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Abstract. We prove a uniform convergence theorem and a representation
theorem for O-regularly varying sequences, and we answer positively an Aljancié
hypothesis [1].

1. Introduction

The theory of regularly varying functions and sequences appeared about 1930
in the frame of Theory of Tauberian type theorems [10], [11], [15], [16], [17] etc.
A full development of this theory occurred in the last three decads, when many
applications were discovered. We only mention the monographs [3], [5], [7], [9],
[13], [18], and the monographic paper [2]. One of the main notions in this theory is
the notion of an O-regularly varying sequences that appeared in the papers [4] and
[12], and has been very much applied in several other fields (see for instance [8],
[14], [19], [20] and others). In [6], Seneta and Bojani¢ have connected the theory
of regularly varying sequences with the theory of regularly varying functions. In
this paper we shall do a similar thing with O-regularly varying functions and O-
regularly varying sequences, and answer affirmatively an Aljanc¢ié hypothesis. It is
interesting to mention that this hypothesis has already been used in some papers
without being proved, so that this paper makes all these results founded.

Definition 1. A positive function F(z) defined on an interval [a, +00) (a > 0)
is called O-regularly varying if it is measurable and

(1) lim = k‘F()\) < 400

for every A > 0. The class of all such functions is denoted ORV .
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Definition 2. A sequence of positive numbers (c,,) is called O-regularly varying
if

2) Tm 7

n—-+oo Cn,

=k.()\) <+

for all A > 0. The class of all such sequences is denoted ORV .

2. Results

We firstly prove two lemmas which will be necessary in the proof of the main
Theorem 1.

LEMMA 1. If A > 0 and n € N are fized, then there is an interval [, f]
(0 < a < B) such that A € [, ] and [zn] = [An] for each x € [o, (].

Proof. Since the function f(z) = nz (n € N,z > 0) is continuous and in-
creasing, in case An ¢ N, we can take that [a, (] is a sufficiently small interval
such that A\ € («,3). In the remaining case, An € N, we can take that & = X and
BeMNA+1/n). O

2\
LEMMA 2. If [a,b] is a fized interval, A > 0 is fized and n = PR then for

all sufficiently large = there is a t € [a,b] so that t- [n[z]] = [Az].

Proof. Since
Az —1 < [Az] < Az

ne  ~ =] T plz—-1)-1"

and -1 A 1 +b
Xr — a
=2 = 1
we have N N 5
2 =222 1 o),

ne—-1)-1 n-m+1)/z 2
as £ = +oo. Thus [Az]/[n[z]] € [a,b] for all sufficiently large z. O
The next theorem is the affirmatively proved Aljanc¢i¢ hypothesis.

THEOREM 1. Let (¢,,) be a sequence of positive numbers. Then the following
assertions are equivalent:

(a) (cn) € ORV; (b) F(z) = c[;) € ORV on interval [1,+00).

Proof. (b) = (a) is trivial.

(a) = (b). If a sequence (c,) satisfies (a), then the function F(z) = ¢y
(z > 1) is positive, measurable and piecewise continuous. We shall prove that it
satisfies (1). We first prove that there is an interval [a,b] (0 < a < b) and M > 0

such that for every A € [a,b] and every n € N, ¢jan)/cn < M holds true. On the
contrary, assume that
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(3) For each M and every a,b > 0 (a < b), there is an A € [a,b] and n € N such
that C[An]/cn > M.

We shall prove that this implies that there is a A > 0 such that

LT (can/en) = oo

Let A1, ny be such that [y, 5,1/cn, > 1. Then by Lemma 1 there is an interval
[a1, 1] containing A; such that cpxn,1/Cny = €[a; ny]/Cny > 1 for every X € [ay, B1].
2a1 + b1 ap +2b;

3 7 3
and some ny € N such that

Let a; = a1, by = B1, and consider the interval [ . By

2 2
(3) there is a number A, € [ al;bl, o+ 20

Claznz]/Cns > 2. By Lemma 1, there is an interval [az, B2], az < B2 containing Az,
such that ¢jxn,)/cn, > 2 for every A € [aa, B2]. Denoting [az, ba] = [a1,b1] N[z, B2],
we can easily see that as < bo.

Continuing this procedure infinitely, we obtain a sequence of intervals [a, by]
and real numbers ny (k € N) such that ¢jx,,)/cn, > k for every X € [ag, bx], and
[ak,bk] D [ak+1,bry1] for every k € N. It follows that there is a real number
A € Nyeilar,br]. For this X and every k& € N we have that cpn,)/cn, > k-
Consequently, we obtain that lim,_, o (¢jnj/¢n) = +00. This contradiction shows
that (3) is impossible.

Hence, there is an M > 0 and some interval [a,b] (0 < a < b) such that
¢ian)/¢n < M for all n € N and every X € [a, b].

2\
Next, let A > 0 and n = P Using Lemma 2 and the previous proof we

find that for all sufficiently large x there is a t € [a, b] such that

“a] _ Ctnlelll | Cinl=]]
Cla] Clnl=]] Cla]

Since cpyyla]))/Cini=]] < M and by assumption (a) ¢jy[.]/c.) < K for some
K > 0 (depending on A) and all 2 > zo, we obtain that c[x,)/cjy) < K - M for all
sufficiently large z. Consequently, lim,—, oo (¢rz]/¢lz)) < +00. This means that
F(z) = ¢;z) € ORV on the interval [1,400). O

Theorem 1 gives as a consequence the following uniform convergence theorem
for O-regularly convergence sequences.

THEOREM 2. If (c,) is an O-regularly varying sequence and [a,b] is a finite
interval included in (0, +00), then

S ¢
4) lim sup [An]
n=+00 \clab] Cn

< +o00.
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Proof. If (c,) € ORV, then by Theorem 1, F(z) = c,) € ORV on the
interval [1, +00), so [2] provides that

lim sup F(Az) < +o0
=+ yc[a,b] F(z)
Since next
F(\x) F(\x)
su <su t>1, A €Ja,bl]),
e S EE  tEhAcld
TEN
we find that
inf sup sup Can] <inf sup sup M,
t21 xgla,b] n>[t]+1 Cn t21 x¢[a,b] >t crx]
that is e
n

. . Claz]
inf sup sup < infsup sup .
t21 p>[¢]+1 A€[a,b] Cn t21 5> A€[a,b] c(z]

Since F' € ORV, we finally obtain relation (4). O

Now we shall prove a representation theorem for the sequences from the class
ORV.

THEOREM 3. Let (c,) be a sequence of positive numbers. Then the next
assertions are equivalent:

(a) (cn) € ORV;

(b) The sequence (c,) is represented as

(5) cnzeXp{un+i%},
k=1

where (uy,) and (6,) are bounded sequences.

Proof. (a) = (b). If a sequence (¢,) € ORV, then by Theorem 1 the function
F(z) = ¢/;) € ORV on the interval [1,+00). By [2] for every n > 1 one has

cn=F(n) = exp{,u(n) + /1” ?dt},

where £ and € are bounded and measurable functions on the interval [1,4+00). This
means that ¢, = exp { Pn + Dy %}, where u, = p(n) is the general term of a

bounded sequence, &, = k fkk_1 e(t)/tdt for all k > 2, and 6; = 0. Finally, we have
that .
64| = & - ‘/ @dt‘
k-1 t

1
<k- su t) -log {1+ e
<k sup [e(t) g(1+—5)

<2 sup |e(t)] < M < 400,
t>k—1
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for k > 2, since €(¢) is a bounded function on the interval [1, +00).
(b) = (a). Assume (b), and choose A > 1. Then by (5)

[An]

n 5
c[;] = exp {piam) — in} - exp { k;q 1.

Since (u,,) is a bounded sequence, we have that

lim exp { i{an] — Hn } < +00.

n—-+4oco
Besides, we have that
[An] [An]+1
1) dt n

‘ Z f‘ < sup |dg] o sup |dx| log (u)

k=n+1 k>n+1 n+1 k>n+1 n
Hence

L [An] 5
nllgrloo Z ?‘SM-log)\:K<+oo,

=n
where K is a constant depending on .

Therefore we have that H,Hm(c[m] /en) < +o0if A > 1. A similar proof
holds when A € (0,1). Hence (¢,) € ORV. O

THEOREM 4. Let (¢,) € ORV. Then its index function k. is in ORV .

Proof. If (c,) € ORV, then by Theorem 1 F'(z) = ¢[; € ORV on the interval
[1,+00). By formulas (1) and (2) we immediately find that k.(\) < kp(X) for
every A > 0. On the other hand, for arbitrary fixed A > 0 and § > 1 we find
(Az)/[\[z]] € [1, 4] for all sufficiently large . Thus by Theorem 2

R Ciaz
1<M()= lim sup 2ol ¢ 4o
T Ne[1,0] Cla]

So, for any § > 1 and A > 0 we have

C
< T Dl g e bl
g TOH Clg]  @mHe0 O]

kp(\) = Im

T—-+00 C[

<

Since M (d) is an increasing function on interval [1,+00), we find that 1 < M =
lims_,1 M(5). Hence
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Next observe that the function k. is measurable on the interval (0, +00) and

>0

ke () 1
k(N 2 3 > g

(because F € ORV), thus k.(\) is positive on that interval.
Since besides
kp(At) < kp(A) ke(t) (Mt >0),

we find that

—  ke(At) —  kr(\t)
ke, (t) = 1 < 1 _—— =
k(1) Aos+oo kc(N) — Ao oo Lkr()

=M k. (t) <M -kp(t) < 00 (t>0),

hence we finally find that k. € ORV. O

Remark. On the basis of the theory of O-regularly varying functions [5] and by
applying the previous four theorems, we can develop the theory and applications
of O-regularly varying sequences in a very close connection with the theory and
applications of O-regularly varying functions.
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