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STRONG CONVERGENCE THEOREMS OF COMMON FIXED
POINTS FOR A PAIR OF QUASI-NONEXPANSIVE AND

ASYMPTOTICALLY QUASI-NONEXPANSIVE MAPPINGS

Gurucharan Singh Saluja

Abstract. The purpose of this paper is to give necessary and sufficient condition of modified
three-step iteration scheme with errors to converge to common fixed points for a pair of quasi-
nonexpansive and asymptotically quasi-nonexpansive mappings in Banach spaces. The results
presented in this paper generalize, improve and unify the corresponding results in [1, 3, 4, 8, 9].

1. Introduction and preliminaries

Let E be a real Banach space, K be a nonempty subset of E and S, T :K → K
be two mappings. F (S, T ) denotes the set of common fixed points of S and T . We
recall the following definitions.

Definition 1.1. Let T : K → K be a mapping:
(1) T is said to be nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ K.
(2) T is said to be quasi-nonexpansive if F (T ) 6= ∅ and ‖Tx− p‖ ≤ ‖x− p‖

for all x ∈ K, p ∈ F (T ).
(3) T is said to be asymptotically nonexpansive if there exists a sequence {rn}

in [0,∞) with limn→∞ rn = 0 such that ‖Tnx− Tny‖ ≤ (1 + rn) ‖x− y‖ for all
x, y ∈ K and n ≥ 1.

(4) T is said to be asymptotically quasi-nonexpansive if F (T ) 6= ∅ and there
exists a sequence {rn} in [0,∞) with limn→∞ rn = 0 such that ‖Tnx− p‖ ≤
(1 + rn) ‖x− p‖ for all x ∈ K, p ∈ F (T ) and n ≥ 1.

(5) T is said to be uniformly L-Lipschitzian if there exists a positive constant
L such that ‖Tnx− Tny‖ ≤ L ‖x− y‖ for all x, y ∈ K and n ≥ 1.

(6) T is said to be uniformly quasi-Lipschitzian if there exists L ∈ [1, +∞)
such that ‖Tnx− p‖ ≤ L ‖x− p‖ for all x ∈ K, p ∈ F (T ) and n ≥ 1.
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From the above definitions, it follows that if F (T ) is nonempty, a nonexpansive
mapping must be quasi-nonexpansive, an asymptotically nonexpansive mapping
must be asymptotically quasi-nonexpansive, a uniformly L-Lipschitzian mapping
must be uniformly quasi-Lipschitzian and an asymptotically quasi-nonexpansive
mapping must be uniformly quasi-Lipschitzian. But the converse does not hold.

In 1973, Petryshyn and Williamson [8] established a necessary and sufficient
condition for a Mann [7] iterative sequence to converge strongly to a fixed point of a
quasi-nonexpansive mapping. Subsequently, Ghosh and Debnath [1] extended the
results of [8] and obtained some necessary and sufficient condition for an Ishikawa-
type iterative sequence to converge to a fixed point of a quasi-nonexpansive map-
ping. In 2001, Liu in [3, 4] extended the results of Ghosh and Debnath [1] to the
more general asymptotically quasi-nonexpansive mappings. In 2006, Shahzad and
Udomene [9] gave the necessary and sufficient condition for convergence of common
fixed point of two-step modified Ishikawa iterative sequence for two asymptotically
quasi-nonexpansive mappings in real Banach space.

Recently, Liu et al. in [5, 6] study the weak and strong convergence of common
fixed points for modified two and modified three-step iteration sequence with errors
with respect to a pair of mappings S and T .

Motivated and inspired by Liu et al. in [5, 6] and others, we study the fol-
lowing iteration scheme for a pair of quasi-nonexpansive and asymptotically quasi-
nonexpansive mappings. Our scheme is as follows.

Definition 1.2. Let K be a nonempty convex subset of a normed linear space
E and S, T : K → K be two mappings. For an arbitrary x1 ∈ K, the modified
three-step iteration sequence with errors {xn}n≥1 with respect to S and T defined
by:

zn = α′′nSxn + β′′nTnxn + γ′′nun,

yn = α′nSxn + β′nTnzn + γ′nvn,

xn+1 = αnSxn + βnTnyn + γnwn, ∀n ≥ 1,

(1.1)

where {αn}, {α′n}, {α′′n}, {βn}, {β′n}, {β′′n}, {γn}, {γ′n} and {γ′′n} are sequences in
[0, 1] satisfying

αn + βn + γn = α′n + β′n + γ′n = α′′n + β′′n + γ′′n = 1

and {un}, {vn} and {wn} are three bounded sequences in K.

Remark 1.1. In case S = I and β′′n = γ′′n = 0 for n ≥ 1, then the sequence
{xn}n≥1 generated in (1.1) reduces to the usual modified Ishikawa iterative sequence
with errors.

The purpose of this paper is to give necessary and sufficient condition to con-
verge to a common fixed point of modified three-step iterative sequence with errors
for a pair of quasi-nonexpansive and asymptotically quasi-nonexpansive mappings
in a real Banach space. The results presented in this paper generalize, improve and
unify the corresponding results of [1, 3, 4, 8, 9] and many others.

In the sequel we need the following lemmas to prove our main results.
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Lemma 1.1. [10, Lemma 1] Let {αn}∞n=1, {βn}∞n=1 and {rn}∞n=1 be sequences
of nonnegative numbers satisfying the inequality

αn+1 ≤ (1 + βn)αn + rn, ∀n ≥ 1.

If
∑∞

n=1 βn < ∞ and
∑∞

n=1 rn < ∞, then limn→∞ αn exists. In particular,
{αn}∞n=1 has a subsequence which converges to zero, then limn→∞ αn = 0.

Lemma 1.2. Let K be a nonempty convex subset of a normed linear space
E. Let S : K → K be a quasi-nonexpansive mapping and T : K → K be an
asymptotically quasi-nonexpansive mapping with a sequence {rn} ⊂ [0,∞) satis-
fying limn→∞ rn = 0 such that

∑∞
n=1 rn < ∞ and F (S, T ) 6= ∅. Let the sequence

{xn}n≥1 defined by (1.1) with the restrictions
∑∞

n=1 γn < ∞,
∑∞

n=1 γ′n < ∞,∑∞
n=1 γ′′n < ∞. Then:

(a) limn→∞ ‖xn − p‖ exists for any p ∈ F (S, T ).
(b) There exists a constant M > 0 such that

‖xn+m − p‖ ≤ M ‖xn − p‖+ M
n+m−1∑

k=n

Ak,

for all n,m ≥ 1 and p ∈ F (S, T ), where M = e3
∑n+m−1

k=n
rk .

Proof. (a) Let p ∈ F (S, T ). Note that {un−p}n≥1, {vn−p}n≥1 and {wn−p}n≥1

are bounded. It follows that M = sup{‖un − p‖ , ‖vn − p‖ , ‖wn − p‖ : n ≥ 1} < ∞.
Since S is quasi-nonexpansive and T is asymptotically quasi-nonexpansive, by (1.1)
we note that

‖xn+1 − p‖ = ‖αnSxn + βnTnyn + γnwn − p‖
≤ αn ‖Sxn − p‖+ βn ‖Tnyn − p‖+ γn ‖wn − p‖
≤ αn ‖xn − p‖+ βn(1 + rn) ‖yn − p‖+ γn ‖wn − p‖
≤ αn ‖xn − p‖+ βn(1 + rn) ‖yn − p‖+ γnM (1.2)

and

‖yn − p‖ = ‖α′nSxn + β′nTnzn + γ′nvn − p‖
≤ α′n ‖Sxn − p‖+ β′n ‖Tnzn − p‖+ γ′n ‖vn − p‖
≤ α′n ‖xn − p‖+ β′n(1 + rn) ‖zn − p‖+ γ′n ‖vn − p‖
≤ α′n ‖xn − p‖+ β′n(1 + rn) ‖zn − p‖+ γ′nM (1.3)

and

‖zn − p‖ = ‖α′′nSxn + β′′nTnxn + γ′′nun − p‖
≤ α′′n ‖Sxn − p‖+ β′′n ‖Tnxn − p‖+ γ′′n ‖un − p‖
≤ α′′n ‖xn − p‖+ β′′n(1 + rn) ‖xn − p‖+ γ′′n ‖un − p‖
≤ (α′′n + β′′n)(1 + rn) ‖xn − p‖+ γ′′n ‖un − p‖
= (1− γ′′n)(1 + rn) ‖xn − p‖+ γ′′n ‖un − p‖
≤ (1 + rn) ‖xn − p‖+ γ′′nM. (1.4)
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Substituting (1.4) into (1.3), we have
‖yn − p‖ ≤ α′n ‖xn − p‖+ (1 + rn)β′n[(1 + rn) ‖xn − p‖+ γ′′nM ] + γ′nM

≤ (1 + rn)2(α′n + β′n) ‖xn − p‖+ β′n(1 + rn)γ′′nM + γ′nM

= (1 + rn)2(1− γ′n) ‖xn − p‖+ β′n(1 + rn)γ′′nM + γ′nM

≤ (1 + rn)2 ‖xn − p‖+ (1 + rn)[γ′n + γ′n]M. (1.5)

Substituting (1.5) into (1.2), we have
‖xn+1 − p‖ ≤ αn ‖xn − p‖+ βn(1 + rn)[(1 + rn)2 ‖xn − p‖

+ (1 + rn)(γ′n + γ′n)M ] + γnM

≤ (1 + rn)3(αn + βn) ‖xn − p‖+ βn(1 + rn)2(γ′n + γ′n)M + γnM

= (1 + rn)3(1− γn) ‖xn − p‖+ βn(1 + rn)2(γ′n + γ′n)M + γnM

≤ (1 + rn)3 ‖xn − p‖+ (1 + rn)2[γn + γ′n + γ′′n]M

= (1 + rn)3 ‖xn − p‖+ An (1.6)

where An = (1 + rn)2[γn + γ′n + γ′′n]M . Since
∑∞

n=1 rn < ∞,
∑∞

n=1 γn < ∞,∑∞
n=1 γ′n < ∞ and

∑∞
n=1 γ′′n < ∞, so that

∑∞
n=1 An < ∞, thus by Lemma 1.1, we

have limn→∞ ‖xn − p‖ exists. This completes the proof of part (a).
(b) Since 1 + x ≤ ex for all x > 0. Then from part (a) it can be obtained that

‖xn+m − p‖ ≤ (1 + rn+m−1)3 ‖xn+m−1 − p‖+ An+m−1

≤ e3rn+m−1 ‖xn+m−1 − p‖+ An+m−1

≤ e3rn+m−1 [e3rn+m−2 ‖xn+m−2 − p‖+ An+m−2] + An+m−1

≤ e3(rn+m−1+rn+m−2) ‖xn+m−2 − p‖+ e3rn+m−1An+m−2 + An+m−1

≤ e3(rn+m−1+rn+m−2) ‖xn+m−2 − p‖+ e3rn+m−1 [An+m−2 + An+m−1]
≤ · · ·

≤ e3
∑n+m−1

k=n
rk . ‖xn − p‖+ e3

∑n+m−1

k=n
rk ·

n+m−1∑
k=n

Ak

≤ M ‖xn − p‖+ M
n+m−1∑

k=n

Ak, where M = e3
∑n+m−1

k=n
rk .

This completes the proof of part (b).

2. Main results

Theorem 2.1. Let E be a real Banach space and K be a nonempty closed
convex subset of E. Let S : K → K be a quasi-nonexpansive mapping and T : K →
K be an asymptotically quasi-nonexpansive mapping with a sequence {rn} ⊂ [0,∞)
satisfying limn→∞ rn = 0 such that

∑∞
n=1 rn < ∞ and F (S, T ) 6= ∅. Let the

sequence {xn}n≥1 defined by (1.1) with the restrictions
∑∞

n=1 γn < ∞,
∑∞

n=1 γ′n <
∞,

∑∞
n=1 γ′′n < ∞. Then {xn}n≥1 converges strongly to a common fixed point of the

mappings S and T if and only if lim infn→∞ d(xn, F (S, T )) = 0, where d(x, F (S, T ))
denotes the distance between x and the set F (S, T ).
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Proof. The necessity is obvious. Thus we only prove the sufficiency. For all
p ∈ F (S, T ), by equation (1.6) of Lemma 1.2, we have

‖xn+1 − p‖ ≤ (1 + rn)3 ‖xn − p‖+ An, ∀n ∈ N (2.1)

where An = (1 + rn)2[γn + γ′n + γ′′n]M . Since
∑∞

n=1 rn < ∞,
∑∞

n=1 γn < ∞,∑∞
n=1 γ′n < ∞ and

∑∞
n=1 γ′′n < ∞, so that

∑∞
n=1 An < ∞, so from equation (2.1),

we obtain
d(xn+1, F (S, T )) ≤ (1 + rn)3d(xn, F (S, T )) + An (2.2)

Since lim infn→∞ d(xn, F (S, T )) = 0 and from Lemma 1.1, we have
limn→∞ d(xn, F (S, T )) = 0.

Next we will show that {xn} is a Cauchy sequence. For all ε1 > 0, from Lemma
1.2, it can be known there must exists a constant M > 0 such that

‖xn+m − p‖ ≤ M ‖xn − p‖+ M
n+m−1∑

k=n

Ak, ∀n,m ∈ N, ∀p ∈ F (S, T ). (2.3)

Since limn→∞ d(xn, F (S, T )) = 0 and
∑∞

k=n Ak < ∞, then there must exists a
constant N1, such that when n ≥ N1

d(xn, F (S, T )) <
ε1

4M
, (2.4)

and ∞∑
k=n

Ak < ε1
2M . (2.5)

So there must exists p∗ ∈ F (S, T ), such that

d(xN1 , F (S, T )) = ‖xN1 − p∗‖ <
ε1

4M
. (2.6)

From (2.3), (2.5) and (2.6) it can be obtained that when n ≥ N1

‖xn+m − xn‖ ≤ ‖xn+m − p∗‖+ ‖xn − p∗‖

≤ M ‖xN1 − p∗‖+ M

∞∑

k=N1

Ak + M ‖xN1 − p∗‖

≤ 2M ‖xN1 − p∗‖+ M

∞∑

k=N1

Ak

< 2M · ε1

4M
+ M · ε1

2M
< ε1 (2.7)

that is ‖xn+m − xn‖ < ε1.
This shows that {xn} is a Cauchy sequence and so is convergent since E is

complete. Let limn→∞ xn = y∗. Then y∗ ∈ K. It remains to show that y∗ ∈
F (S, T ). Let ε2 > 0 be given. Then there exists a natural number N2 such that

‖xn − y∗‖ <
ε2

2(L + 1)
, ∀n ≥ N2. (2.8)

Since limn→∞ d(xn, F (S, T )) = 0, there must exists a natural number N3 ≥ N2

such that for all n ≥ N3, we have

d(xn, F (S, T )) <
ε2

3(L + 1)
, (2.9)
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and in particular, we have

d(xN3 , F (S, T )) <
ε2

3(L + 1)
. (2.10)

Therefore, there exists z∗ ∈ F (S, T ) such that

‖xN3 − z∗‖ <
ε2

2(L + 1)
. (2.11)

Consequently, we have

‖Ty∗ − y∗‖ = ‖Ty∗ − z∗ + z∗ − xN3 + xN3 − y∗‖
≤ ‖Ty∗ − z∗‖+ ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ L ‖y∗ − z∗‖+ ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ L ‖y∗ − xN3 + xN3 − z∗‖+ ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ L[‖y∗ − xN3‖+ ‖xN3 − z∗‖] + ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ (L + 1) ‖y∗ − xN3‖+ (L + 1) ‖z∗ − xN3‖
< (L + 1) · ε2

2(L + 1)
+ (L + 1) · ε2

2(L + 1)
< ε2. (2.12)

This implies that y∗ ∈ F (T ). Similarly, we can show that y∗ ∈ F (S). Since S is
quasi-nonexpansive, so it is uniformly quasi-1 Lipschitzian, so here taking L = 1,
we have

‖Sy∗ − y∗‖ = ‖Sy∗ − z∗ + z∗ − xN3 + xN3 − y∗‖
≤ ‖Sy∗ − z∗‖+ ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ ‖y∗ − z∗‖+ ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ ‖y∗ − xN3 + xN3 − z∗‖+ ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ [‖y∗ − xN3‖+ ‖xN3 − z∗‖] + ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ 2 ‖y∗ − xN3‖+ 2 ‖z∗ − xN3‖ < 2 · ε2

4
+ 2 · ε2

4
< ε2.

(2.13)

This shows that y∗ ∈ F (S). Thus y∗ ∈ F (S, T ), that is, y∗ is a common fixed point
of the mappings S and T . This completes the proof.

Theorem 2.2. Let E be a real Banach space and K be a nonempty closed
convex subset of E. Let S : K → K be a quasi-nonexpansive mapping and T : K →
K be an asymptotically quasi-nonexpansive mapping with a sequence {rn} ⊂ [0,∞)
satisfying limn→∞ rn = 0 such that

∑∞
n=1 rn < ∞ and F (S, T ) 6= ∅. Let the

sequence {xn}n≥1 defined by (1.1) with the restrictions
∑∞

n=1 γn < ∞,
∑∞

n=1 γ′n <
∞,

∑∞
n=1 γ′′n < ∞. Then {xn}n≥1 converges strongly to a common fixed point p

of the mappings S and T if and only if there exists a subsequence {xnj} of {xn}
which converges to p.

Proof. The proof of Theorem 2.2 follows from Lemma 1.1 and Theorem 2.1.

Theorem 2.3. Let E be a real Banach space and K be a nonempty closed con-
vex subset of E. Let S : K → K be a quasi-nonexpansive mapping and T : K → K
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be an asymptotically quasi-nonexpansive mapping with a sequence {rn} ⊂ [0,∞)
satisfying limn→∞ rn = 0 such that

∑∞
n=1 rn < ∞ and F (S, T ) 6= ∅. Let the se-

quence {xn}n≥1 defined by (1.1) with the restrictions
∑∞

n=1 γn < ∞,
∑∞

n=1 γ′n < ∞,∑∞
n=1 γ′′n < ∞. Suppose that the mapping S and T satisfy the following conditions:

(i) limn→∞ ‖xn − Sxn‖ = 0 and limn→∞ ‖xn − Txn‖ = 0;
(ii) there exists a constant A > 0 such that {‖xn − Sxn‖ + ‖xn − Txn‖} ≥

Ad(xn, F (S, T )), ∀n ≥ 1.
Then {xn}n≥1 converges strongly to a common fixed point of the mappings S

and T .

Proof. From conditions (i) and (ii), we have limn→∞ d(xn, F (S, T )) = 0, it
follows as in the proof of Theorem 2.1, that {xn}n≥1 must converges strongly to a
common fixed point of the mappings S and T .

Example 2.1. Let E be the real line with the usual norm | · | and K = [0, 1].
Define S and T : K → K by

Tx = sin x, x ∈ [0, 1] and Sx = x, x ∈ [0, 1],

for x ∈ K. Obviously T (0) = 0 and S(0) = 0, that is, 0 is a common fixed
point of S and T , that is, F (S, T ) = {0}. Now we check that T is asymptotically
quasi-nonexpansive. In fact, if x ∈ [0, 1] and p = 0 ∈ [0, 1], then

|Tx− p| = |Tx− 0| = | sin x− 0| = | sin x| ≤ |x| = |x− 0| = |x− p|,
that is |Tx − p| ≤ |x − p|. That is, T is quasi-nonexpansive. It follows that T is
uniformly quasi-Lipschitzian and asymptotically quasi-nonexpansive with kn = 1
for each n ≥ 1. Similarly, we can verify that S is quasi-nonexpansive, for if x ∈ [0, 1]
and p = 0 ∈ [0, 1], then |Sx− p| = |Sx− 0| = |x− 0| = |x− p|.

Remark 2.1. Theorem 2.1 extends, improves and unifies the corresponding
results of [1, 3, 4, 8, 9]. Especially Theorem 2.1 extends, improves and unifies
Theorems 1 and 2 in [4], Theorem 1 in [3] and Theorem 3.2 in [9] in the following
ways:

(1) The identity mapping in [3, 4, 9] is replaced by a more general quasi-
nonexpansive mapping.

(2) The usual Ishikawa iteration scheme in [3], the usual modified Ishikawa
iteration scheme with errors in [4] and the usual modified Ishikawa iteration scheme
with errors for two mappings are extended to the modified three-step iteration
scheme with errors with respect to a pair of mappings.

Remark 2.2. Theorem 2.2 extends, improves and unifies Theorem 3 in [4]
and Theorem 2.3 extends, improves and unifies Theorem 3 in [3] in the following
aspects:

(1) The identity mapping in [3] and [4] is replaced by a more general quasi-
nonexpansive mapping.

(2) The usual Ishikawa iteration scheme in [3] and the usual modified Ishikawa
iteration scheme with errors in [4] are extended to the modified three-step iteration
scheme with errors with respect to a pair of mappings.
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Remark 2.3. Recently, Zhao and Wang in [12] and Xiao et al. in [11] have
studied respectively a finite family of asymptotically nonexpansive and a finite
family of asymptotically quasi-nonexpansive mappings and have proved some strong
convergence theorems while in this paper we have taken a pair of different mappings,
one is quasi-nonexpansive and other is asymptotically quasi-nonexpansive mapping
and have given a necessary and sufficient condition of strong convergence of common
fixed points for the above mappings.

Acknowledgement. The author thanks the referees for their valuable sug-
gestions and comments.
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