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A NOTE ON BOUNDARY VALUES
FOR THE POISSON TRANSFORM

Martha Guzman-Partida

Abstract. We determine boundary values in distributional and pointwise sense for the
Poisson transform of a certain class of weighted distributions.

1. Introduction

The authors of [1] have proved that the weighted space w™ 1D/, is the optimal
space of tempered distributions admitting S’-convolution with the euclidean version
of the Poisson kernel P,. Moreover, they have studied in [2] the boundary behavior
of the &’-convolution T * P, when T' € w"+1D’L1, obtaining in this way harmonic
extensions of weighted integrable distributions to the upper half-space, where the
convergence is understood in the sense of the strong topology of the space.

The goal of this note is to study the boundary values of T * P, when T is a
function in the weighted space LP (w‘"‘l), 1 < p < o0, or a weighted distribution
in an intermediate space between LP (w‘”_l) and w"+1D'Ll. Since LP (w‘"‘l) C
Lt (w‘"‘l) C w”“D’Ll, these considerations make sense.

First, we will introduce briefly some definitions and results that will be required
along this work, trying to avoid technicalities that could be tedious the reading of
the prerequisites.

With B we indicate the space of smooth functions ¢ : R" — C such that
0%y is bounded in R" for each multi-index . We consider in B the topology of
the uniform convergence in R" of each derivative. With B we indicate the closed
subspace of B that consists of those smooth functions ¢ : R" — C such that
9% — 0 as || — oo, for each multi-index a. The space C§° is dense in B but not
in B.

The space D}, of integrable distributions is, by definition, the topological dual
of the space B, endowed with the strong dual topology.
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Since C§° is dense in B, the space D', is a subspace of D’. According to [5],
each distribution T' € D/, can be represented as

J— (0%
= Zfinite 0 fa (1)
where f, € L.

We can also consider an alternative topology in the space B. We will denote
with B, the space B endowed with the following notion of convergence: a sequence
{j} converges to ¢ in B, if for each multi-index a, sup; [|[0%p;| ., < oo and the
sequence {0%p;} converges to 0%p uniformly on compact sets of R™. It can be
proved that C§°, and so B, is dense in B. and also that the space D}, is the
topological dual of B..

Now we consider the notion of S’-convolution whose aim is to preserve the
Fourier exchange formula.

DEFINITION 1. [6] Given two tempered distributions 7" and S, it is said that

they are S’-convolvable if T'(S * ¢) € D}, for every ¢ € S. If this is the case, the
map

S—C

o (T(S % ¢), Dy b, (2)

is linear and continuous. Thus, it defines a tempered distribution which will be
denoted by T * S.

This operation coincides with the classical convolution defined by L. Schwartz,
in all the cases in which both make sense.

In the paper [1] the problem of finding the optimal spaces of tempered distri-
butions that are S’-convolvable with the Poisson kernel is solved, for the Euclidean

version
Cn, 1

Pyz)=———, (3)
Yo (1= 2
(5 +1)
where ¢, =T (”T'H)/WHTH, y > 0.

The authors of [1] identified distributions in appropriate weighted spaces, as
those &’-convolvable with the euclidean version of the Poisson kernel. These dis-
tributions are defined as follows.

1
DEFINITION 2. Let w(z) = (1 + |x|2) *, for # € R™. Then, given 11 € R we
consider
W'Dy ={T €8 :w T €D}
with the topology induced by the map
w#D,Ll — DlLl

T— w HT.
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The space w#D7, is the topological dual of the spaces w™ "B and w"B..

THEOREM 3. [1] Given T € §’, the following statements are equivalent:
1. T € w™D,.
2. T is §'-convolvable with Py, for each y > 0.

Given T' € w"'D},, it was proved in [1] that the S’-convolution T" * P, is a
function defined on R" as

(T4 P) (@) = (0" OT 0 O = 1), (1)
Also, in [2] it is shown that
w" DY, = {T €8 :T= > 0fa facl (w-”—l)}. (5)

finite

2. Main results

According to [2], when T € w"*'D}, the &’-convolution T * P, is a function
in L' (w™"~'). Thus, we can consider the family of operators A, : L? (w™""!) —
L' (w7 1), 1 < p < oo, such that A, (f) = P, = f.

LeEMMA 4. For each y > 0, Ay is a bounded operator from LP (w_"_l) nto
itself, 1 < p < 0o, and moreover |Ay| < Cyp (1 + y)l/p.

Proof. Applying Jensen inequality and the semigroup property of the family
(Py),~0 We have

dx
1By * vy < [ [ 1FOF Py o= t) dt—
" (1+1eF)

=Cn | |fO (Py* Py) (t) dt

-

=, [ IO () (1)

<cu+y [ 1f0F —"
R (1 n \t|2) ?

= Co (14 ) 1y -

This concludes the proof. m

It has been proved in [2, Th. 3.6] that for f € L! (w*"’l) the &’-convolution
Pyxf— fin Lt (w*"’l) as y — 0T. This is also true for 1 < p < co as we prove
below.
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LEMMA 5. For each f € LP (w‘”_l), 1<p<oo, Pyxf— finlLP (w‘”‘l)
asy — 0T,

Proof. When f € C, it is clear that Py * f — f in L”, hence in LP (w‘"‘l) as

y — 0T. Now, if f € LP (w‘”_l) since C. is dense in LP (w‘"‘l), given € > 0 there

exists g € Ce such that [|f — gl ,»(-n—1) < € and also || Py x g — gl (y-n-1) <&
Thus

[Py * f— f”Lp(wfnfl) <Py« (f- 9)||Lp(w—n—1) + 2e. (6)

Jensen inequality and the semigroup property of the family (P,,)77>0 imply

1Py (= ey < Co [ 1= () Priy ) (7)
For 0 < y <2 we have that
[f = gI” (2) Priy (2) < Cn | f = gI" (2) P (2)
[f = gl” (2) Priy (2) = |f = gI" (z) Pr (2) asy — 07
and by Lebesgue Dominated Convergence Theorem we obtain that
tim [ 1 = gl () Py (2) do = a1 = gy
y—>0+ R”
Thus, choosing y > 0 small enough we can conclude from (6) and (7) that
| Py * f — f||Lp(w,n,1) < 3e+ Oy pe.

This concludes the proof. m

REMARK 6. Lemmas 4 and 5 imply that the family of operators (Ay), .,
is a strongly continuous semigroup of convolution operators in the Banach space
LP (w™"71), 1 < p < oo, such that [|Ay]| < Cpp (1 + g

The previous results lead us to consider the following subspace of w""‘lD’LI:

A, = {TGS':T: Z 0% fa, fa ELp(wnl)}, 1<p<oo.
finite
Clearly, A, is closed under differentiation and 0% (T * P,) = (0°T) * P, for each
T € A, and each multi-index ov.

Now, let T" € A,,. Using the fact that the S’-convolution T+ P, can be computed
as

(T * Py, 30)5/,3 = ((Py x )T, 1)@21730
= (7"7 Py * @)wn+1DL1 ,w—nleC

(see [1]), we can readily see for T = Y 0%fa, fo € LP (w™""') that

finite

TxP) @)= 3 (D" | fa®OP, (1) dt (8)

finite
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Thus, we can prove the following result.

LEMMA 7. IfT € Ay, 1 < p < oo, then T * Py is a smooth function and
o*(T = Py) € LP (w_"_l) for every multi-index a and each y > 0.

Proof. Since A, is closed under differentiation, it suffices to prove that T« P, €
LP (w="1) for every T € A,.

Without loss of generality let us assume that T'= 0“f, f € LP (w*”*). Then,
according to (8)

(T Py) (x) = (-1)° SO, @—t) dt

Since

_(ntlt]a])

Cra (1 o=t
yn+|a| y2

|07 Py (z — 1))

IN

we have that

(P @< 2 [ 15

- y"+‘a|

/N
—
+
B
< ||
[\
o
()
~
)
ISH
~

Cn,a
= ylal (Py | f]) ().

Therefore
Cn NeY

y|0‘|
C
<TG ) W gy -

<

1T % Pyl o a1y 18y 1 2 o n )

This concludes the proof. m
REMARK 8. For T € 4,, 1 <p<oo, T = > 0%, fa €L (w‘"‘l) we
finite
have o
n,o,p 1/p
1T % Pyll o (p-n—1y < fzf el (L+y) " fallpow-—n-1y-

We also have a version for the subspace A, of [2, Th. 3.6].

THEOREM 9. Giwven T € Ay, 1 < p < oo, the §'-convolution T * Py — T as
y— 0" in A,.
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Proof. Since the topology in A, is the inherited from w™ ™D}, LP (w™""1) —
L' (w™=1) < w"™1D},, and A, is closed under differentiation, it suffices to show
that P, * f — fin L? (w‘"‘l) as y — 0T. But this last assertion was proved in

Lemma 5. m

Next, we will approach the problem of pointwise convergence of the &’-
convolution P, * f when y — 07 and f € L* (w™"71).

THEOREM 10. Given f € L' (w™71), (P, f)(z) — f(z) asy — 0T for
every Lebesgque point x of f and therefore, almost everywhere on R".

Proof. For the first part of the proof, we will follow [3, Th. 8.15]. Let = be a
Lebesgue point of f. Thus for every g > 0 there exists A > 0 such that

/ f(x— 1) — f(2)] dt < CBr™, 0<r<A (10)
|t]<r
Now, we consider the integrals

.rlz/ltdu(x—t)—f(xnpy(t) dt

L =/|tZA|f(w—t)—f(x)le (t) dt.

We will prove that I is bounded by C3, where C' is a constant independent of y,
and that I — 0 as y — 0. This will imply the desired conclusion.

To get an estimate for I, let y > 0 fixed.
Select the unique integer NV satisfying
2V <A <aNFL f 2 >
y y
{o if 5 <1
We decompose the ball [¢| < A as the union of the annuli 35 < |t| < 727,1<j < N,
and the ball [t| < . By means of (10) and using the estimates

279\

—n—1
|P,(t)| < Cy™ [ } on the jth annulus

and
_ A
|P,(t)] < Cy~™ on the ball [t| < N
we obtain exactly in the same way as in [3] that
L <2"Cp.
To estimate Iy we proceed as follows. Since C, is dense in L! (w_"_l), given
£ >0 we write f = h + g where g € C¢ and ||h[| 1 (,—n-1) < €. Thus

IQSAZA'“Q”‘“"’“)'PMd”/ gz — 1) — g(2)| P, (t) dt

[t[>A
<[ me-olR@d+h@] [ P d2lgl. [ P
[t]=X [t]>A [t|>X
and the last two terms in the sum go to 0 as y — 0.
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It remains to analyze the term

/ I (z — )| P, (t) dt.
[t|>X

Using the change of variable u = y~'t we obtain

/ |h (z —t)| Py (t) dt:/ |h(x — yu)| P (u) du
[t > [u|>2X/y

71+1

h(z —yu (1+|x—yu|)
.y oyl )
[ul>\/y (1+|xfyu|

(14 1) ™

“C s <1+xyu|> b (2 — yu)
[ul>A/y 1+|u| 1+‘xfyu| )

1 - o h
_ ¢, sup + |@ @/2UI yfn/ | (S)IW ds
lul>X/y 1+ |ul R" 2

(1 + |5|2>

R™

n+1

1 - 2
< Cpey™™ sup 1tz —yul | y2u|
u>X/y 1+ [ul

We need to check that

n+4+1

1+ —yu®) °
sup —_— < 00
lul>X/y 1+ Jul

1 o 2
Coey™ sup [Tl
=My \ 1+ uf

and

asy — 0T,
We observe that

n+1

ntl ntl
P 1+ |z —yul*) ° 1+ |z —yul*\ °
n€Y sup T — = (Cpey sup — o
lul>a/y \ 1+ |uf ul2/y \ Y2+ yul

n+1

1 2
< Coey sup + (|z] + Iygl)
lul>A/y y% + [yul

2
o <1+ |yul )
ul=a/y \ Y7+ [yl
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N L 9 n«2¢»1
=Cprey (1+|x\ ) -—
llza/y \ 1+ Jul
n+41
ntl Ju|? 2\ 2
+ |u
SC’nsy(lJrM ) : /\27|2|
lulzx/y \ 1+ [ul
1\ 2 w? )T
< Cpey </\2 + 1> (1 + |z| ) sup | ——
lul>x/y \ 1+ [ul
1 = o 22
SC’ney()\z—l—l) (1—|—|x\) —0asy— 0.

This concludes the proof. m

REMARK 11. Using the fact that the function ¢ (z) = = w™*® with

L
(1+|x|2)s/2
0 < s <nisan A; weight (see [2, Lemma 5.2], we can assure the boundedness of
the Hardy-Littlewood maximal operator M from LP (¢) into itself , 1 < p < oo,
as well as from L' (¢) into weak L'(¢). This fact, plus the standard estimate
|(Py* f)(xz)] < CMf (x), and the arguments given in [4, Th. 4.12, p. 177], allow
us to prove that (P, * f)(z) — f(z) as y — 0T for almost every z € R" and
feLP(w™®),1<p< oo Since LP (w™*) C L (w ') c L' (w™ ') and
the inclusions are strict, Theorem 10 enlarge the class of functions for which the
pointwise convergence occurs.

REMARK 12. Given T' € w"*'D/, we know that T x P, € L' (w‘"‘l) for
each y > 0, thus, it seems natural to ask if 7"+ P, has pointwise boundary values.
However, this is not a relevant question. For example, if we consider the Dirac
measure p concentrated at 0, we have that P, = pu* P, and P, — 0asy — 0" a.e.,
thus the boundary value 0 does not determine P,. In this case T'= p € D} ,.
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