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HOMOGENIZATION OF ELLIPTIC EQUATIONS WITH
QUADRATIC GROWTH IN PERIODICALLY PERFORATED
DOMAINS: THE CASE OF UNBOUNDED SOLUTIONS

G. CARDONE and A. GAUDIELLO

Abstract: This paper is devoted to the homogenization of the following non linear
problem

—div(A(i)DuE) + H(i,uE,Dug) =f in Q,

(A(x)D%)u 0 on 07,
- Jad

us =0 on 0,

u. € H'(Q.), H(guDu> e LY(Q), H(guDu>u e L),

where ), = Q—T, is obtained by removing from a bounded open set 2 of R™ a closed set
T. of e-periodic balls of size e, H(y, s, &) is |0, 1["-periodic in y, has the same sign as s and
has a quadratic growth with respect to &, and f belongs to L?(€2). (The corresponding
problem with bounded solutions has been treated by P. Donato, A. Gaudiello and L.
Sgambati in [11]).

We prove that the linear part gives the homogenized matrix of the linear part
and the nonlinear one changes into H°(u, Du), where HY is defined by

H(s,€) = [ H(ys,C)€)dy ¥(s,6) eRxR"

A[-T

with C(£) the corrector matrices of the linear problem and 7' the reference hole.

Received: June 17, 1995; Rewvised: March 2, 1996.



52 G. CARDONE and A. GAUDIELLO

0 — Introduction

This paper is devoted to the study of the asymptotic behaviour, as € tends to
zero, of the solutions wu. of

—div(A(%)Dug) +H<§,u5,Du5) =f in Q,

<A<$>Dug>,u =0 on 07,
(0.1) <
us =0 on 0,

u. € HY(Q,), H(guDu> e LY(Q.), H(guDu>u e LY(9Q.)

where 2 is a bounded open set of R™, Q. = Q — T, is a domain obtained
by removing from Q a closed set T. of e-periodic balls of size €, A(y) is a
10, 1["*-periodic bounded definite positive matrix, H(y,s,&) is a Caratheodory
function defined on R™ x R x R™, |0, 1["-periodic in y, with the same sign as s
(sign hypothesis) and with quadratic growth with respect to £ (see assumptions
(1.7)~(1.10)), f belongs to L?*(2) and p denotes the unitary external normal
vector with respect to ..

The following main result is proved in Theorem 1.3 for a suitable class of
extension-operators { P:}., up to a subsequence of {¢},

Pou. —u  weakly in Hj(Q)
as ¢ tends to zero, and
—div(A°Du) + H(u,Du) =0 f in Q,
{u € H}(Q), H°u,Du) € L*(Q), H°(u,Du)u € L'(Q),

where — div(A°Du) is the homogenized operator of the linear part and H? is
defined by

H5.6) = [ Hp.s.CuEdy V(s eRxE",
10,1[*—T

with C(Z) the corrector matrices of the linear problem, 7" CC]0, 1[" the reference
hole and 6 = |0, 1["—T.
If the limit problem has a unique solution, then we need not pass to a subse-

quence of {e}.
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The general notion of H-convergence and correctors have been introduced by
F. Murat and L. Tartar in [13]. We refer also to [7] and [8] for the case of the
perforated domains.

The extension-operators have been introduced by D. Cioranescu and J. Saint
Jean Paulin in [9].

This paper is a sequel of [11]. In [11] the homogenization of a problem anal-
ogous to (0.1) is studied, but in the case where wu. is bounded while no sign
condition is imposed on H. In the present paper we emphasize the main changes
and we refer to [11] for the remaining common parts.

The homogenization in a fixed domain of the nonlinear problem with quadratic
growth in the gradient was treated by A. Bensoussan, L. Boccardo, A. Dall’Aglio
and F. Murat in [2] both in the bounded case and in the unbounded case. Also
the homogenization of the nonlinear problem with subquadratic growth in the
gradient has been studied by L. Boccardo and T. Del Vecchio in [4] for a fixed
domain and by P. Donato and L. Sgambati in [12] for periodically perforated
domains.

Here we adapt some ideas introduced for a fixed domain in [2] and partially
developed for a perforated domain in [11]. The proof of the main result is based
on verifying that the correctors for the nonlinear problem are the same as for
corresponding linear problem.

We refer to [1], [3], [10] and [14] for a detailed bibliography on the homoge-
nization theory.

Contents :
1. Position of the problem and the main result.

2. A corrector result.
3. Proof of Theorem 1.3.

1 — Position of the problem and the main result

Let © be an open bounded subset of R™, n > 2, with a smooth boundary 0f2,
Y =0, 1[" the reference cell, T' CC Y an open subset with smooth boundary 0T
and ¢ a parameter taking values in a decreasing positive sequence which tends to
ZEro.

Assume that for every e there exists a subset K. of Z" such that:

on Y etk+T)= | ek+T) .

kezn keK.
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Then, for every &, we define the perforated domain €. by:

keKe

and we introduce the space
Ve = {v € HY(Q.): v]gn = 0}

equipped with the H' norm.
In the following we denote by

® X the characteristic function of a subset E of R",
e |E| the Lebesgue measure of a Lebesgue-measurable subset E of R™,
e U or v™ the zero extension on 2 of every (vector) function v defined on €2,

e 4 the unitary external normal vector with respect to Y —T' or €2, according
to the situation.

Moreover we recall that
(1.1) Xq, — 0= Y —=T| in L%(Q) weak*

as ¢ tends to zero.
We now introduce a sequence {P:}. of linear extension-operators such that
for every €

P. € L(V;, Hy(9))
(1.2) (Pv)lg. =v Yvel.,
| D(Pov)l[(r2)n < cllDvllz2ayn Vv E VL,

where c is a constant independent of &
and, for every g in H~1(f2), as in [12] we define PYg in V! as follows:
(1.3) Plg:veV,— <g’PgU>H—1(Q)’Hé(Q) eR"™.
Remark 1.1. The existence of a sequence {P.}. satisfying (1.2) is proved

in [9]. Moreover (1.2) provides the Poincaré and Sobolev inequalities in V; with
a constant independent of ¢.
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Let A(y) = (ai;j(y))ij be an n x n matrix-valued function defined on R™ such
that

Ae (LR,

(1.4) A Y-periodic ,

Ja > 0: Z aij(y) i A\j > A, y ae inR", VAeR",
ij=1

and let us denote for every ¢

(1.5) A% () :A(Z) ae. in R" .

Moreover let us give a Caratheodory function H defined on R™ x R x R™ such
that for y a.e. in R”, for every s and 3 in R and for every ¢ and £ in R”

(1.6) |H(y, 5,€)| < ba(]s]) (1 +[¢]%)

(1.7) |H(y,s,6) — H(y,s,§)] <bi(ls]) (1 + [¢] + €] 1€ - €],
(1.8) |H(y,s,€) — H(y,5,6)| <bals —35]) (1+[¢]%) ,

(1.9) H(xz,s,§)s>0,

(1.10) H(.,s,§) Y-periodic ,

where by and b are continuous increasing functions with b;(0) > 0 and b2(0) = 0.

Remark 1.2. Observe that (1.6) follows from (1.8) and (1.9) by virtue of
the continuity of H(z,-, &) in R.

For every ¢, set
(1.11) H.(z,s,§) = H(:,s,§> , = a.e. in Q. VY(s,§) e RxR".

In this paper we study the asymptotic behaviour, as € tends to zero, of the
solutions u. of the following problem:

/ A® Du,. Dvdx —|—/ H_ (z,ue, Dus)vdr :/ fudr
Qe Qe Qe
(1.12) VoeV.NL™(Qy) ,
ue € Ve, He($au6>Dus) c Ll(Q€)7 Hs(fvauaDus)ue S Ll(Qe) 5

with f in L%(Q).
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Following the same outline as [4] and [5], it is easy to prove that problem
(1.12) admits a solution u.. Moreover [6] shows that every solution of (1.12) can
be used as test function in (1.12). Then, taking v = u. in (1.12) and using (1.4)
and (1.9), we obtain the following a priori estimates:

(1.13) [uell ) < ey

(1.14) / H.(z,us, Duc)usdz < ¢y ,
Qe

where ¢; is a positive constant independent of e.

As a consequence of (1.2) and (1.13) we deduce that, for some subsequence
(still denoted {c}),

Pou. —u  weakly in H}(Q),
(1.15) P.u. —u  strongly in L%*(Q) ,
Pu.—u ae in Q,
as € tends to zero.

To describe the problem satisfied by u, we use the nx n matrix-valued function
AV = (a%)ij and C(y) = (cij(y))s; defined respectively by

1.16 0,:/ ) =S a(y) g
( ) Qjj Y—Taj(y) kglak(y) 8yk Y
and

ox -
(1.17) cij(y) :6ij_8—yj* ae.in Y —1T |

in terms of the solution X;» j=1,...,n,of

—div(A(y) Dy —x;)) =0 in ¥V -T,
(1.18) (A@)D(y: —x;)) £ =0 on T,

X; Y -periodic ,

where A(y) = (ai;(y)):; is given in (1.4).
Then we set

(119) A8 = [ H@s.Cwody V(.8 RxR",

where H is the Caratheodory function satisfying (1.7)—(1.10).
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Now we can state the main result of this paper.

Theorem 1.3. Let {A®}. be the sequence of n X n matrix-valued functions
defined by (1.5), {H:}. be the sequence of Caratheodory functions defined by
(1.11) under assumptions (1.7)—(1.10) and {u.}. a sequence of solutions of (1.12).

Let {P.-}. be a sequence of linear extension-operators satisfying (1.2), A° be
the nxn matrix defined in (1.16), H® the function given in (1.19) and 6 = |Y —T.

Then there exists a subsequence (still denoted {¢}) and a function u in HZ ()
such that, as ¢ tends to zero,

(1.20) Pou. —u  weakly in H}(Q) .
The function u satisfies the following:
/ AODUDUd{L‘—I—/ H(u, Du)vdx = / 0 fvdx
Q Q Q

Vo€ HY(Q)NL>®(Q),

(1.21) w€ Hy(Q), H°(u,Du) € L'(Q), H'(u,Du)u e L'(Q),

/ A° Du Du dzx +/ H(u, Du)udx = / 0 fudx .
Q Q Q
Moreover, as € tends to zero, the following convergences hold:
(1.22) — diV(AE(JZ') (DuE)N) — —div(A° Du)  strongly in H'(Q) ,
(1.23)  H.(x,ue, Du.)™~ — H%(u, Du) weakly in L'(Q) .
The proof of Theorem 1.3 follows essentially the same outline as that of The-

orem 1.3 in [11]. Consequently we shall give a detailed proof of the main changes
and refer to [11] for the remaining common parts.

Remark 1.4. The function

H(y,5,6) = (h(y) +[€P) g(s), vy ae nR", V(s,6) €RxR"

with h a positive bounded measurable Y-periodic function and g an increasing
Lipschitz continuous function on R, such that g(0) = 0 (for example g(s) =
arctg(s)), satisfies assumptions (1.6)—(1.10). In this case

B, =9(s) [ _(h) +ICW)EF)dy ¥ (5,6) eRx R,
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2 — A corrector result

In this Section we give a corrector result for problem (1.12).
Let C(y) be defined by (1.17). Then, for every ¢, we set

(2.1) Ce(z) = C(£> a.e. in € .

3

First we recall a result proved in [11] (Proposition 2.1 and Theorem 2.3).
Proposition 2.1 [11]. Let {A®}. be defined in (1.5), {P:}. satisfy (1.2),
{P*g}. be defined in (1.3), for g in H=1(2), and, for every ¢, let w. be the
unique solution of the following linear problem:

—div(As(x) Dwg) = P¥g in .,

€
we =0 on 0f),
(Ae(x) Dwa> =0 on 0T .

Moreover let A and {C¢}. be defined in (1.16) and (2.1) respectively.
Then, as € tends to zero, the following holds:
Pow. —w weakly in H}(),

{ lim sup [ Dw: — C%0l|z2(.n < e[ Dw = (120

Vo e (C5o ()",
with ¢ a constant independent of ¢ |

where w is the unique solution of:

{ —div(A’ Dw) =g in Q,
w=0 on 0N .

Moreover, if g is in W~1°°(Q), then

A (Dw,)~ (Dw.)~ — A’ DwDw  weakly in L'(Q) ,

as € tends to zero.

In the sequel we make use of the following known lemma:
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Lemma 2.2. As e tends to zero, let {g.}., be a sequence of functions
which converges weakly in L*(§)) to a function g and let {t.}. be a sequence of
equibounded and measurable functions which converges almost everywhere in )
to a function ty. Then

lim | g.t.dx = / gotodx .
Q Q

e—0

From now on, {¢} denotes a subsequence for which (1.15) holds.
Now we state the corrector result for problem (1.12).

Proposition 2.3. Under assumptions (1.4), (1.5), (1.8), (1.9), (1.10) and
(1.11), let {u-}. be a subsequence of solutions of problem (1.12) for which con-
vergence (1.15) holds, u be the function defined in (1.15) and {C*}. be defined

in (2.1).
Then
lim sup [Due = C°¢||(z2(0.))n < cl[Du = l[(z2@pn V& € (C°(R2))",
e—
where ¢ is a constant independent of ¢ .

Proposition 2.3 is an immediate consequence of Proposition 2.1 and of the
following result.

Theorem 2.4. Under assumptions (1.4), (1.5), (1.8), (1.9), (1.10) and (1.11),
let {us}e be a subsequence of solutions of problem (1.12) for which convergence
(1.15) holds and let {v.}. be the sequence of the solutions of the following linear
problem:

—div(4%(z) Dv. ) = P2(—div(A° Du)) in Q.
ve =0 on 012,
(Ag(ac) Dvs) pu=0 on T ,

with {A.}. defined in (1.5), {P.}. satisfying (1.2), A° given in (1.16) and u
defined in (1.15).
Then

lim [[ D (ue — ve) (L2 () = 0 -

Proof: The proof of this theorem follows the outline of the proof of Propo-
sition 4.1 in [2], modified as follows due to the presence of holes.



60 G. CARDONE and A. GAUDIELLO

Let {ux}xen be a sequence in C§°(Q2) such that
(2.2) uy — u strongly in HJ(Q) as A\ — 400
and let, for every A in N, {v) .} be the sequence of the solution of
—div(4(z) Dvy. ) = P (—div(4g Duy)) in O,

(2.3) Ure =0 on 01},
(AE(JT) ka,g) =0 on 0T .

Then Proposition 2.1 implies that for every A in N,
(2.4) Povye —uy  weakly in Hj(Q) ase — 0.
Moreover it is easy to prove that (see proof of (3.6) in [11]), for every A in N and

€,

(2 5) { ”DU)\’a - DUEH(LQ(QE))” < CHD’LL)\ - DUH(LQ(Q))n,

where ¢ is a constant independent of A and ¢ .

Set
Op: seER— set €R

with p a positive parameter (depending on k) to be defined and for every k in
RT

Tp: seR— max{—k:,min{s, k}} € [k, k| .
Then the function ¢, (T} (ue) — Tk(va)) belongs to V. N L>°(£).). Consequently,

if we choose ¢, (T)(us) — Ti(vae)) as test function in (1.12), we obtain, for every
Ain N and &,

/Qs A® Du, D(@p(Tk(us) — Tk(v)\76))) dz +

—1—/9 H.(z,ue, Duc) @, (Tk(us) — Tk(m,g)) do =

— /QE [ e (Tk(us) — Tk(U)\,a)> dz |
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(2.6) / A D(Ty(ue) = T(vre)) D(pu(Th(ue) = Ti(vre)) ) do +

€

+ N A¢ DU}VE D(Sp# (Tk(ue) — Tk(v)\,s)>) dx

- /Qa A® D<Gk(v>\,€)> D(Sou (Tk‘(us) - Tk(w\,a))) dx
+ /Q AED(Gk(us)) D(sou (Tk(ue) - Tk(vx,s)» dx

+ /Q H(z,ue, Duc) op (Tk(ug) — Tk(UA,a)) dr =

= [ Feu(Tutue) = Ti(wr0))
where Gy, is the function defined by
Gp:seR — s—Ti(s) eR.
Now we give an estimate from below for the left hand-side of (2.6).
Since gpL is a positive function, by virtue of (1.4) and for every e, for every A

in N and k in RT we obtain the following estimate for the first term in the left
hand-side of (2.6):

en A7 D(Ty(e) ~ Ti(wr2)) D00 (Th(1e) = Ti(wn.)) ) e =
= /Qg Af D(Tk(ug) - Tk(v,\,s)) D(Tk(ua) - Tk(”)\,s)) P (Tk<u6) - Tk(UA,s)> dx
> oz/QJD(Tk(Ue) - Tk(”)x,a)) ’2 P (Tk(us) - Tk(UA,aD dw .

If we choose ¢, (T (us) — Ti(vae)) as test function in (2.3), for every e, for
every A in N and k in Rt we can rewrite the second term in the left hand-side of
(2.6) in the following way:

(2.8) /Q A® DU)\75D((,DM (Tk(ue) - Tk(v,\ﬁ))) dx =

- /QAO Dux D(P5 (90” (Tk(uf-:) - Tk(”A,a)))) dx .
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By the definition of Gy, the following equality for the third term in the left
hand-side of (2.6) holds for every ¢, for every A in N and k in R™:

/QE AaD(Gk(w\,a)) D(% (Tk(ue) _ Tk(vx,s))) dp —

_ € / .
= o, A® Dvy . Du, gpM(Tk(ug) Tk(vm)) X o[>k} X{fuc| <k} dx .

Thus, by virtue of (1.2), (1.4) and (1.13), we deduce that, for every ¢, for every
Ain N and k in RT,

(2.9)

<

/ AE D(Gk(v)\ﬁ)) D(QOM (Tk(uE) — Tk(v)\7€))) dl‘

1
2

< (s k) | Duell 200 (/Q D002l Xy 5y X<ty %)

[N

1 . ~ ~
SC(“”“)“E%A (D032) (DO X 1ty X iy O)

where ¢(u, k) is a positive constant dependent only on p and k.
The fourth term in the left hand-side of (2.6) can be treated similarly. Then
for every ¢, for every X in N and k in R™, it results

(2.10) <

/Qa A€ D(Gk(us)> D(Wu (Tk(us) - Tk(vk,e))) dz

1

C1 ~ ~ 2
SC(“”‘:)E(/QAE(D%) (D)™ Xy o X ron iy )

Regarding the last term in the left hand-side of (2.6) we remark that, for every
g, for every X in N and k in R,

(2'11) 0 HE(:U, Ue, Dus) Pu (Tk(us) - Tk(v/\,a)) dx =
= / H.(z,ue, Due) @, (Tk(us) — Tk(v,\75)) dx
{lus|<k}
+ / Ha(l" Ue, Dua) (Tk(ua) - Tk(”)\,e)) eu(Tk(uE)iTk(UA’a))Q dz .
{|ue|>k}

On the other hand, (1.9) implies that, for every ¢, for every X in N and k in R™,

(2.12) / H. (2, ue, Dus) (Ti(ue) — Ti(vn,2) ) T T0re)* g > 0
{lue|>k}
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Moreover from (1.2), (1.4) and (1.6) it follows that, for every ¢, for every A in N
and k£ in RT,

(2.13) ‘[{ <k} H.(z,ue, Duc) Pu (Tk(us) - Tk(UA,E)) dx| <

< ba(k) 1+ [D(Ti(w))?) [ion (Tilue) — Ti(oxe) )| da

(i

<o) [ [D(Tk(e) = Tien.) o (Titu) = Tu(wono)) | d
+ ba(k) /{ o (12D ) o (Tefe) ~ T(w3.)) | o

< 2by(k) /QE‘D(Tk(Us) - Tk(vk,a)) ’2 ’sou (Tk(us) - Tk(“)x,a))‘ dx

+0a(k) [ X, [ (T(Pv) = Tal(Prvn, )| do

1 ~ ~
+ 2b2<k) a /Q AE(DUA,E) (DUA,E> ‘QO/L (Tk(Peua) - Tk<PEUA,s)) ’ dz .

Then from (2.11), (2.12) and (2.13) we deduce that, for every ¢, for every A in N
and k in RT,

(214) | He(,ue, Duc) o (Ti(ue) = Ti(vr.)) do >

> — 2y (k) /QE‘D(Tk(ua) (o)) [oou (Thlue) — Ti(wn2) )| da
- bQ(k) /Q XQs “P,u (Tk(PEUs) - Tk(Ps'UA,a)) ‘ dx

1
— 2ba(k) /Q A5 (Dos o)™ (Dos o)™ [ (Tr(Pee) — Te(Pevy )| de

Now, combining (2.6) with (2.7), (2.8), (2.9), (2.10) and (2.14) we obtain, for
every ¢, for every X in N and k in RT,

o [ [D(Tutue) = T 0) [ (Tiwe) = Tufon)) e +

+/QA0 Duy, D(Pg (‘Pu(Tk(Us) — Tk(v)\,g)>)) dr —
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(SIS

C1 ~ ~
‘C(“’]‘“)E%A%D“Ava) (D0 Xy oty Xyppaciciy)

[N

C1 I3 ~ ~
- C(,U, k) E (/Q A (Dv)\,a) (DUA,E) X{|P5u5|>k’} X{|PEU,\75\<k})
2
— sz(k)/ ‘D<Tk(ua) - Tk(%\,a))‘ )@u (Tk(ua) - Tk(v,\,e)) ‘ dx
Qe
- b2(k> /Q Xq. ’SO,LL (Tk(Pz-:Us) - Tk(PEU)\78)) ’ dx
1
- 2b2(k') E /Q Aa(DU)\,e)N (DU/\,S)N “P,u (Tk(PEUE) - Tk:(Psvz\,a)) ‘ dx <
< ‘/Qfsou (Tk(Paue) - Tk(Pav)\,E)) XQE dx
from which, choosing p (depending on k) such that

ap,(s) = 2ba(k) [ou(s)] > VseR,

o) e

it follows that, for every ¢, for every X in N and k in RT,

2

(2.15) HD(Tk(UE) - Tk(v}"8>)H(L2(Qe))” -

_ 2 /Q A Duy D(P- (g (Tis(ue) — Ti(vrc) ) ) ) da

2¢(k) a1 ~ ~
+ 2 </QAE(DU)\,E) (Dv/\,a) X{|ng>\,5|>k’}X{|Psus|<k})

2¢(k) . ~ ~
R (/QA(DW) (D02)™ X a5y X1 oy <))

2o (k)

+ 22 /Q Yo
4by(k

N 2(k)

o?

+ i/QfPa(SOM(Tk(UE) - Tk(v)\@))) Xa. dz

N

N

P, (‘Pu (Tk(us) - Tk(v)\,a))) ’ dx

/QAE(DU,\,a)N (Duyg)™ ’% (Tk(Paua) - Tkz(Pe”A,s))‘ dx

where, now, ¢(k) is a constant dependent only on k.
In order to pass to the limit, as € tends to zero, in (2.15), we make some
remarks.

Making use of (1.1), (1.2), (1.15) and (2.4) it is easy to prove that (cf. (3.17)
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in [9]), passing possibly to a subsequence of {e}, for every A in N and k in R*,

P. (S% (Tk(us) — Tk(”A,a))) — Qp (Tk(u) - Tk(%\))a
(2.16) O (Tk(Paue) - Tk(PsU)\,e)) — P (Tk(u) - Tk(ux)),
weakly in H} (), strongly in L?(Q2) and a.e. in  ,

as € tends to zero.

Moreover, from Proposition 2.1, it follows that, for A in N
(2.17) A*(Dvy o)™ (Duye)™ — AY Duy Duy weakly in LY(9) ,

as € tends to zero.

Furthermore, if we set
A={keR": 3N [{lua] =k} £ 0} U {k € R*: [{Jul = k}| # 0},

from (1.15) and (2.4) we deduce that, passing possibly to a subsequence of {¢},
for every X in N and for k in R™ — A,

X X — X X
{[Pevy o[>k} X{|Poue| <k} {lux >k} X{Jul <k}
(2.18) g g ae. in Q

X{Peuc|>k} X{|Povacl<k} " X{jul>k} X{un|<k}

as ¢ tends to zero.

Observe that, since )\ takes values in a sequence and uy and u are in L'(Q),
it results that |A| = 0. Consequently (2.18) holds for a.e. k in R*.

Then passing to the limit, as € tends to zero, in (2.15) and making use of
(1.1), (2.16), (2.17), (2.18) and Lemma 2.2, we obtain, for every A in N and for
a.e. kin RT,

2

(2.19) limsupHD<Tk(u€) - Tk(v,\,€)> H(LZ(QE))W <

e—0

<- z/QAO Duy D(% (Tk(u) - Tk(“A))) dx

2¢(k) 1 0
T (/QA Dy DXy, oy Xy )+

1
2
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20(l<:) 01 3

/ A” Dux Dux X415 1 Xjus <ty d”)
P [ - )
4b2 /AODu,\DuA‘gou( )—Tk(uA))}da:

+ E/Qf%(crk(u) —Ti(w)) Oda

where c(k) is a constant dependent on k only.
Now we prove that for every A in N and & in R™

. 2 1
(2.20) hmsupHD(Gk(ug))H(LQ(QE))n < E/Qngk(u) dx

e—0
and
X 2
(2.21) hgljngD(Gk(w,e))H(LQ(Q / A° Duy G (uy) de

Fix k and choose v = T,,(Gr(ue)), n € N, as test function in (1.12). Then
from (1.2) and (1.9) it follows that

(2.22) [ 2D, D(Tu(G(u))) dor < /Q F Tu(Gr(Peuc)) X, d

Passing to the limit, as n — 400, in (2.22), by virtue of definition of G} and
(1.4) it results

a/ D)) de < [ 4% D(Gr(u)) D(Gi(u2)) da

(2.23) =/, A® Du: D(Gy(ue)) dx

< [ FGuPa)) xg, da
Then passing to the limit, as £ tends to zero, in (2.23), by (1.1) and (1.15) we
obtain (2.20).

To prove (2.21) fix k and choose G (vy ) as test function in (2.3). Then, by
definition of G}, and (1.4) it follows

o [ [D(Grwro))| da < [ 4% D(Gulv22)) D(Gi(v2.) da

= / A& DUA,& D(Gk(v)\,e)) dx
Qe

= [ 4°Dur D(P.(Gu(0,))) da
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from which passing to the limit, as € tends to zero, by virtue of (1.2) and (2.4)
we obtain (2.21).

Now combining (2.5) with (2.19), (2.20) and (2.21) it follows that for every A
in N and for a.e. k in R

(2.24) limsup || Du. — Dv€||%L2(Qs))n <

e—0

2
< 21 — —
< Qll?jélp“]_)vg Dvy . (L2 @)" + QIII?jélp‘)DUA7€ Du

“llz2(@q))n

2 2
< 2CHDU)\ — DuH(LQ( + 8hmsupHD(Tk(u5) - Tk(%\,e)) H

E0 (2@
81 DG 1, 0 + 41300 D(61(029) |
< QCHDUA — DuH . 1;? /Q A Duy D(cpu (Tk(u) - Tk(uA))) d
+ 16004261% A” Dux Dur Xy, 15y Xjui<iy df’““ﬁ

16¢(k) c1 0 3
Tt (/QA Dux DU X a1y Xfjuxi<iy dz)

1669 (k
n 2(k)
«

/ 9‘% (Tk(u) - Tkz(uA)) ’ dx
321)2
_l’_

/AODu,\Du)\’npu< )—Tk(u)\))‘da:
—l—g/(lf(pM(Tk(u)—Tk(u,\))édm+§/ﬂf0Gk(u)d:c

+é/ AODUAD(Gk<U,\))d$
@ JQ

where ¢(k) is a constant dependent only on k.
Observe, now, that, by virtue of (2.2), for a.e. k in (0, 400

)
o (Ti(u) = Te(un)) =0 weakly in H}(9),

‘%L (Tk( ) — Tx(u )‘ — 0 weakly* in L>®(Q),
2.2 . ~
( 5) X{|u)\|>l€} X{\u|<k} 0 Weakly* in L (Q),
X{|’u|>k} X{|’U,/\|<k} —0 Weakly* in LOO(Q)7
Gr(ur) = Gi(u) weakly in H}(Q) ,

as A tends to infinity.
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Then passing to the limit, as A tends to infinity, in (2.24) and making use of
(2.2) and (2.25) we have that for a.e. k in RT,

2
<
(L2 Q)™

< 2/Qf0c;k(u)dx+%/S)AODUD(Gk(u))dx.

(2.26) lim supHDug — Du.

e—0

Finally passing to the limit, as k tends to infinity, in (2.26) we obtain the desired
result. m

The following result is an immediate consequence of Proposition 2.6 in [9)].

Proposition 2.5. Let {H.}. be the sequence of Caratheodory functions
defined by (1.11) under assumptions (1.7)—(1.10), H° be the function given in
(1.19) and let {C®}. be defined by (2.1) under assumption (1.4).

Then H° satisfies (1.7)-(1.9) (up to a multiplicative constant (3) and

H (z,Tipe, C°¢)~ — HO(Tkgoo,gb) weakly in LI(Q)

as € tends to zero, for k in RY, for ¢ in (C§°(Q))™ and for sequence {¢.}e of
measurable functions on €2 such that

Ye — o a.e.in
where
Ti: se R — max{—k:,min{s, k:}} .

3 — Proof of Theorem 1.3

Let {¢} be a subsequence for which (1.15) holds and let u and H° be defined
by (1.15) and (1.19) respectively.
From (1.15) and Proposition 2.5 it follows that, for k in R™

(3.1) H. (&, Ty(Poue),C*¢) = H(Tyu,¢)  weakly in L'(Q)

as ¢ tends to zero, for ¢ in (C5°(2))™.
Let us prove that, for k£ in RT,

(3.2) H. (m,Tk(Paue), Du5>N — H°(Tyu,Du) weakly in L'(Q)

as ¢ tends to zero.
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Let {¢n}hen be a sequence in (C§°(€2))™ such that
(3.3) ¢n — Du  strongly in (L*(Q))"
Fix k in R*. Then (1.7) and Proposition 2.5 imply that, for ¢ in L>(Q),

(3.4) ‘/( , Ti(Pous), DuE)NH()(Tk(u),Du))gpdx <

g/ ‘Hg(x,TkuE,DuE) —Hg(x,Tkug,C’5¢h)‘ lp| dx

_l’_

A(Ha(x,Tk(Pgua),(]%h)N _HO(TkU,¢h)>g0dx

+ /Q’HO(TW, ¢n) — H'(Tyu, DU)’ o] da
<brk) [ (L+1Duel + |00 1D — €6 ] d

‘/ ( @, To(Pee), Ca(ﬁh)w - HO(TkU,¢h)>god:U

+801(k) [ (1+|6n] + Dul) |6, — Dul|g| do
for every ¢ and h. Moreover from (1.13) and Proposition 2.3 it follows that

(3.5) limsup/Q (1 + |Du.| + |C€d>h\) |Dus — C¢p| || dz <

e—0

< limsup/Q (1+2/Duc| +[C%6n — Duecl) [Due — | || da

e—0

gclir?jélp<‘Dua—Cs¢h" 2@ +HDUE o ¢hH (L2(Q.))" >
< c(HDU - d)hH (L2(Q))" H - ¢hH (L2(Q))" )

where ¢ is a constant independent of h.
Then from (1.15), Proposition 2.5, (3.3), (3.4) and (3.5) we obtain (3.2).
Now we prove that

(3.6) H(u, Du) € LY(Q), H°(u,Du)u c L'(Q) .
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By virtue of (1.9) and (1.14) it results that, for every ¢ and for every k in R,

(3.7) /QHa(m,Tk(Paug),DuE) Tk(Pgua)XﬂPEuEKk} dx =
:/ H.(z, P-uc, Du.)™ P.u. dz
{|Peus|<k}

< / H.(z, P-ug, Du.)™ Pousdx < ¢ .
Q

On the other hand, from (1.15) it follows that, passing possibly to a subsequence
of {e}, for a.e. k in RT,

(3.8) a.e. in Q|

X{Peucl<k} " X{Jul<k}
(3.9) Ti(Peue) — Tp(u) ae.in Q,

as ¢ tends to zero.
Then passing to the limit, as ¢ tends to zero, in (3.7) and making use of (3.2),
(3.8), (3.9) and Lemma 2.2 we have that, for a.e. k in RT,

0 _ 0
(3.10) /QH (u, Du)ux{|u|<k} dx = /QH (Txu, Du) Tkux{|u\<k} dx <cj .

Passing to the limit in (3.10) as k goes to infinity, by virtue of sign property for
H? and of Beppo Levi’s Theorem, we deduce that

(3.11) HO%u, Du)u € L'(Q), / H(u, Du)udz < ¢ .
Q
Moreover, for k fixed we have
’Ho(u Du)‘ = |H(u, Du) x —f—lHO(u Du)ux
’ ’ {lul<k} * 4 ’ {lul=k}

1
< [H(Tiu, Du) X{|u|<k}‘ + - Hw, Du)u,
which, by virtue of (3.2) and (3.11), implies
H®(u,Du) € L'(Q) .

So we have obtained (3.6). Now we prove (1.23).
At first let us observe that for ¢ and for ¢ in L>(Q),

(3.12) / H.(x, Poue, Du.)~é da =
Q

- H. (2, Ty(P.u.), Du.) ¢ da +/ H.(x, Poue, Dus)~ ¢ da
{|P:ue|<k} {|Peue| >k}
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(3.13) / H(u, Du) ¢ da = / H®(Tyu, Du) ¢ dx + H(u, Du) ¢ dz .
Q {lul<k} {lu|>k}

On the other hand from (3.2), (3.8) and Lemma 2.2, we deduce that, for a.e. k
in RT,

(3.14)  lim H.(z, Ty(P.u.), Du.) ¢ dw = / H(Tyu, Du) ¢ dx .
g0 J{|Pue | <k} {lul<k}
Moreover (3.6) implies that
(3.15) lim H(u, Du) ¢dz = 0
k=00 J{u|>k}
whereas (1.9) and (1.14) imply that, for every ¢ and k,
(3.16) / ’Hg(x,Pgug,Dug)N‘ dzx < “a
{|Peuc| 2k} k

Then combining (3.12) with (3.13), (3.14), (3.15) and (3.16) we obtain (1.23).
To prove (1.22) observe that, for every ¢,

— div(A°(Duc)™) = — div(A4%(Duc — Dvo)™ ) + (= div(A7(Dv.))™)

(3.17)
— P2 (= div(4° Du)) + P (—div(4° Du)) ,

where v, is the solution of the auxiliary problem given in Theorem 2.4. By virtue
of Theorem 2.4 the first term in the right hand-side of (3.17) converges to zero
strongly in H~1(f2), as ¢ tends to zero. Note also that, from the definition of V¢,
the second term in the right hand-side of (3.17) is zero. Consequently, since the
last term in the right hand-side of (3.17) converges to — div(A® Du) strongly in
H~(Q) as ¢ tends to zero (see [11]), (1.22) holds.

Finally combining (1.22) with (1.23), (1.1) and by virtue of [6] we have that
u is a solution of (1.21). u
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