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ON SOME NEUTRIX PRODUCTS OF DISTRIBUTIONS
B. Fisher and A. Takaci

Abstract. The neutrix product [2] of the distributions zf‘,_L(z) and z* or (™) is analysed

and explicitly calculated, where A\, u ¢ Z, m € Ng and L is a slowly varying function at both zero
and infinity [7].

The neutrix product of distributions is defined with a fixed infinitely differ-
entiable function p : R — [0, 00), which has the following properties:
(i) p(z) =0, |z| > 1,
(ii) p(z) = p(-2), 2 € R,

1
(iii) / p(z)dz =1.
-1

The sequence 6,(x) =n-p(nzx), n € N, x € R, is a so-called “delta sequence”
i.e. it is a sequence of functions from the space D which tends to the measure § in
the topology of D'. Further on, for arbitrary g € D' we put

gn(x) = g * 6,(x), neN, reR. (1)
Then the sequence of infinitely differentiable functions {g,} tends to g in the topol-
ogy of D'.
This leads to the following definition of the product of two distributions on
an open interval (a,b):

Definition 1. Let f and g be distributions and let g, be as in (1). We say
that the product f o g exists and is equal to the distribution h on (a, b) if for each
» € D(a,b)

Jim (f - gn, ) = lim (f, gn - @) =: (h,p).

It turns out that this definition gives an extension of the product of continuous
functions (observed as regular distributions). However, the neutrix product of
distributions, see [2], is even more general. In order to define it we need
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Definition 2. A neutriz N is a commutative additive group of functions
v: N' — N" (where the domain N’ is a set and the range N” is a commutative
additive group) with the property that if v is in N and v(§) = « for all £ in N',
then v = 0. The functions in N are said to be negligible. Now suppose that N’
is contained in a topological space with a limit point b which is not in N’ and let
N be a commutative additive group of functions v : N' — N" with the property
that if N contains a function of £ which tends to a finite limit v as £ tends to b,
then v = 0. It follows that N is a neutrix. If now f : N' = N” and there exists a
constant 3 such that f(£) — 8 is negligible in N, then § is called the neutriz limit
of f(€) as £ tends to b and we write N-lim_, f(§) = 8, where 3 is always unique
if it exists.

Now let N’ = N and N” = R and N be the neutrix whose neglibigle functions
are all linear sums of functions that tend to zero and all functions of the form

n?, A n™ 1 n, In™n (2)
for all real A # 0 and m € N. Then we have
Definition 3. Let f, g and g, be as in Definition 1. We say that the neutrix
product f - g exists and is equal to h on the open interval (a,b) if
N- lim (f - gn, ) = N- lim (f, gn - ) =: (h, )
n—o00 n—oo
for each ¢ € D(a,b).

It is important to note that if the product of two distributions exists by
Definition 1 then so does the neutrix product and they are equal, see [2]. However,
the converse does not hold as the following example shows:

Ezample 1. Let f = g = §. Then for arbitrary ¢ € D we have (J - 6,,¢) =
0,(0)p(0) = np(0)p(0). It follows that the product dod does not exist by Definition
1 but it does by Definition 3 and then ¢ - § = 0.

The neutrix product (Definition 3) has some “expected” properties of a prod-
uct. For instance, if h = f - g exists for f,g,€ D', then

supp h C supp f Nsuppyg, and (3.1)
sing supp h C sing supp f U sing supp g. (3.2)

Further, if f-g and f'-g (or f-g') exist, then f-¢' (or f'-g) exists too and the
Leibniz rule holds: (f-g)' = f'-g+ f - ¢'. However, the neutrix product is not
commutative as the following example shows.

Example 2. Let f = 6 and g = z=!. Then (z7!), = 27! x §,, is an odd
function and so (z7!),(0) = 0. Thus for arbitrary ¢ € D we have

(0- (@ Hn,9) = (&7 H)n(0)p(0) = 0
implying § - 271 - ¢ = 0, but

(& ) = / T  a(@)e(@) — Sa(~2)p(—)] da
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_ /0 6, @)(e) — o(—2)] da
=¢'(0) + O(1/n)
implying =1 -6 = —4'.

On using Definition 3, one can find several important (neutrix) products of
distributions, like 22 In’ z - z* for different values of ), y1 and j (see [2], [3], [4]).
However, the more general cases, like 23 L(z) - 2" or 2} L(z) - 6™ (z) cannot be
obtained with the neutrix used in the mentioned papers. Here and also throughout
this paper L : (0,00) = (0,00) is a given locally integrable function which satisfies
the following conditions

~

(k)

zgrg+ L@ =1 forany k >0, (4.1)
. L(kx)
ﬁlgrgo @ 1 for any k£ > 0. (4.2)

A positive locally integrable function satisfying (4.1) (resp. (4.2.)) is called slowly
varying at zero (resp. slowly varying at infinity). The first example of a function
satisfying the relations (4) is the logarithm.

The distribution 2} L(z) in &) (tempered distributions with supports in
[0,00)), is defined for different values of the real parameter A by:

(@ L(z), p(z)) = /0 TP L@@ de A > -1, (5.1)
. -1
@LEela) = [ 1@ plo) -3 e 0)] do (5.2)
f—(l+1)</\<—landl€N,
1 —A— 1 j
@ L), o) = [ L) [ole) - Z L)) do

oo )\ij
+/ e L( [ - ) el ] (5.3)
1 ]0'7'
ifxeZ_={-1,-2,...} and p € S.

(By definition if A = —1, then the last summation is omitted.)

It is worth noting that if L(z) = 1 on (0, 00), then the distribution z7} defined
by relations (5) coincides with the distribution 3} defined in [6] (see also [2]):

F(A+1)
A _ 1 A+
- AT p
ETOIrD ©

if —(I+1) < A < —I,1 € N. The distribution " is defined in an analogous way to
(6); its support is (—o0,0].
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The aim of this paper is to analyse and explicitely calculate several neutrix
products involving slowly varying functions. For that reason we replace the neutrix
N from Definition 3 with the one whose negligible functions are all linear sums of
functions that tend to zero and all functions of the form

n?, n*L(1/n), L(1/n) (7)

for all real A # 0 (compare with (2)). Naturally, if L(1/n) tends to a non zero limit
as n — 0o, then L(1/n) is omitted in (7).

Before we turn to the announced neutrix products, we cite two statements
that we need later on.

THEOREM 1. Let L be a slowly varying function at zero and let f be a locally
integrable function on the interval [0,b] with the property that

b
/ z70|f(z)|dx < 0o for some § > 0.
0

Then the integral
b
d(e) = / f(z)L(ex) dx
0

ezists and ,
d(c) ~ L(e)/ f(z)dz ase— 0T,
0

TuEOREM 2. Let 2 L(z) be given by (5.2) for —(1+1) < A< =, l € N
and L a slowly varying function both at zero and at infinity. Then there exists a
locally integrable function K : (0,00) — R which is both slowly varying at zero and
at infinity and satisfies the following conditions:

D'(a"K(z)) = 2} L(z),  Ki(z) ~(A+1)-...-(A+1) "L(x)
as ¢ — 07 and as x = +00.

Theorem 1 is an easy consequence of Théoréme 2 from [1, p. 82], while The-
orem 2 was proved in [8, p. 180, Lemma 2].

Because of (3.1) and (3.2) it is clear that
) L(z) - 2" = Zaijd(a:) (8)
7=0

for some constants a; and some n € Ny whatever A and yu are, provided that the
left hand side exists. The case L(z) =1 was analysed in [3]:

TueoreM 3. The neutriz product of x3 and z" ezists and z)} - 2% = 0,
provided that \+ p ¢ Z_ = {-1,-2,...}.
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We first of all prove the following generalization of (8):
THEOREM 4. The neutriz product of miL(m) and x" ezists and

2y L(z) - 2" = (9)

provided that X\, p, A+ p ¢ Z_, i.e. all a; from (8) are zero.

Proof. We follow the lines of the proof of Theorem 6 from [3], giving the
modifications necessary because of the slowly varying function L.

Suppose first of all that A, u, A+p > —1. Then the left hand side of (9) exists
even in the sense of Definition 1, since by (5.1) and (1) we have for p € S

(z} L(z), (2" )n(z))
_ /0 P L@)e(o) ( [ O;(t — o)L 6u(t) dt) do
_ /0 " A L@)ole) ( / RATRRVPIA dt) do
_ /0 s ( /0 " PAL@) (- 2 ola) dm) dt

1 1
= n*/\*uf2 / s)‘+”+1(5n (i) / 'UA(l — ’U)“L<ﬁ>(p<ﬁ) dvds.
0 n/Jo " n

The function L is slowly varying at zero and so we can find a positive number € > 0
such that
|L(z)| < Cz™ for0<z<land A+p+1-—e>0; (10)

the constant C' depends on A, i and . Further on, the function ¢ is fast decreasing,
hence bounded and so

(L), (e o] < O w14 [t ([ A - o ) as

0

for some constant C' > 0 and € > 0 from (10).
Nowlet A > -1, —(m+1)<pu<-m,meN,and A+ pu ¢ Z. As in [3], we
have for j € Ny

%/_w 23 L(z)(z" ) do

1 1
— pAp—i-l / ghtutitmtl (m) (3)/ I (1 —p)HtmL (%) dvds.
0 0

On using Theorem 1, we see that the right hand side behaves as

1 : ! ,
L (;)n_)‘_‘”_lB()\ +i+Lu+m+ 1)/ shtutitmEl h(m) () g,
0
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Hence by the suppositions on A, p, j and the function L we have

oo

N- lim z) L(z)(z" ) 2! do = 0. (11)

n—oo [

We note that if j € N is chosen so that j > —(A 4+ g + 1) then (11) holds even in
the usual sense. The remainder of the proof for the case A > —1,u, A+ p ¢ Z is
essentialy as in [3, pp. 324-325] and so we omit it here.

Let us now suppose that (9) is proved for any A such that A\ > —I, A\ ¢ Z,
any p such that p, A + p ¢ Z, and any slowly varying function L at both zero and
at infinity. On using Theorem 2 for given A — 1 and L, we can find a function K
which is slowly varying at both zero and at infinity and satisfies

D (g )‘-HK(Z')) = wi_lL(m). (12)
The Leibniz rule gives

D @M K (z) - o)
1
= D" (MK (2) -2t + ) (l J; 1) Di(z3 MK (z)) - D' (2,
J=0

or on using (12)
!
oy L(z) 2t =) O (T K (@) -
=0

for some constants C;, provided that we can show the existence of the right hand
side. In fact we will show that each term in the last sum is zero. It is obviously
enough to show that

DI@HK () -2" =0 (13)

for 5 =0,1,...,l and A\, /', A\ + p' ¢ Z. This has been proved already for j = 0. If
(13) is true for somej €{0,1,...,1— 1}, then
DItY (MK (2)) - 2" = D(DI (2} K (7)) - = ) + ' DI (@M K (2)) - 2" 1oy,

i.e. it is true for j + 1 as well. We have thus proved (9) for \, p, A+ 1 ¢ Z.
We now prove

TueoreM 5. The neutriz product of 2 L(z) and 6™ (z) eists and
23 L(z) -6m(z) =0 (14)
form €Ny and A #0,£1,... ,2m,—m—1,—-m—2,....

Proof. Assume first that A > —1 and A #20,1,... ,m. Then for j =0,1,...
we have
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e’} 1
/ A L(2)50™ (@)a do = n™ / tj“L(%) Sm@yd (15)
— 00 0

/1 Lo
Nnm_)‘_JL(E)/ FHApM (1) dt  as n — oo.
0

Hence the functions [ wj\rL(m)(SﬁLm) (z)z? dz are negligible for j = 0,1,... and
j #m — X. Then we have

1
SCL(%)n_A_l/ ML M @) dt (16)
0

for some constant C' > 0. Since L is slowly varying at zero, the right hand side of
the last inequality tends to zero as n tends to infinity. Using Taylor’s theorem for
a test function ¢ € S, we have

‘/ xiL(w)d,(lm)(:v)mm'H dz

1

.'L'j . $m+
p(z) = Z ﬁ‘/’(]) 0) + mw(%l)(fﬂf)

for some £ = £(x) € [0,1]. It follows from (15) and (16) that
N- lim (xiL(m),é(m)(x)cp(x» =0

n
n—oo

i.e. (14) follows for A > —1 and A #0,1,... ,m.

Now assume that —2 < A < —1. On using Theorem 2 we can find a locally
integrable function K which is slowly varying both at zero and infinity such that
D(z3' K (z)) = 2} L(z). Then

0= D(:zsfrlK(;c) -6 (z)) = 2} L(z) 260 () + :UfrlK(x) - 6mHD) (),

It follows from what we have just proved that (14) holds for -2 < A < —1.
More generally, it follows by induction that (14) holds for m € Ny and A #
0,1,..., my,—m—1,—m—2,....
We are now going to consider the product z} L(z) - z_™ for A ¢ Z_. For this
purpose we note that by definition
D"lnzy =—(m—1)lz ™, meN
and this is in accordance with (5.3) for L(z) = 1. Further

D™Inz_ = —(m—1)lz_™, m € N.

TuEOREM 6. The product =)} L(z) - a~™ ewists and z} L(z) - =™ = 0 for
mé€eNg and A\ ¢ Z_.

Proof. For A > —1 we have

1/n

o
(@ L(z), (@=™)na’) = /0 L) / In(t — 2)60™) (¢) dtdz
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1/n ) 1 )
= / At (t)/ v’ In(t — tv) L(tv) dvdt.
0 0

Putting t = s/n and using the method from the proof of Theorem 4 we find that
the last double integral is negligible. The rest of the proof is as in [3, p. 326], with
the already used modifications.

We will now use the statement and the proof of Theorem 4 for finding the
a-product of 23 L(z) and z” . This product was analysed in [5] as a natural gener-
alization of the neutrix product defined by a vector.

Definition 4. Let f and g be distributions and let g, be as in (1). We say
that the a-neutriz product of f and g, denoted by f ¢ g, exists and is equal to the

distribution vector h = [hg, h1,... , hy,...] on the open interval (a,b) if
N- lim (f, gng) = (ho,),  N- lim n=*7"(f, gaip) = (hr, ) (17)

for r =1,2,... and all test functions ¢ € D(a,b). It is supposed that —1 < a < 0.
The following generalization of Theorem 3 was proved in [5].

THEOREM 7. Let A, u be real numbers such that \, p, \+p ¢ Z and \+p < —1.
Then the a-product xj\r 2t erists and

.’L’i amli = h()\,ﬂ) = [07h1()‘7,u)7 th()‘au)L
whereg=[-A—pl,a==-A—p—qg—1,
Blp+1,A+qg—i+1)

; - —1)~iq,_; (q—1)
(=1)PTA+p+i+2) /1 N ;
SO\ p) = Futptitl () () d
@i\ 1) FA+p+p+i+2) Ou P (u) du
fori=1,... ,q and B and T" denote the beta and gamma functions respectively.

In order to find the a-product of z3 L(z) and 2", we must slightly change
Definition 4. In fact, replacing (17) by

N- lim n™*7"L(1/n)(f,gn¢) = (hr,9), 1T EN,
n—oo
we get a product which will be denoted by f () g; L is a slowly varying function
with properties (4.1) and (4.2). Similarly as Theorem 4 from [5], one can prove

THEOREM 8. Let A\, u be real numbers such that X\, u, \+p ¢ Z and A\+p < —1.
Then the (a, L) product

(a,L)
.'L'iL(.CC) . 'Tli = h()‘all’) = [Oahl()‘7/1’)7 7hq()\;ﬂ)]>

where a,q and h;(\, 1) are as given in Theorem 7.
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Thus we can write

notr n¢
(L), @ )ne) = (0,0 + 3 T hre) +0 (L(l/n))

r=1

as n — o0.
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