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EXISTENCE OF EIGENVALUES FOR (UAA) MARKOV MAPS

F.F. FERREIRA and A.A. PINTO

Abstract: We give a simple proof of the existence and of the invariance of eigenvalues
for (uaa) Markov maps.

1 — Introduction

The space of the (uaa) conjugacy classes of the (uaa) Markov maps on train
tracks is the interesting completion of the C” conjugacy classes, r > 1 (see [4],
[9] and [11]).

Locally, the definition of (uaa) functions is that they approach affine structures
but not necessarily a unique affine structure. Therefore, the map does not need
to have derivative at a point. But, we prove the existence of derivative at fixed
points. Similar to the C" case, we show the existence of the eigenvalues at the
periodic orbits and their invariance in the (uaa) conjugacy classes of Markov
maps. The proof is simple and geometric, but we leave open a difficult problem
which is if they are or not a complete invariant (see [11]).

2 — The uniformly asymptotically affine (uaa) Markov maps on train
tracks

2.1. A (uaa) homeomorphism

We are going to explain what means to say that a local homeomorphism
¢: I C R — J C Ris (uaa) uniformly asymptotically affine at a point x. The
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(uaa) notion is an interesting generalisation of the usual C'' smooth notion. A
function is C!' smooth if when we look at smaller and smaller scales near a point
x, it approaches an affine structure. Roughly, a function is (uaa) at x, if when we
look at smaller and smaller scales near x, it approaches a set of affine structures.
We mean exactly the following.

The local homeomorphism ¢: I C R — J C R is (uaa), if, and only if, there
is a constant ¢ > 1 and a continuous function e.: Rj — R{ with £.(0) = 0 and
with the property that, for all £ —91, x, x+d2 € I so that 0 < 61,92 < § and
¢! < §2/81 < ¢, we have that

P(z) — p(z — d1) b2
(1) log 5@ 1 02) — () 5 < ec(0) .

2.2. The train tracks

Consider the space which is the disjoint union of k copies R;, ¢ € Zj, of R>g.
Let p be the space obtained from this by identifying 0 € R; with 0 € R; 1, for
all i € Zy. Let O € pi be the point determined by 0 € R;.

By Iso(py) we denote the set of all maps i: R — pj, such that

i) 1(0) = 0f and

ii) 7 is an isometry away from 0.

A map f: pr — ppr is C7, if, and only if, for all i € Iso(px) and j € Iso(px/),
the induced map f; ; for which the following diagram commutes is C":

R 4 R
| E
;
P~ pw

A map f: V — V' where V C p, and V' C pys are open sets, is C”, if it extends
to a C" map on pg.

A train track T is a compact set locally homeomorphic to a compact set of R
or of pg.

A point x € T is a singularity of T, if, and only if, there exists a neighbour-
hood, V, of  and an homeomorphism h: V — pj such that h(z) = 0. We call
k = k(x) the order of the singularity x.
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For any singularity x correspondent to a point O, let Iy, ..., I be k disjoint
open intervals with an extrem commum point = such that Ule L;u{z} is a
neighbourhood of z. A Spine E of x is the union ;" Jj, U {x}, where J;, are
disjoint open intervals with z as an extreme point and J;, N [;, # 0, for all
1=1,...,m.

For any singularity z, let E(x) be a set of admissible spines on x with elements
of the form FJ = {l{, ...,lg}, where lg e{1,...,k},

E(z)={E',..,E"}.

We say that a spine U = J;, U---U J;, on z is admissible, if, and only if,
{li,...,ls} € E(x).

A chart (¢,U) on T is an homeomorphism i: U C T'— W, where if U contains
a singularity =, then U = J;, U---U J;, U{z} is an admissible spine and W C py,
otherwise U is homeomorphic to an interval I C R and W C R. If W C py, then
i(z) = O, if, and only if, = is a singularity.

Two charts (i,U) and (5,V) on T are C" compatible, if the overlap map
ioj L jJ(UNV)—=i(UNV)is C".

A C" atlas, A, on T is a set of charts
i) which cover T,
ii) if £ C T is an admissible spine, there exists a chart (i, F) € A and

iii) the C" norm of the overlap maps is bounded, independent of the overlap
map considered (just depends upon the atlas A).

2.3. The (uaa) Markov maps

Let T be a subset of a train track 7”. Let M : T — T be a local homeomor-
phism.

A Markov partition for the homeomorphism M is a collection C = {C1, ..., Cy,}
of intervals C; C T such that:

i) int C;Nint C; =0, if i # j and T = Ui, C;
ii) If z € C; and M(z) € C}, then M (C;) contains Cj;
iii) For all C; € C, there exists C; € C such that M(C;) contains Cj;
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iv) Let a n-cylinder be defined by

Cao,al,...,an_l = {33 S Cgo: MjJrl(x) e C

ey 5= 0,1, eym — 2} .
For all sequence €g, €1, ...,en—1, We have that the lim, .o Csycy,.. ¢, IS @
point.

The spaces between n-cylinders which do not contain any cylinder are called
gaps. A n-gap is a gap between n-cylinders which is contained in a (n — 1)-

cylinder. We call Ayr =N, U Csoe1,....cn the invariant set of M.

€05€15--4En

Definition 1. An homeomorphism M: T — T is a Markov map, if there is
a Markov partition for M.

Let I,J C T be two intervals such that M;; = MP: I — J is an homeomor-
phism, for some p > 1. Let M;; = ijl: J — I be the inverse map of the map
Myy.

The Markov map M is (uaa), if, and only if, there is a constant ¢ > 1 and a
continuous function e,: ]Rar — ]Rar with €.(0) = 0 and with the property that for
all maps My  as above, for all charts (i,1' D I),(j,J' D J) € A and and for all
5,5, € J 50 that 0 < j(y)—j(2), j(z)—i(y) < & and ¢~ < (j(2) — (1)) Gily) —
j(x)) < ¢, we have that

(2) log (io Myr)(y) — (io Myp)(x) j(z) — ?(y)

(ioMyr)(z) — (io Myr)(y) 3(y) — 3

We note that the (uaa) definition of a Markov map is stonger than just to say
that a map is (uaa). Roughly, a Markov map is (uaa), if every inverse composition
is (uaa) with the some constant ¢ and the function ..

The Markov maps M: T — T and N: P — P are topologically conjugate, if
there exists an homeomorphism h: T — P, such that

i) ho M|p,, = N o h|p,, and

ii) the singularities x and h(x) have the same order.

If the homeomorphism A is (uaa), then we say that the Markov maps M and
N are (uaa) conjugate.
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3 — The existence of the eigenvalues e¢(p) at the periodic points

Let M: T — T be a (uaa) Markov map with respect to an atlas A on T'. Let
p € T be a periodic point with period ¢q. Consider a local chart (i,I) € A such
that p € I. The eigenvalue e(p) of p is well defined, if the following limit exists
and it is independent of the chart considered:

i (10 M9)(2) = G0 219) )
R B

Theorem 1. Let M : T — T be a (uaa) Markov map with respect to an atlas
A on T and p a periodic point of the Markov map M. The eigenvalue e(p) is well
defined and the set of all the eigenvalues is an invariant of the (uaa) conjugacy
class.

Proof of Theorem 1: We are going to prove, in two lemmas, the existence
of eigenvalues for (uaa) Markov maps and that they are invariants of the (uaa)
conjugacy classes.

We prove in Lemma 1 and Lemma 2, for a fixed point p, that the eigenvalue
e(p) is well defined and it is an invariant of the (uaa) conjugacy class. The proof
for a periodic point p’ of period ¢ follows in the same way as for the fixed point
p using the composition M? of the Markov map M.

Lemma 1. Let p be a fixed point of the (uaa) Markov map M: T — T with
respect to the atlas A. Let i: I — I’ be a chart in A, such that p € I. Then the
eigenvalue e(p) is well defined by

(10 M)(2) = (io M)(p)
—i(p)

e(n) = llgrl? i(2)

Proof of Lemma 1: We consider two different cases: the first case when the
Markov map M is orientation reversing and the second case when the Markov
map M is orientation preserving. We prove both cases in two steps. First,
we prove that given a sequence of points ¢, = M(gn+1) converging to p, they
define a candidate e(p) for the eigenvalue e(p). Secondly, we show that for any =z
converging to p, we obtain that

L (10 M)(2) = (i0 M)(p)
i) - i)

=e(p) -
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Let ¢, € T be a sequence of points ¢, such that
i) the point M(gy,) is equal to the point ¢,—; and
ii) the point ¢, is close of the point p, for all n > 0.

Let 7, be equal to the ratio between the distances of |i(¢,—1) — i(p)| and
li(gn) — i(p)| (see Figure 1).

Ty

"
itq ) i(o) itg )=(-M)a,)

Fig. 1 — The ratio 7.

Since the Markov map M is (uaa), the limit » = lim r,, exists and

r
— -1 < c . n—1) — ' n .
1) < ee(filan) - iCa0))
Therefore,
: (iOM)(Qn)_(iOM)(p)‘
3 e(p)| = lim - =7r.
) <lv) (o) — i(7)
First case: The Markov map M is orientation reversing, e(p) = —r.

For all point z converging to p, let the point g, € [p,z] be such that the
ratio between the distance |i(z) —i(q,)| and the distance |i(g,) —i(p)| is bounded
away from zero and infinity. Let s, be equal to the ratio between the distances
of i(z) —i(gn)| and |i(gn) — i(p)|- Let s,—1 be equal to the ratio between the
distances of |(i o M)(z) —i(qn—1)| and |i(gn—1) — i(p)| (see Figure 2).

Sl r, s,
¥\ N
(i-M)@z) iq, )=(M@q,) ip) iq,) i@

Fig. 2 — The ratios s, and sp_1.
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By equality (3),
(ioM)(z) — (ioM)(p)

) 1+s,1
(4) i(2) —i(p)

e e (12 (jitanm) — ilan)]) )
c e (1£(lit2) - o))

Therefore,

i (0 M) = (0 M)(p)

O

Second case: The Markov map M is orientation preserving, e(p) = r.

For all point z converging to p, either there is a point ¢, between p and z or
there is not. In the case where there is a point g, between p and z, we get a
similar inequality to (4). Otherwise, we consider a point ¢, such that the ratio
between |i(g,) — i(p)| and |i(z) — i(p)| is bounded away from zero and infinity.

Let s, be equal to the ratio between the distances of |i(g,) — i(p)| and
li(z) —i(p)|. Let s,—1 be equal to the ratio between the distance |i(g,—1) — i(p)]
and the distance [(i o M)(z) — (i o M)(p)| (see Figure 3).

Sn»l

¥\

itg )=(M)q,) < i0)=(i M)(p) (i-M)(z)
rn
S}'l
N\
itq,) i(p) itz)

Fig. 3 — The ratios s, and snp—_1.

By equality (3),
(i o M)(z) — (i o M)(p)

Sn

e et (14 (jitp) — ifan-)]) )
¢ ep)(1£e(l2 D) - ilan)]) ) -n

Lemma 2. The eigenvalue e(p) is an invariant of the (uaa) conjugacy class
of the Markov map M : T — T with respect to the atlas A.
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Proof of Lemma 2: Let M and N be (uaa) Markov maps with respect to
the atlas A and B, respectively. Let h be the conjugate map between M and N,

hoM =Noh.

Let p and p’ = h(p) be fixed points of M and N, respectively. Let ¢, and
q,, = h(gn) be two sequences of points converging to p and p’, respectively, such
that M(qn) = gn—1, for all n > 0. Let ¢, be equal to the ratio between the
distances of |i(gn—1)—1i(gn)| and |i(¢,) —i(p)| and t, be equal to the ratio between
the distances of |j(ql,_1) — 7(¢,,)| and |j(q},) — 7(p")| (see Figure 4), where i € A
and j € B.

t, t,
N N
i(p) itq,) itq,) i) i) i,/

Fig. 4 — The ratios ¢, and t,.

By Lemma 1,
er(p) = £lim(1 +t,) and en(p)) = Elim(1+1¢),) .

Since the map h is (uaa),

2 e 1ze(lig) — i) -

tn

Since the map h preserves the order, we have
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