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A FIXED POINT THEOREM IN A REFLEXIVE
BANACH SPACE

Zvonimir Mavar

In [1] the following theorem is proved:

THEOREM A Let B a reflexive Banach space, K a nonempty bounded closed
and convex subset of B and T : K — K a mapping satisfying the following condi-
tions:

ITz = Ty|| < max{||lz — Tz||, [ly = Tyll, (l= - tyll + [ly — T=l))/3,
(lz =yl + llz = Tzl + llyTyl)/3}, 2,y € K

and
sup ||z — Tz|| < 6(D)/2,
z€D

where D is any nonempty closed convex subset of K which is mapped into itself by

T and 6(D) = sup ||z —y|| the diameter of D. Then T has a unique fized point in
z,yeD
K.

In the present note we shall prove a theorem which is certain generalization
of Theorem A, and its proof is simpler than that of Theorem A. Namely, we have
the following;:

THEOREM 1. Let B a reflexive Banach space, K a nonempty bounded closed
and convex subset of B and T : K — K a mapping satisfying the following condi-
tions:

Tz — Ty|| < max{||lz — Tz||, ly — Tyl alle — Tyl| + blly — T=|],
(1) (lz =yl + llz = Tzl + |ly — Tyll)/3
z,y €K, a>0,b>0,a+b< 1
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and

2) sup ||z — Tz|| < ré(D), 0<r=r(D)<1,
zeD

where D and 6(D) have the same meaning as in Theorem A. Then T has a unique
fized point in K.

Proof. Let F denote the family of all nonempty bounded closed convex subsets
of K, which are mapped by T into itself. F is nonempty since K € F. If ||Fy}
is any nonincreasing sequence in F, then by the well known result [2] of Smulian,
F =, Faisin {. Now, by Zorn’s lemma it follows that F has a minimal element.
If C is such a minimal element of F, we shall prove that C' contains only one
point, i.e. that T has a fixed point in K. Supposing that C' contains more than one
element we obtain

() sup ||z -yl =46(C) >0
z,yeC

Since T(C) C C, for any z,y € C we have, by (1), (2) and (3)

|T2z — Ty|| < max{rd(C), (a + b)d(C), (6(C) +2ré(C))/3}
Putting 7 = max{a + b, (1 + 2r)/3} < 1 we have
4) | Tz — Ty|| < {ré(C), (T < 1) for each z,y € C.

If by co D we denote the convex hull of D, and by €0 D the closed convex hull of
D we have

(5) T (C)CwC=C=C
because C € F, T(C) C C and C is closed and convex. Therefore
(6) T(coT(C)) CT(C) CcoT(C) CcoT(C).

Since C is a minimal element of F, by (5) and (6) we have coT(C) = C. Let
Z,y € coT(C). Then we can write

n n
EzZaiTxi, a;>00@=1,...,n), Zaizl, z; € C
=1 i=1
m n
y:ijTyj7 ijO(jzl,...,m), ij=1, y,-GC
j=1 j=1
Now, by (4), and > a;b; =1
z’j
||33' - y” = Z (lszz Zb,Ty] = Za,b]sz Z aibjTy]- =
i=1 j=1 2% 12
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Hence || — || < 76(C), for every T,y € coT(C) and therefore

(7) sup [z -yl <76(C)
z,5€co T(C)
Now, §(C) = sup ||z —y|| and €T (C) = C implies
z,yeC
0(C)= sup ||z —y|, and by (7) we obtain § < 74.
T,yeco T(C)

where 7 < 1 and 6 > 0. This contradiction proves that C' contains only one point,
i.e. that T has a fixed point in K. Now we shall complete the proof demonstrating
that the fixed point of T is unique. Let z¢ and yo be two fixed points of T'.

Then by (1) we have

llzo — yoll = || T0 — Tyol| < max{||zo — Txoll, [lyo — Tyoll,
allzo — Tyol| + bllyo — Txo||,
([lxo — yoll + llzo — Txoll + llyo — Tyoll)/3}
= max{0,0, (a + b)||zo — yol|, [|T0 — yoll/3}

From this inequality immediately follows z¢ = yo.
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