIWARA, M. — The Riemann Hilbert problem for holonomic systems, Publ.
R.ILM.S. Kyoto Univ., 20 (1984), 319-315.

[5] KASHIWARA, M. — Algebraic Analysis, in Japanese, to be translated by the AMS,
2001.

[6] KasHIWARA, M. and Kawal, K. — Holonomic systems 111, Publ. R.I.M.S. Kyoto
Univ., 17 (1981), 813-879.

[7] KasHIWARA, M. and OsHIMA, T. — Systems of differential equations with regular
singularities and their boundary value problems, Annals of Math., 106 (1977),
145-200.

[8] KASHIWARA, M. and SCHAPIRA, P. — Sheaves on manifolds, Grundlehren der
Math. Wiss., 292, Springer-Verlag, 1990.

[9] KAsHIWARA, M. and SCHAPIRA, P. — Moderate and formal cohomology associated
with constructible sheaves, Bull. Soc. Math. France, Mémoire 94 (1996).

[10] KosHimizU, H. and TAKEUCHI, K. — Extension theorems for the distribution
solutions to D-modules with reqular singularities, to appear.

[11] LAURENT, Y. and MONTEIRO FERNANDES, T. — Topological boundary values and
regular D-modules, Duke Math. J., 93(2) (1998), 207-230.



504

[12]
[13]

[14]

M. KASHIWARA, T.M. FERNANDES and P. SCHAPIRA

MONTEIRO FERNANDES, T. — Propagation of the irregularity for regular D-modules,
to appear in Publ. R.I.M.S..

SCHAPIRA, P. — Microdifferential systems in the complex domain, Grundlehren der
Math. Wiss., 269, Springer-Verlag, 1985.

Sato, M.; Kawal, T. and KASHIWARA, M. — Hyperfunctions and pseudodiffer-
ential equations, Lecture Notes in Math., 287 (1973), 265-529.

Masaki Kashiwara,
Research Institute for Mathematical Sciences, Kyoto University,
Kyoto 606-8502 — JAPAN
E-mail: masaki@kurims.kyoto-u.ac.jp

and

Teresa Monteiro Fernandes,
Centro de Algebra da Universidade de Lisboa, Complexo 2,
2, Avenida Prof. Gama Pinto, 1699 Lisboa codex - PORTUGAL
E-mail: tmf@ptmat.lmc.fc.ul.pt

and

Pierre Schapira,
Université Pierre et Marie Curie, case 82, Analyse Algébrique, UMR7586,
4, place Jussieu,75252 Paris cedex 05 — FRANCE
E-mail: schapira@math.jussieu.fr
http://www.math. jussieu.fr/ schapira/



