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Abstract. Belov in [2] gave necessary and sufficient condition for rotational
surface generated by a special quadrangular meridian, to be rigid. Belov’s theorem
disproved the hypothesis of Boyarski that each toroid rotational surface with convex
meridian is rigid. We give another proof of Belov’s theorem. The field of infinitesimal
bendings is determined, the rotational field is obtained too. The method, used here,
can be applied in a case of every rotational surface generated by a simple polygon
6] .

0. Introduction

One of the basic problems of infinitesimal bendings theory in Fj3 is to point
out nonrigid surfaces, and, if possible, to determine the infinitesimal bending field
and the field of rotations.

It is known [3] that a circular torus is rigid. Among surfaces topological-
ly equivalent to the torus Belov [2] pointed out a class of nonrigid toroids with
quadrangular meridian of a special form, which can be convex or nonconvex.

We give a new proof of Belov’s theorem by using matrices. Such a proof of
Belov’s theorem makes possible to determine the infinitesimal bending field and
the rotational field when the surface is nonrigid. The Belov’s proof is only a proof
of the existence of the bending field. Using this procedure we have proved the
rigidity of toroid rotational surface with triangular meridian, not containing a side
orthogonal to axis of rotation (see [5]). This procedure is also applied in the case
of a toroid with a meridian in the form of a simple polygon [6].

We quote some well-known definitions and properties that we shall use after-

wards. At first, we define infinitesimal deformation of a surface, and then infinites-
imal bending, as a particular case ([1], [3], [4])-
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Definition 1. Let S be a regular surface of the class C™ (m > 3), defined in
a vector form
S 7 =7(u,v),

included in a family of surfaces
(0.1) Se 1 Te(u,v) = 7(u,v) + €Z(u,v),

where (e = 0), u,v € R! and 7 (u,v) = #(u,v). It is said that the surfaces S, are
infinitesimal deformations of the surface S.

Definition 2. The surfaces S. are infinitesimal bendings of a surface S if
for line elements of these surfaces we have

(0.2) ds? — ds* = O(e).

Infinitesimal bending can be defined in another manner, too, which follows
from the following theorem:

THEOREM 1. [1,3,4] The condition (0.2) is equivalent to each of the condi-
tions

(0.3) dse —ds = O(g),
(0.4) drdz =0,
0s.
05 a_ |le= = 07
(0.5) e ==
(0.6) TuZy = TyZy = TuZy + o2y = 0.

Definition 3. A vector field Z(u,v), defined at points of the surface S satis-
fying the conditions of Definition 2, i.e., any of the conditions (0.2)—(0.6), is an
infinitesimal bending field of the surface S.

The field
(0.7) Z=axT+b,

where @, b are constant vectors and x denotes a vector product, satisfies identically
(0.4). Tt is known [3] that the vector Z, in this case, induces only a motion of the
surface as a solid body, without intrinsic deformations.

Definition 4. The field z of the form (0.7) is a trivial infinitesimal bending
field or infinitesimal motion field.

If Z = const, then we have a particular case of (0.7).

Definition 5. If a surface possesses only a trivial infinitesimal bending field,
then it is rigid, otherwise it is nonrigid.
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1. A new proof of Belov’s theorem

THEOREM 2. (Belov [2]) The quadrangle B, with apexes A(—1,b), B(0,b+
c1), C(1,b), D(0,b — c3), rotates around u-axis of the coordinate system uOp. A
necessary and sufficient condition for nonrigidity of the toroid rotational surface
generated by the meridian B is

(1.1) 1/cy —1/cy = K*/b,
where k > 2 is an integer.
Proof. Designating p on sides AB, ..., DA with p(), pe2), p(3), p(a), We get

py=b+c(u+l), poy=b+eci(1—-u),

1.2
(12 p)=b+e(u—1), puy=b—ca(u+1)

If & is the ort of the u-axis, a(v) the ort of p-axis, v the angle between a and the
plane of initial position of meridian p = p (u), then [1, p. 90] the rotational surface
generated by the meridian p = p(u) at the coordinate system with orthonormal
base €, @ (v), @ (v) is:

(1.3) 7(u,v) = ué + p(u)a(v).

It is known, [1, p. 91], that for every k € {2,3,...} there is a field of infinitesimal
bendings

(1.4)  2(u,v) = Zx(u,v) = [(’Dk(u)eikv + @r (u)e—ikv] e
+ [k (w)e™ + P (u)e *vNa(v) + [xr(w)e™ + xix(u)e **] a (v)

for the surface (1.3), where e.g., @ (u) is the conjugate value for ¢g(u). The
functions ¥y (u) and xi (u) satisfy the same equation

(1.5) p()X" (u) + (K* = 1)p" (u) A (u) =0,
and also the equations

() + p' (W (u) = 0, ¢ (u) +ikxx (u) =0,

(1.6) . b .
ik (u) + p' () [iktr (u) — xx (W)] + p (u) X}, (u) = 0.

are valid.

At turning points u = o of the meridian p = p(u) we have [1, p. 112, eq.

(15)]:

(L7)  p(o) k(o +0) = (0 = 0)] + (k* = 1)¢hy(0)[p' (0 + 0) = ' (0 = 0)] =0,
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supposing that the field Z;(u) is continuous at these points. We have analogous
equation for xg(u).

Omitting the index k, we designate 1y, (u) by ¥ (u) and by ¢ (u), ..., ) (u)
the corresponding values on the sides AB, ..., DA respectively. According to (1.5)
and (1.2) we have the linearity of the functions 1;(u), i.e.,
(18) zp(l)(u) = M;u+ N, (Z = 1,...,4).
From the continuity of the functions ;) (u) at the apexes we have
Yy (=1) = Yy (=1), ¥1)(0) = ¥2)(0), ¥2)(1) = Y(3)(1), Y3)(0) =) (0),
from which one gets

(19) —M]_ +N]_ = —M4 + N4, N]_ = ]\727 M2 + N2 = M3 + Ng, N3 == N4.

At the apex A, according to (1.7), we will replace 9} (¢ — 0) with ¢E4)(—1)
and 1, (o + 0) with ¢(;,(—1). Analogously at the apex C' we will replace 1)} (c — 0)
with ¢(2)(1) and ¢, (o + 0) with 1,[723)(1). In such a way we have at A:

p(=D)[Wf1y (=1) = Py (1)) + (¥* = Doy (=1)[p1(=1) — p4(~1)] = 0,
(110 a) b(Ml — M4) + (k‘2 — 1)(N1 — Ml)(cl + 02) =0,

and for the apexes B, C, D:

(1.10 b) (b+c1)(My — M) —2(k*> = 1)ey Ny = 0,
(1.10 ¢) b(Ms — Ms) + (k* — 1)(c1 + ¢2)(Ms 4+ N») =0,
(1.10 d) (b—co)(My — M3) — 2(k* — 1)coN3 = 0.

We consider equations (1.9) and (1.10) as a system with respect to M;, N; (i =
1,...,4). At first, let us consider (1.9) as a system with respect to N;. The
extended matrix of this system is

Ny Ny N3 Ny

1 0 0 -1 : M —M,

(1.11) p=|1 -1 0 0 0 ~
0 1 -1 0} —My+M,
0 0 1 -1 0
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1 0 0 -1 : My — M,y

o -1 0o 1: —M; + M,
0 0 -1 1 : —M; —My+ Ms+ M, 7
0 0 0 0 : —M;—My+ M+ M,

where M is the matrix of the system (1.9) (with respect to N; formed by first four
columns of P). The system (1.9) is compatible if and only if rank P = rank M, i.e.

(112) —My — My + M3z + My =0 My = My + My — Ms.

From (1.11,12) we get a reduced system,
Ny —Ny=My — My, —No+Ny=-M +My, —N3+N;=0
and substituting M, from (1.12), we get
(1.13) Ny =Ny = —My+ M3+ Ny, N3=Ny.

Substituting (1.12,13) at (1.10) we get a homogeneous system with unknowns Mj,
M27 M37 N4:

—(c1 4 ) (k2 = 1)My — [(c1 + ¢2)(K* — 1) + b M,
+ [(e1 + ca)(k* — 1) + b]M3 + (c1 + ¢2)(k* — 1)N, = 0,
—(b+c1)My + [2¢1(k* — 1) + b+ c1]Ma — 2¢1 (k* — 1) M3 — 2¢1(k* — 1) Ny = 0,
—bM; + [(c1 + e2)(K* — 1) + b] M3 + (c1 + ¢2)(K* — 1) Ny = 0,
(1.14) (b—co) My + (b — o) My + 2(cy — b)M3 — 2¢c5(k* — 1) Ny = 0.

The system (1.14) has nontrivial solutions if and only if the rank of the matrix
N of this system is less then 4. We have to investigate the conditions under which
that is valid. We have

Ny Mz My M

a1 a2 G13 Q14
0 a2 a3 a
0 0 1 1
0 0 X Y

N ~
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where

ajp = (Cl + 02)(k2 - 1), aip = (Cl + 02)(k2 - 1) + b,
a13 = (e1 + e2)(1 — k) = b, a1a = (&1 + c2) (1 — k%),
2bcy 2bcy
= =? — s
422 c1+eo’ 23 e c1+ e
agy = 201(1 — k2) —b— C1,

(Cl + C2)(b + Cl) — b02 _ (Cl + C2)(b+ Cl)C2k2

X=-b+ ,
C1 bey
v = (Cl + Cz)b n (201k2 —c1 + b)(Cl + 02)(C2k2 — b)
- C1 bCl )

Let us consider three possible cases:

1. For X =0and Y # 0 or X # 0 and Y = 0 the system has only trivial
solution and the surface is rigid.

2. X =Y =0. From X = 0 we have
(115) kQCz(b—f—Cl) = bCl.
Substituting k2 from this equation into the equation Y = 0, we have

(116) b(02 — 01) + c1ea = 0.

For ¢; = c2 we get cice = 0, but then we have ¢; = ¢; = 0, which is
impossible. If we find b from (1.16) and substitute in (1.15), we get k¥ = 1, which
is impossible too, because k € {2,3,...}. Therefore, for X =Y = 0 the surface is
rigid.

3. If X #0and Y #0, we get

Ny, Ms M, M,
ailp a2 ais a14
0 a2 aos a4

(L17) N~lo 0 1 1
0 0 0 Y-X
where
2k )
Y-X= (cl +c2)(0102k + bes —bcl).

bey
The system (1.14) has nontrivial solutions, i.e., the surface is nonrigid if and
only if
Y-X=0& 0102k2 +bcy —ber =0 & 1/02 — 1/01 = k‘2/b,
i.e.,, when (1.1) is valid. The theorem is proved.

In what follows the surface satisfying the conditions of the Theorem 2 will be
named Belov’s surface.



108 Velimirovi¢

2. Determination of the infinitesimal bending field

In order to determine the bending field Z(u, v) by virtue of (1.4), we have to
find the functions ¢ (u), Y@ (u), x@i)(w), @ = 1,...,4. The following lemma is
valid:

LEMMA 1. The functions pgy(u), ¥@)(w), Xx@(w),i = 1,...,4, where the
index in the brackets is related respectively to the sides AB, BC, CD, DA of the
meridian, have the values

pay(w) = —e1Myu,  Pay(u) = (u— P)M;,

2.1.1
- X (W) = 1 (u=P)My,
p)(u) = —c1 My,  Po)(u) = —(u+ P)M;,
(2.1.2) ;
X(2)(u) = —E(u+P)M1,
oo (@) = —adiu, Y = |La=1 - (P+1) M,
(2.1.3) . .
X = ¢ | 2= - (P41,
Py (u) = —c1 Myu, Py (u) = — -Z—l(u +1)+P+ 1] My,
(2.1.4) -2

X(ay(u) = —% [C—l(u+ 1)+ P+ 1| M,

C2
where is My # 0 an arbitrary constant, and

b +c bC2 + cico
2.2 P= =
( ) C1 (k2 - 1) bCl — b02 — 01027

Proof. According to (1.17) for Y-X=0 we can get reduced system

(e1 + c2)(B* = )Ny + [(c1 + 2) (K — 1) + b M3
+ [(01 + 02)(1 — k‘2) — b]MQ + (01 + Cz)(l — kz)Ml =0,

(23) Zbcl 2b01
Ms+ (b - My +[2¢:(1 —k*) —b— 1] My =
ot 3+ (b+a Cl+62) 2+ [2e1( ) c1]My; =0,

My + M; =0.
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From (2.3) and (1.13) we have

My =—M,, Ms= (2—2 + %H)Ml,
1
(2.4) 2
c2  Cc1+cCa,o k b
N _ e M, = Na.
4 [cl Pt ot am o TN

Further, from (1.12,13), we get

b+

_(C_z 1+ c2 M,

——Zk*)My, Ni=No=-—
C1+ b ) 1, 1 2

From (1.1) we obtain

(2.6) polazel o ato, o
c1c2 ¢l b Co
2 2 2
G GactG, o bla—c)
(27) C1 + b k= ‘s k‘2 -1 B bCl — bC2 — C1027
(2 8) b b02

C1(k2 — ].) - bCl — b02 — C1C2 )

Using (2.6), we obtain

b+ . bca + cice

= 2.2
C1(k2 — 1) bCl — bC2 — C1C2 = ( )7

and from (2.4)—(2.8), we get
My =—-M;, Msz= C—1M1;
C2

Ne=Nge— (S g% N (2 ipi1)
C2 bCl - b62 — C1C2 C2

(2.9)

Further, by virtue of (1.12,13), (2.2) we have
(2.10) M, = —Z—lMl, Ny = N, = —PM;.
2

From (2.9,10) the magnitudes M; N; (i =1,...,4) are expressed by M; (undeter-
mined constant). Consequently, from (1.8) one gets the values of ¢); (u), given in
(2.1).

The functions ;) (u) = ¥ (u) are defined by (2.1, 2) for k € {2,3,...}.
According to (1.6) we get the functions ¢y, (u) = @) (u), X@ik(®) = X (), given
at (2.1). The Lemma is proved.
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As we mentioned, the problem of infinitesimal bendings can be considered
solved only if the infinitesimal bendings field z(u,v) is determined, as in this case

by virtue of (0.1) the deformed surface S, can be presented. In this case we have:

THEOREM 3. The infinitesimal bendings field zZ(u,v) of Belov’s toroid is de-
fined by the equations

Z(1)k (U, v) = — 2c1 Miucos kveé + 2 (u — P) M cos kva(v)

2.11.1 M
( ) +2(P—u)Tlsin kva'(v), u€[-1,0], v e [0,2],
Z(2)k (u,v) = — 2c1 Myucos kveé — 2 (u + P) My cos kva(v)
(2.11.2) M,
+2(P +u) Tsin kva'(v), we€l0,1], ve]lo0,2n],
Z(3)k(u,v) = — 2c; Myucos kv e + 2 (u— Q) M; coskva(v)
(2.11.3) o ©2
+ ZE (Q — u) My sin kva'(v), wu€]0,1], v € [0,2n],
Z(ayk (u,v) = — 2c1 Myucos kve — P (u+ Q) M; cos kv a(v)
(2.11.4) 2

+2I:Tl (Q +u) My sin kva'(v), we€[-1,0], ve]0,2n],
2

where My is an undetermined constant, P is given by (2.2), the parameters b, c1,
co, k€ {2,3,...} satisfy (1.1) and

bCl — C1C2

Q

bCl - bCz — C1C2 )

The index in the brackets (i = 1,...,4) is related to the parts of the surface obtained
by the rotation of the sides AB, ..., DA of the Belov’s quadrangle respectively.

Proof. According to (1.4) with respect to (2.1.1-4), where, for example,

ore® 4+ @re ™ = 2Re(yy) cos kv — 2Im(ypy) sin kv,
or = Re(pr) + i Im(ex),

we obtain (2.11.1-4).
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3. A field of rotations

In the study of infinitesimal bendings of surfaces an important role plays the
field of rotations g(u,v) (see [1], [4]), related to Z(u,v), 7(u,v) by the equation

(3.1) dz = gy x dr.

As given in [3, p. 331], the rotational field 7, in the coordinate system with base
the 71, 72, 7, has coordinates

1 02 1 9z
' 1_ - 1 2, 220 2—_ ! 242
(8.1a,b)y" = \/E(buz +booz +8u2)7 ( \/c_z(buz +b122 +5u1)7
1 622 621
2 =572\ 50 " 52
(3.1 ¢) Yo 2\/a (8u1 8u2)’

where u!' = u, u? = v, z = 2'F; + 200, § = Y'Ti + Yo, a = det(as;), aij, bi; are
the first and the second fundamental tensor of the surface, 7; = %, 7 is the unit
normal vector of the surface.

By virtue of (2.11) we see that the field Z is determined in the frame €, a, @',
and from (3.1') it follows that we need the coordinates of this field in the frame 7,
72, 7. We shall prove the needy lemma for the part Sy of the surface. One can
prove it analogously for the other parts, too.

LEMMA 2. The infinitesimal bendings field z for the part S;) of the Belov’s
surface in the frame 7y, 72, U has the contravariant coordinates

2¢1 PM; 2M; sin kv

1 _ 2 _

(32 a,b) Z(l) = —T COS k’U, Z(l) = (P - U) m,
P

(3.2 ¢) Zo(1) = 2M; [— — +/pu| cos kv.
VP

Proof. From (1.2,3) we get for S(y)

(33.1) 7(1)(u,v) = ue + p1y(u)a(v) = ue + (cru + b+ c1)a(v),
o Ty = €+ ¢1a(v), Tayy = (1u+b+c1)a'(v),

(ctu+b+ci)(cié—a)  cié—a(v)

3.4.1 V1) = =
( ) Y lciu + b+ ¢y |cié — al /P

) p:(cl)2+1a

asciu+b+ec >0 (ciut+b+e <0&u< —% — 1 < —1, which is impossible,
because in the considered case |u| < 1, b, ¢; > 0).
According to (3.3,4) we have

2k = 2 T()u + 2Ty + 200)7(1)

— [, L G2, 1 _ 2
— [2(1) + \/I_) ]€+ [012(1) \/ﬁ

a(v) + 23y (cru + b+ e1)a' (v).
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Comparing this equation with (2.11.1), we get equations from which we get
the values (3.2).

We can prove now the theorem related to the determination of the field of
rotations .

THEOREM 4. The field §(u,v) of infinitesimal rotations of Belov’s toroid is
defined by equations

ik = y(lz')r_(z')u + ya-)F(z')v + Yo V), t=1,...,4

where

(3.5.1a) y(11) = ke _}_2;\/:[5 2?[]276}1)2 ] {qu[(c1)2 +1)—u— b -;cl }’
(3.5.1b) yh) = % 7

(3.5.1¢) Yo(r) = %’ u € [-1,0], v € [0, 27],

(3:5.20) v = Fror iﬂlffic?)k[z}aﬁ +1] {u-wkl(e)? +1]- b ZCI b
(3.5.2b) yhy = % ,

(3.5.2¢) Yo(2) = %, u € [0,1], v € [0,27],

2M; ¢y sin kv
kea(cou + b = c2)[(c2)? + 1]
2Mjic¢q cos kv
ca(cau+b—c2)’
—2Mjc; sin kv
2M; ¢y sin kv
kea(—cou+ b — c2)[(c2)? + 1]
2Mjic¢q cos kv
ca(cau —b+c2)’
2M; ¢y sin kv
kco (62)2 +1

(3.5.3a) y(3) =

{uk2[(cz)2 +1]—u— b ;202 },

(3.5.3b) Yl =

(3.5.3¢) Yo(3) = , u€l0,1], v e0,2n],

{umuk?(er)? + 11— 222},

b.da)yly, =
(3.5 a)y(4) o

(3.5.4b) Yoy =

(3.5.4¢) Yo(a) = , u€[-1,0], v e[0,2n]

and the indices in the brackets are related to the parts of the surface obtained by
rotation of the sides AB, BC, CD, DA of Belov’s quadrangle, My is an arbitrary
constant.

Proof. From (3.3.1) we have

F()uu = 05 F(1)yus = €18’ (V), F1yoo = (C1u+b+c1)a" (v) = —(cru+ b+ ¢1)a(v),



A new proof of a theorem of Belov 113

and for the coeflicients of the second fundamental form of the surface b;; = 7;;7 we
have

1
buyn =bayz =0, baye = —=(ciu+b+a).

VP
According to (3.1'a,b) and (3.2) one obtains
2M; sin kv b+c 2M; cos kv
vy = AR T, gy ) bEal s o 2Micosky
Vo)p C1 au+b+c

and because of
apqy = (cu+b+ a)’p, p=(a)’+1,

we obtain the first two equations in (3.5.1).

In order to find yo(1) according to (3.1c), first of all we have to find 2y,
Z3(1), where z; = a;,2P. Based on (3.3.1), we have for S()

a1 = (c1)® +1, a12 =0, az2 = (c1u + b+ ¢1)?,

and from (3.2) we have

ink
211y = —2M1Pey cos kv, 2zyqy = 2Mi(cru+b+cr) (P —u) s1r]1c v,
0 B) ‘
a0) _ 980 _onr kpey sinky, 22 = (Pt — 2e1u — b— c) S

ouz  Ov Ou!
and substituting into (3.1'c) we get the third equation at (3.5.1).

k

The field of rotation for Sy is
Tk = YTy + Y0 Fay + voyZay, w € [-1,0], v €[0,2n],

where y(ll), y(zl) »Yo(1) are given by (3.5.1a—c). The same field g1);, in the coordinate

system with the basis €, a(v), a’'(v) one gets according to (3.3.1), (3.4.1). In the
same way we get components of the field of rotations for Si) S(3) and S(4). For
S(2) we have:

7(2) (4, v) = u€ + p(2)(v)a(v) = ué + (—cru + b+ c1)a(v),

3.3.2
( ) T2y, = € — c1a(v), T(2)p = (—cru+b+c1)a'(v),
_ cie+a
3.4.2 Vig) = ——————,
( ) (2) (01)2 1
2M; sin kv b+

5.2a) yly = —uk?[(c1)? +1] —

(3 9 Cl) y(Q) k(—Cl’LL + b+ Cl)[(cl)Z + 1] {u u [(Cl) + ] 1 }7
2M; cos kv

.5.2 2y = ———

(3.5.20) YO T cu—b-c’
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2 M sin kv

.5.2 =TT
(3.5.2¢) Yo(2) @) 1

Tk = Y(2)T@)u + Yo)F2)w + Yo@)7(2), © € [-1,0], v €[0,2n],
where y(12),y?2),y0(2) are given by (3.5.2). For S3):

7(3)(u,v) = ue + p(zy(u)a(v) = ue + (cou + b — c2)a(v),

Fayu = €+ c2a(v), T(3)y = (c2u+b—cp)a'(v

U(s) = g= ()’ +1,

Yk = Y(3)T(3)u + Y3730 T Vo) 73, w€[0,1], vel0,2],
where y(13), y(23), Yo(s) are given by (3.5.3).
For 5(4):

T(a) (u,v) = ué + p(a)(v)a(v) = ué + (—cou + b — cz)a(v),
T(4)y = € — cd(v), T(a)y = (—cou+b— Cz)dl(’l}),

co€ — a(v)
Va

Tayk = Yy @y + YTy + Yo Pa), u € [=1,0], v € [0,2n],

Dgy = — ,q=(c2)® +1,

where y(14),y€4), Yo(4) are given by (3.5.4).
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