PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 33 (47), 1983, pp. 103-108

INVERTIBLE AND WEAKLY INVERTIBLE SINGULAR
INNER FUNCTIONS IN THE SPACES D?

M. Jevtié

Abstract. We show that singular inner function S, whose associated singular measure u
has the modulus of continuity w, (t) = 0 (tlog1/t) is weakly invertible in D?, 0 < p < 2, and that

there exists a positive integer m such that S:/m is invertible DP provided in 0 < p < 2.

1. Introduction. In this paper, as the title suggests, we investigate the
question of invertibility and weak invertibility of singular inner functions in the
spaces DP, 0 < p < 2. In the third section we prove the following theorem.

THEOREM 1. Let S, be a singular inner function whose associated singular
measure ji, has the modulus of continuity w,(t) = 0(tlogl/t). Then for each p,
0 < p < 2, there exists a positive integer m such that S;l/ ™ is invertible in DP.

Conversely, if S is invertible in DP 0 < p < 2, for some m > 0, then
wy(t) =0(tlogl/t).

If 2 < p < o0, singular inner functions are not invertible in DP  because DP C
HP (see [1] and [2], yet if S, is a singular inner function with w,(t) = 0 (tlog1/t),
then, for each p 0 < p < oo, there exists a positive integer m such that S,l/ ™ is
invertible in AP (see [6]). As DP C AP (see [4]) from the invertibility of a function
Si/™in DP, 0 < p < 2, follows its invertibility in AP.

A function f € DP is weakly invertible in DP if there exists a sequence of
polynomials p,, such that T}1<r£10 pnf = 1, convergence being in the topology of DP.

In 4. we prove another theorem.

THEOREM 2. Let S, be singular inner function with w,(t) = 0(tlog1/t).
Then S,, is weakly invertible in DP, 0 < p < 2.

As in the case of invertibility, if 2 < p < oo, singular inner functions are
not weakly invertible in DP; yet if S, is a singular inner function with w,(t) =
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0(tlogl/t), then S, is weakly invertible in AP, for each p, 0 < p < 0o (see [6]).
It is clear that from the weak invertibility in D?, 0 < p < 2, follows the weak
invertibility in AP.

The complete characterization of weak invertible singular inner functions in
spaces DP, 0 < p < 2, and AP, 0 < p > o0, is still an open problem.

2. Preliminaries. For f analyticin |2| <1 and 0 <r < 1, let

1 [ ) 1/p
Mo 0) = (5 [ Ieetpa) L 0<p<,

Ma(r, f) = max | f (re)|.
Then for 0 < p < co HP denotes the linear space of analytic functions for
which sup M,(r, f) < oo.
I

For each 0 < p < 0o, we denote by AP the linear space of analytic functions
on |z| < 1 for which

1 1 27 .
1= 5= [ [ Istetyprardt < o
0 Jo

oo
For f(z) = Zanz” analytic in |z| < 1 and 0 < 7 < 1, we define the area

n=0

function A(r) by
T 2 ) [e)
A(r) = A(r, f) = / / |f'(se™)|?sdsdt = T Z nla,|*r®"
0 0 n=1

so that A(r) is the area of the image of |z| < r under f, multiply covered points
being counted multiply.

For each 0 < p < oo, we denote by DP the linear space of analytic functions
of f on |z| < 1 for which

1
HN&=AM@ﬂmmw<m

LEMMA 1. Let f be analytic in |z| < 1 with f(0) = 0. Then if
2<p, [[fllar < (|Fllme < cpll fllpr,
where ¢, = pr VP22 while if
0<p<2, [Iflla, = cllfllp, > kpllflla,,

where ¢, = pr—1/P2=1/2, k, = p2~ 127 (p=2)/2p
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Proof. Let 2 < p < co. Then

1= (55 [ [ 1566 dsdt>1/p ([ M;;@,f)ds)l/p

< Mp(1, f) = [ £l -

The second inequality is proved in [2] (Theorem 2, p. 278).
If 0 < p <2, then

o = ( [ A 1) dt>”” . (/0 . f)dt>1 .

>va ([ 1 M;’(t,f)dt)l/p > Vallfllas

The first inequality is proved in [2] (Theorem 2, p. 278).
COROLLARY 1. If2 < p < o0, then DP C HP C AP. If 0 < p < 2, then
HP Cc DP C AP, All inclusions are proper, unless H?> = D2,
The functions f(z) = (1—2)~/?, 0 < p < oo, belong to A?\ DP and AP\ HP.
There is a real sequence (g5,), satisfying |e,| =1 for all n > 1, such that

£() = Y w2 logn + 1)) 2" e B,
1

for each p > 0, while f(2) ¢ | DP.
2<p<oo

There is a real sequence (dy), satisfying |d,| = 1 for all n > 1, such that
o0
g(z) = 6,7 ¢ HP,
1

for each p > 0, although g(z) € DP, for each 0 < p < 2.

An analytic function f(z) in |2| < 1 satisfying |f(2)] < 1 for all z, |2| < 1
and |f(e®)] = 1 a. e. is said to be an inner function. Every inner function f(z) has
a factorization €7 B(z)S,(z) (see [1]) where B(z) is Blaschke product and S, is a
singular inner function given by

(2.1) S,u(2) = exp [— /0 ety zdu(t)]

et —z

where p(t) is a bounded nondecreasing singular function, i. e. p'(t¥) = 0 a. e.. The
modulus of continuity of u is denoted by w, and is defined by

wy(0) = sup |p(z +1t) —p(z)|, for 6 >0.
z,|t|<é

We shall need the following two lemmas.
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LEMMA 2. (see [S]). Let S, be a singular inner function given by (2.1). Then
1S, (re™)| > exp[—cw, (1 —7)/(1 —1)]

for some positive constant c.

LEMMA 3. (see [1, p. 109]) Let P(z,e®) = (1 —|z|?)|z — |2 be the Poisson
kernel on |z| < 1. If u(t) is a bounded nondecreasing singular function on [0, 27]
with w,(t) = 0 (tlog1/t), then the positive constant ki and ko exist such that

27

/P(z,e“)du(t) < ki +k2logl/(1—|z]).
0

3. Proof of Theorem 1. By hypothesis there exists a constant k3 > 0 such
that

(3.1) wu(l—r) <ks(1—r)logl/(1—r).
By using Lemma 2 and (3.1) we obtain

T 27

Arspm = [ f {|su<se"t)|—2/m-
o 0

2w
A m—2 2ei9(ei9 _ Seit)_2dp,(0)

2
}sdsdt <

0
r 2w
(3.2) < drm™2 // { exp[2em ™ w, (1 = 5)/(1 = s)] l(l_
0 0

27

—32)1/P(seit,eia)du(0)] }dsdtg

0

<4m=? /(k1 +kolog1/(1—8))*(1 - s)_25k3m_1_2ds,
0

where ¢ is the constant of Lemma 2 in (2.2).
By (3.2),

1

(33) A(/r-’ S;l/m) S kr(l _ T.)-?Ck:;m_ —e—1

for some k£ > 0 and for all € > 0. Let us choose a positive integer m large enough
and € > 0 such that p(2cks + em + m) < 2m.

Then by (3.3) Sp /™ € D».
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Conversely, if S)* is invertible in D?, 0 < p < 2, for some m > 0, then S} is
invertible in AP. By Theorem 2 ([6, p. 504]) w,(t) = 0 (tlog1/t).

4. Weakly invertible singular inner functions in D?. If F is a subspace
of D? we denote by [E] the closure of E in D?. Also if E is a subspace of D? and

feH> fE={fg/g € E}.

LEMMA 4. (see [3]) If f € D?, 0 < p < o0, then f. — [ in DP, where for
0<r<l, fr(2) = f(rz).

LEMMA 5. The set of polynomials in z is dense in DP.

Proof. Let f € DP, 0 < p < oo. Given ¢ > 0, there exists a rg such that
| f=frollpr < €/2 (by Lemma 4). Let p,(z) denote the n'" partial sum of the Taylor
series of fr,(z). Then p, — fr, uniformly on |z| < 1, and thus ||p, — fr,|lD> = 0.
Hence there exists an integer n such that ||p, — f||p» < €, which proves the Lemma.

LEMMA 6. Let f € H®, ge DP,0<p <2, g(0)=0. Then
Ifgllpe < Cpllfllzr==llgllDe-
Proof. Case p = 2.
fgllpe < 7/2M3(1, fg) < 7/2||fllFre 191172 < I F 1o |9l De-
Therefore || fgllp2 < || fl|lzllgllpz-
Let 0 < p < 2. Then

1 r 27 p/2

I £gllDs =/ //lf'(seit)g(seit) + f(set)g' (se®)>sdsdt | r—P/%dr
00

0
1 r 2m 1/2
S/ l//|f’(seit)g(seit)|2sdsdt +
0 00
T 27 1/2)P
(4.1) + //|f(seit)g'(seit)|2$dsdt] P24y
00
1. r2n /2
<¢p /l//|f'(seit)g(seit)|2$dsdt] P2 dr+
o Lo 0
1p r o2 /2
+/ //|f(seit)g'(seit)|2sdsdt] P2 gy
o Lo o

where c=1if0<p<1landec,=2P"1 if 1 <p< 2. Itis clear that

T 27w

1 /2
ay [ /] If(se“)g’(se“)l%dsdt] rdr < el
0 0 0



108 M. Jevtié

Using Cauch’s integral formula we obtain

|F'(se)| < 4|l flla=/(1 - s).
Therefore

r 27T

sett g(se' sdsdt<327eroo M (s,9)(1—s ~2sds
|f )7 I 5 (8,9)(

596||f||?{w/[1_3 (/A”’ )1

Let Fi(s) = (1—5)"2 / A(r, g)dr. Clearly, the function F'(s) is non-decreasing on

0
(0,1). Nowlet r,, =(1—-2"")r,n=0,1,2,.... Thenr —r, =71, — 71 =727 ™.

So we have
T p/2 o T p/2 s
/ F(s)ds| = <Z / F(s)ds) < D [F(ry)[P/2ep/227mel2
0 n=1 n=1

Tn41

<2 Z / VP2 (r — 5)P/2 s

— 2/[F p/2 )P/2—1ds

= 2/{(1 —s)7P (T—S)p/21</SA(p,g)dp>p/2}ds

0 0
In the same way we obtain

j Alp, 9)dp
0

By (4.3), (4.4) and (4.5), we have

p/2 s

<2 [ (s = > A (p,9) P 2.
0

(4.5)

T 27

1 p/2
(4.6) /l//|f’ seit)|25dsdt] P 2dr
o Lo 0
< K| f11ree {/ [ 1—s)7P(r — s)P/>!
0

S

</(8 —p)P* Al 9)]”/2dp>] dS}r”/2dr

0
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1 1

= k|| FII = /ds/{(l—S)p(r—s)p/21

8

s

(/@—MW*HMmmV%m>fW}w

0
1 s

< k,,||f||p . / {(1 _ s)—p/2s—p/2 (/(s _ p)p/z_l[A(p,g)]p/zdp> }ds

0 0

1
= kgl [ dp [[(1= )220/ = 2 A, ) s

0 P
smwww/(/u—@wﬂw—ww*w)mmmmwwp
P

0

/(1 —5) P/2(s — p)P/?"ds = w(sinpr/2) 2,
by (4.1 ), (4.2) and (4.6)

1£9llpr < Coll fllr=1lgll pr-

Using Lemma 5 and Lemma 6 one can easily prove the following two lemmas.

LeEMMA 7. Let f € H*®. Then f is weakly invertible in DP, 0 < p < 2, if and
only if [fDP] = DP.

LEMMA 8. If f1,fa € H*® and E is a closed subspace of DP, 0 < p < 2, then
[f1f2E] = [AlfE]].

Theorem 2 is now a consequence of Theorem 1, Lemma 7 and Lemma 8.
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