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ON PSEUDO-SEQUENCE-COVERING π IMAGES
OF LOCALLY SEPARABLE METRIC SPACES

Shengxiang Xia

Abstract. In this paper, pseudo-sequence-covering π images and pseudo-sequence-covering,
s, π images of locally separable metric spaces are discussed, their internal characterizations are
given, which extends and improves the study of images of locally separable metric spaces.

1. Introduction and definitions

To find nice internal characterizations of certain images of metric spaces is
one of main tasks on general topology. Recently, many results about the study
on various images of locally separable metric spaces have been obtained (see
[2,4,6,8,9,10,12,13,16,17]).

The following theorem was proved by Y. Ge, which answered a question in [8].

Theorem 1.1. [4] The following are equivalent for a space X:
(1) X is a quotient compact image of a locally separable metric space;
(2) X is a pseudo-sequence-covering quotient compact image of a locally separable

metric space.

It is known that every compact mapping from a metric space is an s, π map-
ping, so, it is natural to ask the following question.

Question 1.2. Suppose X is a quotient, s, π image of a locally separable
metric space. Is X a pseudo-sequence-covering, quotient, s, π image of a locally
separable metric space?

In [5], the definition of the concept of wcs-covers was introduced, and by
using it, characterizations of pseudo-sequence-covering π images of metric spaces
are given. What is a nice characterization of pseudo-sequence-covering, π images
of locally separable metric spaces? There is no answer to this question now. In
this paper, by using wcs-covers, characterizations of pseudo-sequence-covering, π
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images and pseudo-sequence-covering, s, π images of locally separable metric spaces
are given, which affirmatively answer Question 1.2 and extends the study of images
of locally separable metric spaces.

In this paper, all spaces are regular T1, and all mappings are continuous and
surjective. N denotes the set of all natural numbers, and ω = N ∪{0}. We suppose
that every convergent sequence contains its limit point.

Definition 1.3. [15] Let f : X → Y be a mapping, and (X, d) be a metric
space. f is called a π mapping, if d(f−1(y), X \ f−1(U)) > 0 for every y ∈ Y and
every open neighborhood U of y in Y .

Definition 1.4. Let f : X → Y be a mapping.
(1) f is called pseudo-sequence-covering [7,8], if for every convergent sequence

S in Y , there exists a compact subset K of X such that f(K) = S;
(2) f is called subsequence-covering [12], if for every convergent sequence S in

Y , there exists a compact subset K of X such that f(K) is an infinite subsequence
of S;

(3) f is called sequentially-quotient [1], if for every convergent sequence S in Y ,
there exists a convergent sequence L of X such that f(L) is an infinite subsequence
of S.

Definition 1.5. [10] Let {Pn} be a sequence of covers of a space X. {Pn} is
called a point-star network of X, if {st(x,Pn)} is a network for each x ∈ X.

Definition 1.7. Let P be a cover of a space X.
(1) P is called a cs*-cover [10] for X, if for every convergent sequence S in X,

there is P ∈ P and a subsequence S′ of S such that S′ is eventually in P ;
(2) P is called a wcs-cover [5] for X, if for every convergent sequence S con-

verging to x ∈ X, there exists a finite subfamily P ′ of (P)x such that S is eventually
in

⋃P ′.

We recall that a space is called a cosmic space [14], if it has a countable
network. It is known that a space is a cosmic space if and only if it is an image of
a separable metric space.

2. Main results

Theorem 2.1. The following are equivalent for a space X:
(1) X is a pseudo-sequence-covering, π image of a locally separable metric

space;
(2) X has a cover {Xα : α ∈ A}, each subspace Xα has a sequence of countable

covers {Pα,n}n∈ω (where Pα,0 = {Xα}) satisfying the following:
(a) {Pn}n∈ω is a point-star network of X, where Pn =

⋃
α∈A Pα,n and con-

sisting of cosmic subspaces;
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(b) For every sequence S converging to x ∈ X, there exists a finite subset A′ of
A such that for each n ∈ ω, (

⋃
α∈A′ Pα,n) is a wcs-cover for S (i.e. S is eventually

in
⋃P ′n for some finite subfamily P ′n of (

⋃
α∈A′ Pα,n)x ).

Proof. (1) ⇒ (2). Let f : M → X be a pseudo-sequence-covering, π mapping,
M be a locally separable metric space. By 4.4.F in [3], M =

⊕
α∈A Mα, where Mα

is a separable metric space. Let Bn be a locally finite open cover of M and refine
{B(z, 1

2n )}z∈M , set

Xα = f(Mα), Pα,n = {f(Mα ∩B) : B ∈ Bn}.
Then {Xα : α ∈ A} is a cover of X, and {Pα,n}n∈N is a sequence of countable
covers of Xα. Put

Pα,0 = {Xα}, α ∈ A, Pn =
⋃

α∈A

Pα,n, n ∈ ω;

then Pn consists of cosmic subspaces. For each x ∈ X, and an open neighborhood
U of x, then d(f−1(x),M \ f−1(U)) > 1

n0
for some n0 ∈ N . Taking m ≥ 2n0,

we have st(f−1(x),Bm) ⊂ B(f−1(x), 1
m ) ⊂ f−1(U). Hence we have st(x,Pm) ⊂

f(st(f−1(x),Bm)) ⊂ U . Thus, {Pn}n∈ω is a point-star network of X.
Let S be a sequence {xn} converging to x ∈ X. Since f is a pseudo-sequence-

covering mapping, there exists a compact subset K of M such that f(K) = S.
As K intersects only finitely many Mα, there is a finite subset A′ of A such that
K ⊂ ⋃

α∈A′ Mα, and we may assume that Mα ∩ K 6= φ for each α ∈ A′. Hence
S ⊂ ⋃

α∈A′ Xα. Note that f−1(x) ∩K is a compact subset of M , and thus there
is a finite subfamily B′n of Bn covering f−1(x) ∩ K for each n ∈ ω, and we may
assume that B ∩ f−1(x) ∩K 6= φ for each B ∈ B′n. Set

P ′n = {f(B ∩Mα) : B ∈ B′n, α ∈ A′, f−1(x) ∩B ∩Mα 6= φ}.
It is clear that P ′n is finite and P ′n ⊂ (

⋃
α∈A′ Pα,n)x. In the following, we show

that S is eventually in
⋃P ′n. If not, there is a subsequence {xnj} of {xn} such

that xnj /∈ ⋃P ′n for each j ∈ N . Note that f(K) = S, so that there exists aj ∈ K
such that f(aj) = xnj for each j ∈ N . Put G = {G = Mα ∩ B : B ∈ B′n, α ∈
A′, f−1(x) ∩ B ∩ Mα 6= φ}; then P ′n = f(G). Hence aj /∈ ⋃G. Since K \ ⋃G
is a compact subset of M , there exists a subsequence {ajk

} of {aj} with {ajk
}

converging to a ∈ K \⋃G. Hence f(a) 6= x, which contradicts the continuity of f .
Thus, S is eventually in

⋃P ′n.
(2) ⇒ (1). Put

Pα,n = {Pβ : β ∈ Bα,n}, α ∈ A, Bn =
⋃

α∈A

Bα,n, n ∈ ω.

Each Bn is endowed with the discrete topology, and put M = {a = (γn) ∈∏
n∈ω Bn: there is a finite subset A′ of A such that Pγn ∈ ⋃

α∈A′ Pα,n, and
{Pγn : n ∈ ω} is a network for some point xa ∈ X}. Then M is a metric space.
Define f : M → X by f(a) = xa; it is easy to check that f is a mapping.
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(i) M is locally separable.
If a = (γn) ∈ M , then there exists a finite subset A′ of A such that

Pγn
∈ ⋃

α∈A′ Pα,n for each n ∈ ω. Set Ma = {b = (βn) ∈ M : β0 = γ0, Pβn
∈⋃

α∈A′ Pα,n for each n ∈ N}; then Ma is an open neighborhood of a in M and
Ma ⊂ ∏

n∈ω(
⋃

α∈A′ Bα,n). As
⋃

α∈A′ Bα,n is countable for each n ∈ ω, Ma is
separable, hence M is locally separable.

(ii) f is a π mapping.
For a = (αn) ∈ M, b = (βn) ∈ M , define

d(a, b) =
{

0, a = b,

max{ 1
k+1 , αk 6= βk}, a 6= b.

Then d is a distance function on M . Since the topology of M is introduced as the
subspace topology of the product of discrete topologies on Bn’s, d is a metric on
M . Let x ∈ X, U be an open neighborhood of x. As {Pn} is a point-star network
of X, st(x,Pm) ⊂ U for some m ∈ ω. Then d(f−1(x), M \ f−1(U)) ≥ 1

2m+1 > 0.
In fact, let a = (αn) ∈ M with d(f−1(x), a) < 1

2m+1 ; then d(a, b) < 1
m+1 for

some b = (βn) ∈ f−1(x). Hence we have αk = βk, when k ≤ m. Noting that
x ∈ Pβm ∈ Pm, Pαm = Pβm . So f(a) ∈ Pαm = Pβm ⊂ st(x,Pm) ⊂ U . Therefore
a ∈ f−1(U). We have proved that if a ∈ M \ f−1(U), then d(f−1(x), a) ≥ 1

2m+1 .
Hence d(f−1(x),M \ f−1(U)) ≥ 1

2m+1 > 0, and f is a π mapping.
(iii) f is a pseudo-sequence-covering mapping.
Let S be a sequence converging to x ∈ X. By (b) of (2), there exists a

finite subset A′ of A satisfying: there is a finite subfamily P ′n of (
⋃

α∈A′ Pα,n)x

such that S is eventually in
⋃P ′n for each n ∈ ω. We may assume that each⋃

α∈A′ Pα,n is a cover of S. Hence there exists a finite subset Cn of
⋃

α∈A′ Bα,n

such that S ⊂ ⋃
γn∈Cn

Pγn and Pγn ∩ S closed in X for each n ∈ ω. Put K =
{(γn) ∈ ∏

n∈ω Cn :
⋂

n∈ω(Pγn ∩ S) 6= φ}. Then K ⊂ M and f(K) ⊂ S. In fact, let
b = (γn) ∈ K; then

⋂
n∈ω(Pγn ∩S) 6= φ, and γn ∈ Cn. Take z ∈ ⋂

n∈ω(Pγn ∩S); as
{Pn} is a point-star network of X, {Pγn : n ∈ ω} is a network of z in X. By the
definition of Cn, we have b ∈ M and f(b) = z, so f(K) ⊂ S. On the other hand, let
z ∈ S; taking γn ∈ Cn with z ∈ Pγn for each n ∈ ω, we have

⋂
n∈ω(Pγn ∩ S) 6= φ,

and thus {Pγn : n ∈ ω} is a network of z in X. Put b = (γn); then b ∈ K and
z = f(b). Thus, S ⊂ f(K). Therefore f(K) = S. In the following, we show that
K is a compact subset of M . It is clear that K ⊂ ∏

n∈ω Cn, and
∏

n∈ω Cn is a
compact subset of

∏
n∈ω Bn. If a = (γn) ∈ ∏

n∈ω Cn \K, then
⋂

n∈ω(Pγn ∩S) = φ.
Noting that each Pγn ∩ S is a compact subset, then

⋂
j≤n0

(Pγj ∩ S) = φ for some
n0 ∈ ω. Set U = {(βn) ∈ ∏

n∈ω Cn : βn = γn, when n ≤ n0}; then U is an open
neighborhood of a in

∏
n∈ω Cn and U ∩K = φ. Hence K is closed in

∏
n∈ω Cn, K

is a compact subset of M . Therefore, f is a pseudo-sequence-covering mapping.

Lemma 2.2. [4] Let f : X → Y be a subsequence-covering mapping. If points
in X are Gδ, then f is sequentially-quotient.

Lemma 2.3. [5] Let P be a cover of a space X. If P is a point countable
cs*-cover, then P is a wcs-cover.
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Theorem 2.4. The following are equivalent for a space X:
(1) X is a pseudo-sequence-covering, s, π image of a locally separable metric

space;
(2) X is a subsequence-covering, s, π image of a locally separable metric space;
(3) X is a sequentially-quotient, s, π image of a locally separable metric space;
(4) X has a point countable cover {Xα : α ∈ A}, each subspace Xα has a

sequence of countable covers {Pα,n}n∈ω (where Pα,0 = {Xα}) satisfying the follow-
ing:

(a) {Pn}n∈ω is a point-star network of X, where Pn =
⋃

α∈A Pα,n and con-
sisting of cosmic subspaces;

(b) For every convergent sequence S , there exists a countable subset A′ of A
such that (

⋃
α∈A′ Pα,n) is a cs*-cover of S for each n ∈ ω;

(5) X has a point countable cover {Xα : α ∈ A}, each subspace Xα has a
sequence of countable covers {Pα,n}n∈ω (where Pα,0 = {Xα}) satisfying the follow-
ing:

(a) {Pn}n∈ω is a point-star network of X, where Pn =
⋃

α∈A Pα,n and con-
sisting of cosmic subspaces;

(b) For every convergent sequence S in X, there exists a countable subset A′

of A such that (
⋃

α∈A′ Pα,n) is a wcs-cover of S for each n ∈ ω.

Proof. (1) ⇒ (2) is obvious.
(2) ⇒ (3) follows from Lemma 2.2.
(3) ⇒ (4). Let f : M → X be a sequentially-quotient, s, π mapping, M be

a locally separable metric space. By 4.4.F in [3], M =
⊕

α∈A Mα, where Mα is
a separable metric space. Let Bn be a locally finite open cover of M and refine
{B(z, 1

2n )}z∈M , set

Xα = f(Mα), Pα,n = {f(Mα ∩B) : B ∈ Bn}.
Then {Xα : α ∈ A} is a point countable cover of X, and {Pα,n}n∈N is a sequence of
countable covers of Xα. Put Pα,0 = {Xα}, α ∈ A, Pn =

⋃
α∈A Pα,n, n ∈ ω;

then Pn consists of cosmic subspaces. For each x ∈ X, and an open neigh-
borhood U of x, then d(f−1(x),M \ f−1(U)) > 1

n0
for some n0 ∈ N . Tak-

ing m ≥ 2n0, then st(f−1(x),Bm) ⊂ B(f−1(x), 1
m ) ⊂ f−1(U). Hence we have

st(x,Pm) ⊂ f(st(f−1(x),Bm)) ⊂ U . Thus, {Pn}n∈ω is a point-star network of X.
Let S be a sequence {xn} converging to x ∈ X, and A′ = {α ∈ A : x ∈ Xα}.

Then A′ is countable. Since f is a sequentially-quotient mapping, there exists a
sequence L converging to a ∈ M such that f(L) is a subsequence of S. Suppose
a ∈ Mα′ , hence L is eventually in Mα′ . Since f(a) = x, α′ ∈ A′. As Bn is an
open cover of M , there exists a Bn ∈ Bn such that a ∈ Bn, hence L is eventually in
Bn∩Mα′ . Thus f(L) is eventually in Pn = f(Bn∩Mα′) ∈ Pα′,n for each n ∈ ω, and
α′ ∈ A′. i.e. S has a subsequence eventually in Pn. Noting that Pα,0 = {Xα}, thus
we have shown that {Xα : α ∈ A} is a point countable cs*-cover of X. By Lemma
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2.3, {Xα : α ∈ A} is a wcs-cover for X. So S is eventually in
⋃{Xα : α ∈ A′}. We

may assume that {Xα : α ∈ A′} covers S. Thus S ⊂ ⋃
α∈A′ Pα,n for each n ∈ ω.

In the following we show that (
⋃

α∈A′ Pα,n) is a cs*-cover of S for each n ∈ ω.
Let S1 be a subsequence {xnj} ∪ {x} of S. Since f is a sequentially-quotient
mapping, there exists a sequence L1 converging to a1 ∈ M such that f(L1) is a
subsequence of S1. Suppose a1 ∈ Mα′′ , hence L1 is eventually in Mα′′ . Since
f(a1) = x, α′′ ∈ A′. As Bn is a open cover of M , there exists a B′

n ∈ Bn such
that a1 ∈ B′

n, hence L1 is eventually in B′
n ∩Mα′′ . Thus, f(L1) is eventually in

P ′n = f(B′
n ∩Mα′′) ∈ Pα′′,n for each n ∈ ω, and α′′ ∈ A′. i.e. S has a subsequence

eventually in P ′n. Hence (
⋃

α∈A′ Pα,n) is a cs*-cover of S for each n ∈ ω.
(4) ⇒ (5) holds by Lemma 2.3 and the fact each

⋃
α∈A′ Pα,n is countable.

(5) ⇒ (1). Put

Pα,n = {Pβ : β ∈ Bα,n}, α ∈ A, Bn =
⋃

α∈A

Bα,n, n ∈ ω.

Each Bn is endowed with the discrete topology, and put M = {a = (γn) ∈∏
n∈ω Bn : there is a countable subset A′ of A such that Pγn ∈

⋃
α∈A′ Pα,n, and

{Pγn}n∈ω is a network for some point xa ∈ X}. Then M is a metric space. Define
f : M → X by f(a) = xa; it is easy to check that f is a mapping.

(i) M is locally separable.
Let a = (γn) ∈ M ; then there exists a countable subset A′ of A such that

Pγn ∈ ⋃
α∈A′ Pα,n for each n ∈ ω. Set Ma = {b = (βn) ∈ M : β0 = γ0, Pβn ∈⋃

α∈A′ Pα,n for each n ∈ N}. Then Ma is an open neighborhood of a in M and
Ma ⊂ ∏

n∈ω(
⋃

α∈A′ Bα,n). As
⋃

α∈A′ Bα,n is countable for each n ∈ ω, Ma is
separable, M is locally separable.

(ii) As in the proof (2) ⇒ (1) in Theorem 2.1, f is a π mapping.
(iii) f is an s mapping.
For x ∈ X, set A′′ = {α ∈ A : x ∈ Xα}; then A′′ is countable. Put B′

n = {γ ∈
Bα,n : x ∈ Pγ , α ∈ A′′}; then each B′

n is countable. If L =
∏

n∈ω B′
n, then L is a

separable subset of
∏

n∈ω Bn. If b = (γn) ∈ L, then x ∈ Pγn ∈
⋃

α∈A′′ Pα,n for each
n ∈ ω. As {Pn} is a point-star network of X, {Pγn : n ∈ ω} is a network of x in X.
Hence b ∈ f−1(x), L ⊂ f−1(x). On the other hand, suppose b = (γn) ∈ f−1(x),
then f(b) = x. So {Pγn : n ∈ ω} is a network of x in X, and x ∈ Pγn . Thus
γn ∈ B′

n, b = (γn) ∈ ∏
n∈ω B′

n, f−1(x) ⊂ L. Therefore f−1(x) = L, i.e. f is an s
mapping.

(iv) f is pseudo-sequence-covering in view of (2) ⇒ (1) in Theorem 2.1.

Corollary 2.5. The following are equivalent for a space X:
(1) X is a pseudo-sequence-covering, quotient, s, π image of a locally separable

metric space;
(2) X is a subsequence-covering, quotient, s, π image of a locally separable

metric space;
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(3) X is a quotient, s, π image of a locally separable metric space;
(4) X is a sequentially-quotient, quotient, s, π image of a locally separable

metric space;
(5) X is sequential and has a point countable cover {Xα : α ∈ A}, each subspace

Xα has a sequence of countable covers {Pα,n}n∈ω (where Pα,0 = {Xα}) satisfying
the following:

(a) {Pn}n∈ω is a point-star network of X, where Pn =
⋃

α∈A Pα,n and con-
sisting of cosmic subspaces;

(b) For every convergent sequence S , there exists a countable subset A′ of A
such that (

⋃
α∈A′ Pα,n) is a cs*-cover of S for each n ∈ ω;

(6) X is sequential and has a point countable cover {Xα : α ∈ A}, each subspace
Xα has a sequence of countable covers {Pα,n}n∈ω (where Pα,0 = {Xα}) satisfying
the following:

(a) {Pn}n∈ω is a point-star network of X, where Pn =
⋃

α∈A Pα,n and con-
sisting of cosmic subspaces;

(b) For every convergent sequence S in X, there exists a countable subset A′

of A such that (
⋃

α∈A′ Pα,n) is a wcs-cover of S for each n ∈ ω.

Proof. Note that quotient mappings preserve sequential spaces. We need only
to prove (3) ⇒ (4), and it follows from Lemma 1.4.2 in [10].

Recently, Lin [11] proved that there exists a quotient, π mapping f on a metric
space such that f is not pseudo-sequence-covering. And the following question is
still open. Is every quotient π image of a metric space also a pseudo-sequence-
covering, quotient π image of a metric space? [11]. The question and Corollary 2.5
naturally suggest the following question.

Question 2.6. Suppose X is a quotient, π image of a locally separable metric
space. Is X a pseudo-sequence-covering, quotient, π image of a locally separable
metric space?
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