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Dedicated to the memories of my father and mother.

Abstract. We introduce the the classes of strongly V F
λ (A, p)-summa-

ble sequences of fuzzy numbers and give some relations between these
classes. We also give a natural relationship between strongly V F

λ (A, p)-
convergence of sequences of fuzzy numbers and strongly SF

λ (A)-statisti-
cal convergence of sequences of fuzzy numbers.
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1. Introduction and preliminaries

The concepts of fuzzy sets and fuzzy set operations were first introduced
by Zadeh [17] and subsequently several authors have discussed various as-
pects of the theory and applications of fuzzy sets such as fuzzy topological
spaces, similarity relations and fuzzy orderings, fuzzy measures of fuzzy
events, fuzzy mathematical programming. Matloka [9] introduced bounded
and convergent sequences of fuzzy numbers and studied some of their prop-
erties. Later on sequences of fuzzy numbers have been discussed by Diamond
and Kloeden [3], Nanda [10], Savaş [14, 15], Esi [4] and many others.

Let C(Rn) = {A ⊂ Rn : A is compact and convex set}. The space C(Rn)
has a linear structure induced by the operations

A + B = {a + b : a ∈ A, b ∈ B} and γA = {γa : a ∈ A}
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for A,B ∈ C(Rn) and γ ∈ R. The Hausdorff distance between A and B in
C(Rn) is defined by

δ∞(A,B) = max
{

sup
a∈A

inf
b∈B

‖a− b‖ , sup
b∈B

inf
a∈A

‖a− b‖
}

.

It is well-known that (C(Rn), δ∞) is a complete metric space.
A fuzzy number is a function X from Rn to [0, 1] which is normal, fuzzy

convex, upper semicontinuous and the closure of {x ∈ Rn : X(x) > 0} is
compact. These properties imply that for each 0 < α ≤ 1, the α-level set
Xα = {x ∈ Rn : X(x) ≥ α} is a nonempty compact, convex subset of Rn,
with support Xo. If Rn is replaced by R, then obviously the set C(Rn) is
reduced to the set of all closed bounded intervals A =

[
A,A

]
on R, and also

δ∞(A,B) = max
{
|A−B| ,

∣∣A−B
∣∣} .

Let L(R) denote the set of all fuzzy numbers. The linear structure of
L(R) induces the addition X +Y and the scalar multiplication λX in terms
of level α-sets, by

[X + Y ]α = [X]α + [Y ]α and [λX]α = λ [X]α

for each 0 ≤ α ≤ 1.
The set R of real numbers can be embedded in L(R) if we define r ∈ L(R)

by

r(t) =

{
1, if t = r

0, otherwise.

The additive identity and multiplicative identity of L(R) are denoted by
0 and 1, respectively. Then the arithmetic operations on L(R) are defined
as follows:

(X ⊕ Y )(t) = sup {X(s) ∧ Y (t− s)} , t ∈ R,

(X 	 Y )(t) = sup {X(s) ∧ Y (s− t)} , t ∈ R,

(X ⊗ Y )(t) = sup {X(s) ∧ Y (t/s)} , t ∈ R,

(X/Y )(t) = sup {X(st) ∧ Y (s)} , t ∈ R.

These operations can be defined in terms of α-level sets as follows:

[X ⊕ Y ]α = [aα
1 + bα

1 , aα
2 + bα

2 ] ,

[X 	 Y ]α = [aα
1 − bα

1 , aα
2 − bα

2 ] ,

[X ⊗ Y ]α =
[

min
i∈{1,2}

aα
i bα

i , max
i∈{1,2}

aα
i bα

i

]
,[

X−1
]α =

[
(aα

2 )−1, (aα
1 )−1

]
, aα

i > 0, i ∈ {1, 2} ,

for each 0 < α ≤ 1.
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For r in R and X in L(R), the product rX is defined as follows:

rX(t) =

{
X(r−1t), if r 6= 0
0, if r = 0.

Define a map by d : L(R)× L(R) → R by

d(X, Y ) = sup
0≤α≤1

δ∞(Xα, Y α).

For X, Y ∈ L(R) define X ≤ Y if and only if Xα ≤ Y α for any α ∈ [0, 1].
It is known that (L(R), d) is complete metric space [3].

A sequence X = (Xk) of fuzzy numbers is a function X from the set N
of natural numbers into L(R). The fuzzy number Xk denotes the value of
the function at k ∈ N [9]. We denote by wF the set of all sequences of fuzzy
numbers. A sequence X = (Xk) of fuzzy numbers is said to be bounded
if the set {Xk : k ∈ N} of fuzzy numbers is bounded [9]. We denote by lF∞
the set of all bounded sequences X = (Xk) of fuzzy numbers. A sequence
X = (Xk) of fuzzy numbers is said to be convergent to a fuzzy number Xo

if for every ε > 0 there is a positive integer ko such that d(Xk, Xo) < ε for
k > ko [9]. We denote by cF the set of all convergent sequences X = (Xk)
of fuzzy numbers.

It is straightforward to see that cF ⊂ lF∞ ⊂ wF . Recently, Nanda [10]
studied the classes of bounded and convergent sequences of fuzzy numbers
and showed that these are complete metric spaces.

The metric d has the following properties:

d(cX, cY ) = |c| d(X, Y ),(1)

d(X + Y, Z + W ) ≤ d(X, Z) + d(Y, W ),(2)

for X, Y, Z,W ∈ L(R) and c ∈ R.
A metric on L(R) is said to be translation invariant if

d(X + Z, Y + Z) = d(X, Y )

for all X, Y, Z ∈ L(R) .
The notion of statistical convergence was introduced by Fast [5] and

Schoenberg [16], independently. Over the years and under different names
statistical convergence has been discussed in the different theories such as
the theory of fourier analysis, ergodic theory and number theory. Later on,
it was further investigated from the sequence space point of view and linked
with summability theory by Fridy [6], Salat [13], Connor [2] and many oth-
ers. This concept was then applied to sequences of fuzzy numbers by Nuray
[12], Kwon and Shim [7], Altin et al. [1], Nuray and Savaş [11] and many
others.

A real sequence x = (xk) is said to be statistically convergent to l if for
every ε > 0,

lim
n

1
n
|{k ≤ n : |xk − l| ≥ ε}| = 0,
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where the vertical bars denote the cardinality of the set which they enclose,
in which case we write S-lim x = l.

Let Λ = (λn) be a nondecreasing sequence of positive real numbers tend-
ing to infinity with λ1 = 1, λn+1 ≤ λn + 1.

The generalized de la Vallee-Poussin mean is defined by

tr(x) =
1
λr

∑
k∈Ir

xk

where Ir = [r − λr + 1, r]. A real sequence x = (xk) is said to be (V, λ)-
summable to a number l if tr(x) → l as r → ∞ (see for instance Leindler
[8]).

2. The classes of strongly summable sequences

Let A = (aik) be an infinite matrix of fuzzy numbers and p = (pi) be a
bounded sequence of positive real numbers, i.e.,

0 < h = inf
i

pi ≤ pi ≤ sup
i

pi = H < ∞,

and let X = (Xk) be a sequence of fuzzy numbers. Then we write

Ai(X) =
∞∑

k=0

aikXk

if the series converges for each i ∈ N. We now define

V F
λ (A, p)o =

{
X = (Xk) ∈ wF : lim

r

1
λr

∑
i∈Ir

d(Ai(X), 0)pi = 0

}
,

V F
λ (A, p) =

{
X = (Xk) ∈ wF : lim

r

1
λr

∑
i∈Ir

d(Ai(X), Xo)pi = 0

}
and

V F
λ (A, p)∞ =

{
X = (Xk) ∈ wF : sup

r

1
λr

∑
i∈Ir

d(Ai(X), 0)pi < ∞

}
.

A sequence X = (Xk) of fuzzy numbers is said to be strongly V F
λ (A, p)

convergent to a fuzzy number Xo if there is a fuzzy number such that X =
(Xk) ∈ V F

λ (A, p). In this case we write Xk → Xo(V F
λ (A, p)).

If pi = 1 for all i ∈ N, then we write the classes V F
λ (A)o, V F

λ (A) and
V F

λ (A)∞ in place of the classes V F
λ (A, p)o, V F

λ (A, p) and V F
λ (A, p)∞, re-

spectively.
In this section we examine some topological properties of these classes of

sequences of fuzzy numbers and investigate some inclusion relations between
them.

Theorem 2.1. (a) V F
λ (A, p)o ⊂ V F

λ (A, p) ⊂ V F
λ (A, p)∞.
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(b) V F
λ (A, p)o, V F

λ (A, p) and V F
λ (A, p)∞ are closed under the operations

of addition and scalar multiplication if d is a translation invariant
metric.

Proof. (a) It is evident that

V F
λ (A, p)o ⊂ V F

λ (A, p),

V F
λ (A, p)o ⊂ V F

λ (A, p)∞.

For V F
λ (A, p) ⊂ V F

λ (A, p) we use the triangle inequality

d(Ai(X), 0)pi ≤
[
d(Ai(X), Xo) + d(Xo, 0)

]pi

≤ Kd(Ai(X), Xo)pi + K max(1, |Xo|),

where K = max(1, supi pi < ∞). So, X = (Xk) ∈ V F
λ (A, p) implies

X = (Xk) ∈ V F
λ (A, p)∞.

(b) We consider only V F
λ (A, p). The others can be treated similarly.

Suppose that X = (Xk), Y = (Yk) ∈ V F
λ (A, p). By combining Minkow-

ski’s inequality with property (2) of the metric d, we derive that

d(Ai(X) + Ai(Y ), Xo + Yo) ≤ d(Ai(X), Xo) + d(Ai(Y ), Yo).

Therefore,

d(Ai(X) + Ai(Y ), Xo + Yo)pi ≤ Kd(Ai(X), Xo)pi + Kd(Ai(Y ), Yo)pi

where K = max(1, supi pi < ∞). This implies that

X + Y = (Xk) + (Yk) ∈ V F
λ (A, p).

Let X = (Xk) ∈ V F
λ (A, p) and α ∈ R. Then by taking into account

properties (1) and (2) of the metric d,

d(Ai(αX), αXo)pi ≤ |α|pi d(Ai(X), Xo)pi ≤ max(1, |α|)d(Ai(X), Xo)pi

since |α|pi ≤ max(1, |α|). Hence αX ∈ V F
λ (A, p). �

Theorem 2.2. The space V F
λ (A, p) is a complete metric space with the

metric

δ(X, Y ) = sup
r,i

(
1
λr

∑
i∈Ir

d
(
Ai(X), Ai(Y )

)p) 1
p

, 1 ≤ p < ∞.

Proof. Let (Xs) be a Cauchy sequence in V F
λ (A, p), where Xs = (Xs

k)k =
(Xs

1 , Xs
2 , Xs

3 , . . . ) ∈ V F
λ (A, p) for each s ∈ N. Then

δ(Xs, Xt) = sup
r,i

(
1
λr

∑
i∈Ir

d
(
Ai(Xs), Ai(Xt)

)p) 1
p

→ 0 as s, t →∞.
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Hence

d(Ai(Xs), Ai(Xt)) = d

( ∞∑
k=0

aikX
s
k,

∞∑
k=0

aikX
t
k

)
→ 0 as s, t →∞, for each i ∈ N.

This implies that
∞∑

k=0

aik

(
lim
s,t

d(Xs
k, Xt

k)
)

= 0 for each i ∈ N.

Hence
lim
s,t

d(Xs
k, Xt

k) = 0 for each i ∈ N.

Therefore (Xs)s is a Cauchy sequence in L(R). Since L(R) is complete, it
is convergent, lims Xs

k,= Xk say, for each k ∈ N. Since (Xs)s is a Cauchy
sequence, for each ε > 0, there exists no = no(ε) such that

δ(Xs, Xt) < ε for all s, t ≥ no.

So, we have

lim
t→∞

d(Ai(Xs), Ai(Xt))p = d(Ai(Xs), Ai(X))p < εp for all s ≥ no.

This implies that δ(Xs, Xt) < ε, for all s ≥ no, that is Xs → X as s →∞,
where X = (Xk). Since

1
λr

∑
i∈Ir

d(Ai(X), Xo)p ≤ 2p 1
λr

∑
i∈Ir

{d(Ai(Xno), Xo)p + d(Ai(Xno), Ai(X))p}

→ 0 as r →∞.

So, we obtain X = (Xk) ∈ V F
λ (A, p). Therefore V F

λ (A, p) is a complete
metric space. �

It can be also shown that V F
λ (A, p) is a complete metric space with the

metric

δ1(X, Y ) = sup
r,i

1
λr

∑
i∈Ir

d(Ai(X), Ai(Y ))p, 0 < p < 1.

Theorem 2.3. Let 0 < pi ≤ qi and (piq
−1
i ) be bounded. Then

V F
λ (A, q) ⊂ V F

λ (A, p).

Proof. Let X = (Xk) ∈ V F
λ (A, q) and wi = d(Ai(X), Xo)qi and γi = piq

−1
i

for all i ∈ N. Then 0 < γi ≤ 1 for all i ∈ N. Let 0 < γ ≤ γi ≤ 1 for all i ∈ N.
We define the sequences (ui) and (vi) as follows: For wi ≥ 1, let ui = wi

and vi = 0 and for wi < 1, let ui = 0 and vi = wi. Then it is clear that for
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all i ∈ N, we have wi = ui + vi and wγi
i = uγi

i + vγi
i . Now it follows that

uγi
i ≤ ui ≤ wi and vγi

i ≤ vγ
i . Therefore

1
λr

∑
i∈Ir

wγi
i =

1
λr

∑
i∈Ir

(ui + vi)γi

≤ 1
λr

∑
i∈Ir

wi +
1
λr

∑
i∈Ir

vγ
i .

Now for each r,
1
λr

∑
i∈Ir

vγ
i =

∑
i∈Ir

(λ−1
r vγ

i )γ(λ−1
r )1−γ

≤

[∑
i∈Ir

((λ−1
r vγ

i )γ)
1
γ

][∑
i∈Ir

((λ−1
r )1−γ)

1
1−γ

]1−γ

=

(
1
λr

∑
i∈Ir

vi

)γ

and so
1
λr

∑
i∈Ir

wγi
i ≤ 1

λr

∑
i∈Ir

wi +

(
1
λr

∑
i∈Ir

vi

)γ

.

Hence X = (Xk) ∈ V F
λ (A, p), i.e., V F

λ (A, q) ⊂ V F
λ (A, p). �

3. Statistical convergence

A sequence X = (Xk) of fuzzy numbers is said to be statistically conver-
gent to a fuzzy number Xo if for every ε > 0,

lim
n

1
n
|{k ≤ n : d(Xk, Xo) ≥ ε}| = 0.

The set of all statistically convergent sequences of fuzzy numbers is de-
noted by SF . We note that if a sequence X = (Xk) of fuzzy numbers
converges to a fuzzy number Xo, then it is statistically converges to Xo.
But the converse statement is not necessarily valid.

Definition 3.1. A sequence X = (Xk) of fuzzy numbers is said to be
SF

λ (A)-statistically convergent to a fuzzy number Xo if for every ε > 0,

lim
r

1
λr
|{i ∈ Ir : d(Ai(X), Xo) ≥ ε}| = 0.

The set of all SF
λ (A)-statistically convergent sequences of fuzzy numbers

is denoted by SF
λ (A). In this case we write Xk → Xo (SF

λ (A)). In the
case A = I identity matrix and λr = r , we obtain ordinary statistically
convergent sequences of fuzzy numbers SF , which was defined and studied
by Nuray and Savas [11]. In the case A = I identity matrix, we obtain λ-
statistically convergent sequences of fuzzy numbers SF

λ , which was defined
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and studied by Savaş [14]. In the case λr = r, we obtain SF (A)-statistically
convergent sequences of fuzzy numbers. The set of all SF (A)-statistically
convergent sequences of fuzzy numbers is denoted by SF (A).

Now we give the relations between SF
λ (A)-statistical convergence and

strongly V F
λ (A, p)-convergence.

Theorem 3.1. The following statement are valid:

(a) V F
λ (A, p) ⊂ SF

λ (A),
(b) If X = (Xk) ∈ lF∞ ∩ SF

λ (A), then X = (Xk) ∈ V F
λ (A, p),

(c) lF∞(A) ∩ SF
λ (A)=lF∞(A) ∩ V F

λ (A, p), where

lF∞(A) =
{

X = (Xk) ∈ wF : sup
i

d(Ai(X), Xo) < ∞
}

.

Proof. (a) Let ε > 0 and X = (Xk) ∈ V F
λ (A, p). Then we have

1
λr

∑
i∈Ir

d(Ai(X), Xo)pi ≥ 1
λr
|{i ∈ Ir : d(Ai(X), Xo) ≥ ε}| ·min(εh, εH).

Hence X = (Xk) ∈ SF
λ (A).

(b) Suppose that X = (Xk) ∈ lF∞ ∩ SF
λ (A). Since X = (Xk) ∈ lF∞, we can

write d(Ai(X), Xo) ≤ T for all i ∈ N. Given ε > 0, let

Gr = {i ∈ Ir : d(Ai(X), Xo) ≥ ε} and Hr = {i ∈ Ir : d(Ai(X), Xo) < ε}.

Then we have
1
λr

∑
i∈Ir

d(Ai(X), Xo)pi =
1
λr

∑
i∈Gr

d(Ai(X), Xo)pi +
1
λr

∑
i∈Hr

d(Ai(X), Xo)pi

≤ max(T h, TH)
1
λr
|Gr|+ max(εh, εH).

Taking the limit as ε → 0 and r →∞, it follows that X = (Xk) ∈ V F
λ (A, p).

(c) Follows from (a) and (b). �

Theorem 3.2. If lim infr λrr
−1 > 0, SF (A) ⊂ SF

λ (A).

Proof. Let X = (Xk) ∈ SF (A).For given ε > 0, we get

{i ≤ r : d(Ai(X), Xo) ≥ ε} ⊃ Gr

where Gr is the same as in Theorem 3.1. Thus,

1
r
|{i ≤ r : d(Ai(X), Xo) ≥ ε}| ≥ 1

r
|Gr| = λrr

−1λ−1
r |Gr|.

Taking limit as r →∞ and using lim infr λrr
−1 > 0, we get

X = (Xk) ∈ SF
λ (A). �
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