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FIBONACCI AND LUCAS NUMBERS WITH
ONLY ONE DISTINCT DIGIT *

F. Luca

1 – Introduction

Let (Fn)n and (Ln)n be the Fibonacci and the Lucas sequence, respectively.

The Fibonacci sequence (Fn)n is given by F0 = 0, F1 = 1 and

Fn+2 = Fn+1 + Fn for n ≥ 0 .

The Lucas sequence (Ln)n is given by L0 = 2, L1 = 1 and

Ln+2 = Ln+1 + Ln for n ≥ 0 .

In this note, we show that 55 is the largest member of the Fibonacci sequence

whose decimal expansion has only one distinct digit. We also show that 11 is

the largest member of the Lucas sequence whose decimal expansion has only one

distinct digit.

More precisely, we have the following results:

Theorem 1. If

(1) Fn = a ·
10m − 1

9
for some 0 ≤ a ≤ 9 ,

then n = 0, 1, 2, 3, 4, 5, 6, 10.

Theorem 2. If

(2) Ln = a ·
10m − 1

9
for some 0 ≤ a ≤ 9 ,

then n = 0, 1, 2, 3, 4, 5.
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The results are not surprising. In fact, Mignotte (see [3] and [4]) showed that

if (un)n and (vn)n are two lineary recurrence sequences then, under some weak

technical assumptions, the equation

un = vm for some m ≥ 0 and n ≥ 0

has only finitely many solutions and all such solutions are effectively computable.

For example, if (un)n and (vn)n are both nondegenerate binary recurrence se-

quences whose characteristic equations have real roots, then it suffices that the

logarithms of the absolute values of the two largest roots to be linearly indepen-

dent over Q. This is certainly the case for our equations. However, finding all
such solutions for two particular binary recurrence sequences has been, in general,

a difficult problem.

Baker and Davenport (see [1]) have determined all the integer solutions of the

system
{

3x2 − 2 = y2

8x2 − 7 = z2

and Kanagasabapathy and Ponnudurai (see [2]) have solved the slightly modified

version of the above system, namely

{

y2 − 3x2 = −2

z2 − 8x2 = −7

Sansone (see [5]) has determined the solutions of the diophantine system















N + 1 = x2

3N + 1 = y2

8N + 1 = z2

and the system
{

z2 − 3 y2 = −2

z2 − 6x2 = −5

was solved by Velupillai in [6].

What all these problems have in common is the fact that each one of them

reduces to solving one or more equations of the type un = vm where (un)n and

(vn)n are certain binary recurrence sequences arising from the integer solutions

of an appropriate Pell equation. In order to solve some of these problems some

authors have employed very technical methods such as linear forms in logarithms

followed by heavy computations.
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In this paper, we show that determining all Fibonacci and Lucas numbers

having only one distinct digit in their decimal representation can be done in an

elementary way.

2 – The Proofs

We use the well-known relations

(3) F2n = Fn Ln for n ≥ 0 ,

(4) L2n = L2
n + 2 · (−1)

n+1 for n ≥ 0 ,

and

(5) L2
n − 5F

2
n = 4 · (−1)

n for n ≥ 0 .

Proof of Theorem1: One can check that the values n = 0, 1, 2, 3, 4, 5, 6, 10

are the only values of n ≤ 20 for which

Fn = a ·
10m − 1

9
for some m ≥ 1 and 1 ≤ a ≤ 9 .

From now on assume that n ≥ 21. In particular,

Fn ≥ F21 = 10946 > 10
5

so m ≥ 5.

We first treat the case a = 5.

Case a = 5.

In this case

Fn = 5 ·
10m − 1

9
≡ 3 (mod 16) .

It follows easily that n ≡ 4 (mod 24). In particular, 4 |n. Since 5 |Fn, it follows

that 5 |n. Hence, 20 |n. Thus

11 | F10 | Fn = 5 ·
10m − 1

9

so

11
∣

∣

∣

10m − 1

9
.
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It follows that 2 |m. Moreover,

3 | F4 | Fn = 5 ·
10m − 1

9

so

3
∣

∣

∣

10m − 1

9
.

It follows that 3 |m. Hence, 6 |m. It now follows that

7
∣

∣

∣

106 − 1

9

∣

∣

∣

10m − 1

9

∣

∣

∣ Fn

so 8 |n. This contradicts the fact that n ≡ 4 (mod 24).

From now on we assume that a 6= 5. We first show that m is odd. Indeed,

assume that m is even. Then,

11
∣

∣

∣

102 − 1

9

∣

∣

∣

10m − 1

9

∣

∣

∣ Fn .

Since 11 |Fn, it follows that 10 |n. Hence,

5 | F10 | Fn = a ·
10m − 1

9

which is impossible if a 6= 5.

We are now ready to treat the remaining cases.

Case a = 1.

In this case

Fn =
10m − 1

9
.

Since m ≥ 5 > 4, it follows that Fn ≡ 7 (mod 16). This implies n ≡ 10 (mod 24).

Write n = 2 k where k ≡ 5 (mod 12). We have

Fn = F2k = FkLk =
10m − 1

9
.

Assume that p is a prime divisor of Lk. Clearly, p 6= 2. Since

L2
k − 5F

2
k = −4 ,

it follows that

−5F 2
k ≡ −4 (mod p) .
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In particular,

(

5

p

)

= 1 so

(

p

5

)

= 1. Since p was an arbitrary prime dividing Lk,

follows that

(6)

(

Lk
5

)

= 1 .

Let now p be a prime divisor of Fk. Since

L2
k − 5F

2
k = −4 ,

it follows that L2
k ≡ −4 (mod p). In particular,

(

−1

p

)

= 1. Hence, p ≡ 1 (mod 4).

Write

(7) Fk =
t
∏

i=1

pαi
i

s
∏

j=1

q
βj

j

for some t ≥ 0 and s ≥ 0 where pi and qj are distinct prime numbers such that

pi ≡ 1 (mod 8) for all i = 1, ..., t and qj ≡ 5 (mod 8) for all j = 1, ..., s.

Let again p be a prime divisor of Fk. Since p | (10
m−1), it follows that

10m ≡ 1 (mod p)

or

10 · (10(m−1)/2)2 ≡ 1 (mod p) .

Hence,

(

10

p

)

= 1.

If p = pi ≡ 1 (mod 8), then we know that

(

2

pi

)

= 1. We conclude that
(

5

pi

)

= 1 so

(

pi
5

)

= 1.

If p = qj ≡ 5 (mod 8), then we know that

(

2

qj

)

= −1. We conclude that
(

5

qj

)

= −1 so

(

qj
5

)

= −1.

The above argument and equations (6) and (7) show that

(

Fn
5

)

=

(

Fk Lk
5

)

=

(

Fk
5

)

= (−1)
∑s

j=1
βj .

However,

Fn =
10m − 1

9
≡ 1 (mod 5) .
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Thus,

(

Fn
5

)

= 1. It follows that
s
∑

j=1

βj is even. Since pi ≡ 1 (mod 8) for all

i = 1, ..., t, qj ≡ 5 (mod 8) for all j = 1, ..., s and
s
∑

j=1

βj is even, it follows, by

formula (7), that Fk ≡ 1 (mod 8). On the other hand, k ≡ 5 (mod 12). The

period of (Fn)n modulo 8 is 12. Hence, one should have

Fk ≡ F5 ≡ 5 (mod 8) .

This gives the desired contradiction.

Case a = 2.

We have

Fn = 2 ·
10m − 1

9
≡ −2 (mod 16) .

The period of (Fn)n modulo 16 is 24. One can check that there is no k, 0≤k≤24

such that Fk ≡ −2 (mod 24). Thus, this case is impossible.

Case a = 3.

We have 3 |Fn; hence 4 |n. We also have

Fn = 3 ·
10m − 1

9
≡ 5 (mod 16) .

The only value of n modulo 24 such that Fn ≡ 5 (mod 8) and 4 |n is n = 8. Thus,

n ≡ 8 (mod 24). It follows that 8 |n. It now follows that

7 | F8 | Fn = 3 ·
10m − 1

9

so 7 | (10m−1). It follows that 6 |m. This contradicts the fact that m is odd.

Case a = 4.

In this case, we have 4 |Fn, therefore 6 |n. Hence,

8 = F6 | Fn = 4 ·
10m − 1

9

which is impossible.

Case a = 6.

In this case 6 |Fn, therefore 12 |n. Thus,

16 | F12 | Fn = 6 ·
10m − 1

9

which is impossible.
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Case a = 7.

In this case 7 |Fn which implies that 8 |n. On the other hand,

Fn = 7 ·
10m − 1

9
≡ 1 (mod 16) .

The period of (Fn)n modulo 16 is 24. One can check that there is no k, 1≤k≤24,

such that 8 | k and Fk ≡ 1 (mod 16).

Case a = 8.

In this case 8 |Fn therefore 6 |n. Moreover,

Fn = 8 ·
10m − 1

9
≡ −8 (mod 32) .

The period of (Fn)n modulo 32 is 48. Since 6 |n, one concludes that n ≡

18, 42 (mod 48).

Suppose first that n ≡ 18 (mod 48). It follows that n ≡ 2 (mod 16). The

sequence (Fn)n is periodic modulo 7 with period 16. Hence,

8 ·
10m − 1

9
= Fn ≡ F2 ≡ 1 (mod 7)

or
10m − 1

9
≡ 1 (mod 7) .

This implies m ≡ 1 (mod 6). On the other hand, n ≡ 2 (mod 8). The sequence

(Fn)n is periodic modulo 3 with period 8. Hence,

8 ·
10m − 1

9
= Fn ≡ F2 ≡ 1 (mod 3)

or
10m − 1

9
≡ −1 (mod 3) .

This gives m ≡ 2 (mod 3). Since m is odd, it follows that m ≡ 5 (mod 6).

This contradicts the fact that m ≡ 1 (mod 6).

Assume now that n ≡ 42 (mod 48). It follows that n ≡ 10 (mod 16).

The sequence (Fn)n is periodic modulo 7 with period 16. Thus

8 ·
10m − 1

9
= Fn ≡ F10 ≡ −1 (mod 7)

or
10m − 1

9
≡ −1 (mod 7) .
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This implies that m ≡ 3 (mod 6). In particular, 3 |m. Hence,

3
∣

∣

∣

103 − 1

9

∣

∣

∣

10m − 1

9
= Fn ,

which implies that 3 |Fn. This implies 4 |n which contradicts the fact that

n ≡ 42 (mod 48).

Case a = 9.

In this case 9 |Fn, therefore 12 |n. It follows that

16 | F12 | Fn = 9 ·
10m − 1

9

which is impossible.

Theorem 1 is therefore completely proved.

Proof of Theorem 2: One can check that the values n = 0, 1, 2, 3, 4, 5

are the only values of n ≤ 19 such that

Ln = a ·
10m − 1

9
for some m ≥ 1 and 0 ≤ a ≤ 9 .

From now on assume that n ≥ 20. In particular,

Ln ≥ L20 = 15127 .

Hence, m ≥ 5.

All cases except for a = 1 or 4 will follow immediately from the following

lemma:

Lemma. Assume

Ln = a ·
10m − 1

9
for some a ≥ 1 and m ≥ 3 .

Then n is odd.

Proof of the Lemma: Assume that n is even. We first show that m is odd.

Indeed, assume that m is even. In this case,

11
∣

∣

∣

102 − 1

9

∣

∣

∣

10m − 1

9

∣

∣

∣ Ln .

Hence, 11 |Ln. It follows that 5 |n and n is odd which contradicts the assumption

that n is even.
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Assume now that n = 2 k where k is odd. Then,

Ln = L2k = L2
k + 2 = a ·

10m − 1

9
.

Let p be an arbitrary prime divisor of (10m−1)/9. Clearly, p is odd. Since

L2
k + 2 = 0 (mod p) ,

it follows that

(

−2

p

)

= 1. Hence, p ≡ 1, 3 (mod 8). Since this is true for all

primes p dividing (10m−1)/9, it follows that

10m − 1

9
≡ 1, 3 (mod 8) .

On the other hand, since m ≥ 3, it follows that

10m − 1

9
≡ −1 (mod 8) .

This contradiction disposes of this case.

Assume now that n = 2 k where k is even. Then,

Ln = L2k = L2
k − 2 = a ·

10m − 1

9
.

Let again p be any prime divisor of (10m − 1)/9. Clearly, p is odd. Since

L2
k − 2 ≡ 0 (mod p) ,

it follows that

(

2

p

)

= 1. Since 10m−1 ≡ 0 (mod p) and m is odd, it follows

that

10
(

10(m−1)/2
)2
≡ 1 (mod p) .

Hence,

(

10

p

)

= 1. Since we already know that

(

2

p

)

= 1, we conclude that
(

5

p

)

= 1. Finally, we use the fact that

L2
n − 5F

2
n = 4 .

Since

p
∣

∣

∣

10m − 1

9

∣

∣

∣ Ln ,

it follows that

−5F 2
n ≡ 4 (mod p) .
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Thus,

(

−5

p

)

=1. Since

(

5

p

)

=1, it follows that

(

−1

p

)

=1. Hence, p ≡ 1 (mod 4).

Since we also know that

(

2

p

)

=1, it follows that p ≡ 1 (mod 8). Since the above

argument applies to all prime divisors of (10m−1)/9, we conclude that

10m − 1

9
≡ 1 (mod 8) .

On the other hand,
10m − 1

9
≡ −1 (mod 8)

for m ≥ 3. This gives the desired contradiction.

The lemma is therefore proved.

We are now ready to prove Theorem 2.

Case a = 1.

We get

Ln =
10m − 1

9
≡ 7 (mod 16) .

It follows that n ≡ 4, 11, 20 (mod 24). Since n cannot be even, it follows that

n ≡ 11 (mod 24). Hence, n ≡ 3 (mod 8). The sequence (Ln)n is periodic modulo

3 with period 8. It follows that

10m − 1

9
= Ln ≡ L3 ≡ 1 (mod 3) .

This implies m ≡ 1 (mod 3). We distinguish two situations:

1. m is odd. In this case, m ≡ 1 (mod 6). Thus,

Ln =
10m − 1

9
≡ 1 (mod 7) .

The sequence (Ln)n is periodic modulo 7 with period 16. Since Ln ≡ 1 (mod 7)

and n is odd, we get n ≡ 1, 7 (mod 16). In particular, n ≡ 1, 7 (mod 8) which

contradicts the fact that n ≡ 3 (mod 8).

2. m is even. In this case, m ≡ 4 (mod 6). Thus,

Ln =
10m − 1

9
≡ 5 (mod 7) .

One can check that there is no odd value of k, 1≤k<16 such that Lk≡ 5 (mod 7).
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Case a = 2.

It follows that Ln ≡ 2 (mod 4). This implies that 6 |n which contradicts the

lemma.

Case a = 3.

In this case Ln is an odd multiple of 3. It follows that n = 2 k where k is

odd. In particular, n is even which contradicts the lemma.

Case a = 4.

In this case Ln is a multiple of 4. It follows that n = 3 k where k is odd.

Moreover,

Ln = 4 ·
10m − 1

9
≡ −4 (mod 16) .

It follows that n ≡ 9, 21 (mod 24). In particular, n ≡ 1 (mod 4). However,

Ln = 4 ·
10m − 1

9
≡ 4 (mod 5) .

The sequence (Ln)n is periodic modulo 5 with period 4. Since Ln ≡ 4 (mod 5),

it follows that n ≡ 3 (mod 4). This contradicts the fact that n ≡ 1 (mod 4).

Case a = 5.

This is impossible because 56 |Lk for any k ≥ 0.

Case a = 6.

In this case we have 6 |Ln. This implies 6 |n which contradicts the lemma.

Case a = 7.

In this case we have 7 |Ln. This implies that 4 |n which contradicts the lemma.

Case a = 8.

This is impossible because 86 |Lk for any k ≥ 0.

Case a = 9.

In this case 9 |Ln. This implies 6 |n which contradicts the lemma.

Theorem 2 is therefore completely proved.
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