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SUBSPACES OF RECURRENT FINSLER SPACES

Irena Comié

1. Introduction. In the Finsler space F,, the metric function is L(z, ). Let
us define the m vector fields BS(x, %) and n — m vector fields N2 (z, &)

a’ﬂ”y,é;E,%,"':1,2,...,”
aabacadaeafa Tt = 1,2,...,m
k,l,m,n,p,q,---=m+17___7n

in such a way that these vector fields are linearly independent at each (x,%) and
satisfy the relations

(1.1) gap = BEN? =0

foreacha=1,2,...,m k=m+1,...n. Let us define

(1.2) 9ab = 9o B3y
(1.3) 9kt = gap NN
(1.4) B}y = 9"gap By
(1.5) NE = g*™gasNE

9op, BY and N have zero degree of homogenity in z, g®® and ¢gF™ are inverse
matrices of g.p and ggm, respectively. From (1.3) and (1.5) we have

(1.6) NENS = g*gagN NG = g¥ g, = 6F.
As usually
(1.7) 8% = BIBj + NN
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Let us denote the absolute differential which corresponds to the motion from
(z,2) to (x + dz, & + di) by D. Then we may write

(1.8) dz® = B2du® + N dv*,
= Bya® + Ny Ngo*
If £%(z, %) is a vector field in F,,, then £* = B2 + N&F. The induced differ-
entials D2, DEF are defined by B2 DE® = DE®, N¥D¢> = D¢F and
(1.9) D¢* = BODE® + N2 D¢k

We shall use the notation [ = L~!(z,#)i* = L™ (B4 + N2o¥) = BY + NPk
where [® = L1442, [F = L=19k.
From (1.8) we have

(1.10) DI* = B¥DI* + Ny DI*

2. The connection coefficients for the recurrent Finsler space. We
shall suppose that the metric tensor is determined by

(21) gaﬁ(mai) = a-aalﬁL2($7j:)/2
and that space F,, is recurrent, i.e.
(22) Dga,@ = K(CL’, i')gaﬁ

As
Dgag = gaﬂ\'ydw’y + gaﬂlfyDlry

(2.2) is valid if

(2 3) Japly = )"y( 7$)gaﬁ

(2 4) gaﬁ|’7 - ’Y( aw)gaﬂ

(2.5) K(z,&) = \(z, &)dz” + p (2, )DI7.

The absolute differential of g,z is
(26)  Dgup — dgus — (T2, + T ds") — (A%, 950 + A, gus) DI
We shall determine connection coefficients under condition (2.2) and
*0 _ T*0
(27) Fafy - F'ya
A5, = 8,
which have a well known geometric interpretation. Substituting

(2.9)  dgap = 0y9apdx” + D,gapdi” =
= 0,9apd2” + Oy gap(Lpl” + DL — T} dz’ — LAJ;DI°)



Subspaces of recurrent Finsler spaces 43

into (2.6) and using (2.3), (2.4) we get
(2.10) 9ags = OvGap — 059apT% — T 958 — T 9as = MyGap
(2.11) Joply = LO59ap (85 — AY,) — Ady955 — Apr9as = HrGap-
Using (2.7) and (2.10) from the expression for g,s/, + 93+/a — 9ya|g We Obtain
(2.12) 2T%5, = (019ap + 0agpy — O8gay) — —(OsgapT 0+
+ 0595, T2 = B590rT5) — (My9ap + Aagsy — AgGar)
In the same way using (2.11) and (2.8) we have
(213) 24ap, = L(9agpy + 0v9ap — 9p9ar) — L(0s9apAga+
+ 05905 AY, — 059arAds) — (a98y + HvyGap — 1BTar)
On the right-hand side of (2.12) are the undetermined quantities
2 = IT.
Multiplying (2.12) by I* we get
(2.14) 2T54, = (019ap + Oagsy — 03gar)I* — L3595,T53 — (Mg + Aogsy — Apls)
Multiplying (2.14) by I7 we obtain
(2.15) 2650 = (049ap + Oagpy = 9p9ary )11 = (2h0ls + Ap)
and now I'; 5 is determined by (2.12), (2.14) and (2.15).

In the same way from (2.13) we obtain

(2.16) 2403, — La&gﬁwAgo — (al®g8y — l‘wlﬁ = pgly)
(2.17) 240p0 = —(2p0ls — pp)-

3. The induced connection for the subspace of the recurrent space.
Using the method of O. Varga we define DBS and DN} as vectors in F;, which
may be decomposed at each lineelement (z,%) in the direction of the vectors B¢
and N

(3.1) DB® = w4(d)BS + w™(d)N2
where
(3.2) w?(a) = Togdu® + Topdvk + AL, Db + A%, Di*,

(3.3) w"(a) =T,y du® + T, dv* + A, Di* + A", DI*,

a
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and
(3.4) DNy = wi(d)Bg + @y (d) Ny,
where
(3.5) () = Tovdu® + T2 do™ + AL, DIt + A} DI
(3.6) w7 (d) = Ty du® + Ty dv™ + A, DI° + A, DI™.
From (1.1) and (2.2) we have
D(9ap BINY) = 9ap(DBZ)Nieta + gap B DN}, = 0
from which
9mk(Top du® + T, dv™ + A, DI® + A DI =
— gaa(Trydu® + Typdo™ + Ay, DI° + Ay, DI™)
follows.
From the relation above we obtain
a) f;kb = —fZab
(3.7) b) Ean = —Ezan
¢) Aakp = —Akab
d)  Agkn = —Apan
i.e.
(3.8) Wak = —Wha  (GrmWy" = —JasWy)-
After some calculation using (1.8) and (1.16) we obtain
DBg = (Bgjydu’ + By |sDI") By +
(39 + (BS zdv* + B|gDI*)NY
where
(3.10) Bg3 = 03B — 0, BTy + 4B
(3.11) B2|g = LOsB (8% — Ady) + Ag3B)
Comparing (3.9) and (3.1) using (3.2) and (3.3) we obtain
a) T,,= gadBfBbﬂBg\ﬁ
b) T, = gaéBngBgm
¢) Aach = 9as BLB} BE o
(312 Q) Aock = 9asBIN, B o

N
—

* §
anb — gaéNanﬁBgm

£) Tonk = 9as NINY B2 5
g) Zanb = gaéNngB(?'ﬂ
h) Zanls: = ga5NgN/fB3|B
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On the other hand we have for the vector field N

(3.13)  DNjlpha = (N{ gdu® + Ng|sDI")B} + (N |sdv™ + N¢|sDI™)NE,

where
(3.14) Ngg = 0gNg — O, NRT + 23N,
(3.15) N|g = LOsNZ (55 — Ajg) + A5Np

multiplying (3.4) and (3.13) first with Jos BS and then with g,s N2, and comparing
the coefficients of du®, dv' and DI' in these relations we get

a) fZcb = gaJB(cstﬁNl(cx\ﬁ e) anb = gaéNsz?NI(:\ﬂ
) Tl:cl = gaéB‘cleﬁNlﬁg f) F;nl = !}aéNszNﬁg
) Aker = gas BIBNZls  8)  Akmb = gas NoB) N5
) Aket = 9asBININE |5 1) Akt = 9as NJN/ NP |5

=

(3.16)

o

o

4. Recurrent subspaces of recurrent Finsler spaces. From (1.1), (1.2)
and (1.3) it follows that

(4.1) 9ap = 9B + gni NI N
From (4.1) we obtain
42) Dgap = dgas B2 + 9ap DBLBY, + gay BLD B+
+ dgnk NZNE + gk DNIN + g NY DN
Using (1.7) we have
(4.3) 0= DB}B] + ByDB] + DN;N;' + N3 DN
On the other hand
gang = gangchZ = gang((%c - Nrng’) = gapB; -
(4.5) 9 NE = gase NENZNE = 90N (8§ — BEBY) = gp.. N7
Using (4.3), (4.4) and (4.5) we have
9abDB2BY% + gk DNENJ = g,.3B7DBS + g,,sN DNZ =
= 9,.,3(BDB* + N"DN?>)
9avBEDB + gnk NEDNE = gas By DB} + 9o N DNj =
= gax(ByDB} + N§DNY')

(4.6)

(4.7)

Substituting (4.6) and (4.7) into (4.2) and using (3.1) and (3.4) we get
Dgag = Byjsdgar — 9o:B4(Byw, + NiWy) — ga:Noy (BFwy, + Niwy)+

(4.8)
+ N:;Ngdgnk - gang(B(}i{mg + Nl:{mg) - gaxNg(Bgmz + Nr}:mﬁ)
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Using the relations

a) du®=LDI*-T, du¢ - T, dv* +1%dL

(49) H ik =%k =*k , 1 k
b) dv* = LDI*F —T,. du® - T, dv' +I*dL
we obtain
(1.10) dgap = Ocgapdu’ + Opgapdv® + 8.gap(LDIC — T du® — T, dv* + I°dL)+
.10

+ Ok gap(LDI° — T3 du® — T Fdvt + 1FdL)

(4.10) is valid if g, is replaced by g,x. Using again (4.4) and (4.5) some terms in
(4.8) become zero, i.e.

way " 9BANTTE — gaNi Bl =
= —guBINFWE — gao N BLW) = BLNS(—War — Wia) = 0

because of (3.8). Similarly we get

(4.12) — 985 NEBWE — gas ByNF Wy = —NZBh(—Wnp — Whn) = 0.

AS gop = gang‘Bf is homogeneous of degree zero in & so 6€gab¢5 =0or

(4.13) B gap(Biu° + N5iF) = 8,900t + Opgap®® =0

Substituting (4.10), (4.11) (4.12) and (4.13) into (4.8) using (4.4), (4.5) we
obtain

Dgap = B (gabTcdu’ + gabTrdv" + gap TeDIC + gy T DIF)+

(4'14) nt c k e ik
Na,@(gntTcdu + gntdeU + gntTch + gntTle );
where
. —xd . —xm —*d —=*d
a) gabTe = Orgab — 049ably — Omgabl'y — 9avl op — Gadl o>
r=cor z=k,
. —*d A =% =% —%*
(415) b) ImtTz = aa:gnt - adgab]:‘,c - amgntl—‘wm - gmtl—‘n:: - gnmrt;n;
xr=cor x =k,
¢) gaToe = LOuGab — gavA%, — gaaAl,, z=c or z =k,
d) IntTg = Lawgnt - gmtA;nz - gnmAg: r=corx = ka
Using the relation
(4.16) Dgog = Blgapisdu® + N{gapisdv® + B2gaglsDI° + N gag|sDI¥

from (4.14) we obtain

(4.17) Blgapts = Bajgaste + NihgniTe
(4.18) N{gapis = B2hgastr + Nobgnits-
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Multiplying (4.17) by B¢ and (4.18) by N¥ and adding these relations we get
(4.19) 9ably = BEE gavTe + BESNY gavtic + N25BEgnire + NIK Gnti-

In the same way we obtain

(420) ngaﬁlé = Bg%gab—rc + Ngégnt—rc
(4.21) N{gagls = Bahgan T + N2bgnt Th
(4.22) 9oply =B 9av Te +BEsNYgab Tk + NIEBE grt Te + NI gnt Th-

From (4.19) we have
LEmMA 4.1. If
(4.23) Gable = AcYabs Jablk = AkJabs Gntlc = AcGnts YGablk = AkInt
then goply = Aygap where,
(4.24) Ay = BEXo + NI
and ¢, A\x, Ay are covariant vectors.
Proof. Substituting (4.23) and (4.24) into (4.19) we have
9aply = BEY(BEAGab + NENigas) + NIS(BEXGne + NENigne =
Ay B2 gab + M Nhgnt = Mygag-
In the same way from (4.22) we have
LEMMA 4.2. If
(4.25) Jable = He9ab> Yablk = MkTabs Intle = HeInts Yablk = KkInt
then gop|y = prygap where,
(4.26) oy = Bt + N¥ .
From (4.19) we have

LEMMA 4.3. Ifgaﬁ\'y = )‘fygaﬂ then Gablc = AcGab; Int|c = AcGnt s Intlk = AkGnt
where:

(4.27) Ae = B\, A =N\,

Proof. Multiplying (4.19) by B, B? B$ and using the relations:
(4.28) NFB*=0 B¢BS =6 NENI =487
we get

gaBIWngfa = 5?525(619ab|c = )‘nggaﬁB?f = )"Yngje = 9Gfeld-
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Multiplying (4.19) by B¢ B? N7 and using (4.28) we have
9oplyBF B Nuy = 630k gabie = Ay9apBF BEN] = M N ge = gefn-
Multiplying (4.19) by N2 B) and using (4.28) we have
9ol Nit’ By = 870{049n1c = M9asN By By = My Bgi = gja-
Multiplying (4.19) by NI‘;’?’;’ and using (4.28) we obtain

gaﬁl’yN;;;f,;y = 67K Gtk = MGagNPIM™®" = My N gpi = gpija-
LEMMA 4.4 Ifaﬁ"y = U~yGag, then gablc = HcGab, gablk = MkYGab, gntlc = McGnt,
Intlk = Bkgnt, where prc = Bl px, i = Nj}px.
The proof is similar to that of Lemma 4.3 if we start from (4.22).

From lemma 4.1 and 4.3 we have

THEOREM 4.1. The necessary and sufficient conditions for gag, = Aygap
are (4.23) and (4.24)

From lemmas 4.2 and 4.4 we have

THEOREM 4.2. The necessary and sufficient conditions for gog, = HrGap
are (4.25) and (4.26)
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