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ABSTRACT. It is shown that, on certain weighted spaces of vector fields
on R?, any homogeneous measure of finite energy density and dissipa-
tion can be approximated in the second Wasserstein distance by ho-
mogeneous measures supported by finite trigonometric polynomials of
increasing period and degree. In particular, the periodic correlation
functions of the approximation converge uniformly on compact sets of

R? to the correlation function of the given measure.
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1. INTRODUCTION

Measures on function spaces invariant under shift of the argument are
called homogeneous. Such measures are important in Kolmogorov’s theory
of turbulence. Properties of their correlation functions test the validity of
the theory when compared to real data.

The first construction of homogeneous measures supported by weak so-
lutions of the Navier-Stokes equations, called statistical solutions, is [VE]].
It relies on approximating an initial homogeneous measure u by explicitly
constructed homogeneous measures p; supported by trigonometric polyno-
mials of degree I and period 21, see section [i.1] below. The approximation
there is in characteristic: The characteristic functions of the y;’s converge to
the characteristic function of p, see section R.7. Throughout this note, such
an approximation will be referred to as an [-approximation of the given
homogeneous .

These statistical solutions are a weak limit P of push-forward measures
P, := (S1)4u, for S; the solution operator of the Galerkin approximation
defined from such trigonometric polynomials, see section P.9 for definitions.
Convergence in characteristic suffices to show that the restriction of P at
time 0 is the initial measure p. The details of this construction are in [VE],
with Appendix II there containing the details of the approximation p; — .
A similar construction yielding homogeneous and isotropic solutions, [DFK]],
relies on this convergence in characteristic.

On the other hand, several properties of the spatial correlation functions
R;; of homogeneous and isotropic fluid flows are taken for granted, see O],
for example. Often, arguments for the validity of these properties express the
correlations as Fourier transforms. The existence of the Fourier transform of
the correlation tensor has not been shown for homogeneous solutions, even
when the Fourier transform of the correlation of the initial measure exists.
What does hold is that the correlation tensor of any homogeneous measure
is the Fourier-Stieltjes transform of a (possibly) non-differentiable function.
This is thoroughly explained in [[].

The p; homogeneous measures above have, of course, periodic correla-
tions, and hence Fourier series expansions. One can then try to show that
an [-approximation also yields an approximation of the corresponding corre-
lations to the correlation of y, that this is also true for (almost) all times for
statistical solutions, and then use Galerkin correlations to get information
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for the correlations of the solution itself.f] This note substantiates the first
of these steps:

Main Theorem. Let i1 be a homogeneous measure on the separable Hilbert
space HO(r) of vector fields on R3, as in Definition B.1 below, and let y; be
an l-approzimation of p, as in section [[.1 below. Then the p;’s converge to p
weakly, up to subsequence, and the correlation functions of this subsequence
converge to the correlation functions of p pointwise.

The precise statement of this theorem is Theorem [L.5. The proof of this
main theorem is perhaps interesting in itself: It first improves the conver-
gence of y; to p from characteristic to weak and then shows that second

moments converge:

(1) / ol () — / ol ().

Recall here a standard result in the theory of optimal transport: Weak
convergence and the convergence ([) is equivalent to convergence in the
space Wa(H(r)) of probability measures on H°(r), with finite second mo-
ment, equipped with the second Wasserstein metric W, see section (R.4) for
definitions. In this way, this note is a first step in revisiting the constructions
[VH| and [DFK] in terms of the geometry of the Wasserstein space. (For
example, the restriction at time ¢ of the measures P, describe absolutely
continuous curves in Wa(H%(r)).)

Kuksin and Shirikian use the first Wasserstein metric Wy in their study of
stochastic (as opposed to statistical) solutions of the 2-dimensional Navier-
Stokes equations on periodic domains, see [Kd], [KJ).

Section P| gathers the necessary definitions and some lemmas to be used
later. Although the main result here concerns l-approximations, section [
gives a general statement for the Wasserstein convergence of homogeneous
measures, with an eye to proving convergence of correlations for statistical
solutions, for all times, in forthcoming work. Section Y then shows that
the conditions of the general theorem hold for [-approximations. The final
section remarks on how the main result still holds for homogeneous AND
isotropic measures and alternative approximations.

Iror example, in dim=1, convergence of correlations of an [-approximation of Burgers
statistical solutions for almost all times implies immediately that the integral of the cor-
relation function is constant in time, as already anticipated by Burgers, [E] In fact, the
main motivation behind this note is to develop tools for examining the spatial decay of

correlation functions of Navier-Stokes statistical solutions in dimension 3, cf. @]
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2. SPACES AND MEASURES

2.1. Spaces. Non-trivial measures invariant under shifts exist on weighted
Sobolev spaces of vector fields, but not on LP spaces, the weight in the norm
ensuring that balls in the function space are not be invariant under shifts,

[VH], p. 208:

Definition 2.1. For r < —3/2, define HO(r) to be the space of measurable,
solenoidal vector fields u on R3,

(2) /u(x) Vo(x) dr =0 for all ¢ € CF(R?),

with finite (0,1)-norm:
Q Julf, = [ (14 1e?) )

Similarly, define H!(r) to be the space of vector fields u on R? satisfying (B)
and with finite norm

(4) ¥, =/ (1 +12)" (Jul@)P + [Vu(@)?) d.
RS

Observe that the restriction on r implies that constant and periodic vector
fields belong to the above spaces.

Lemma 2.2. H!' (') compactly embeds into H°(r) for r < r'.
Proof. For any u in the ball of radius M in H!(r')
(5) / (U4 2P Ju(e)[? de < M.
R3
Then for any € > 0 there exists an R, such that for all R > R,
(6)
/ (L +[2[*)" |un(x)|? dz =/ (L4 )7 (1 + ) fun (@) da
R3\Br R3\Br

<(1+R)""M < %
for all such .

At the same time, the restrictions u|p, form a bounded set in W12(Bp),
and therefore a precompact set in L?(Bg), by standard Sobolev embedding.
In particular, [J], p. 239, there exist w; in L?(Bg), i = 1,2,..., N(e), such
that for any u as above there exists an ¢ with

(7) / 1+ 2l) [u(e) - wi@)? dz < [Ju—will g2, <

Bpr

<
5
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Now extend each w; trivially by setting it zero outside of Br. Then
(8)
| @ 1Py Ju(e) - wi(o)? da

- / (U [2f?)" Ju(z) — wi(e)? dx + / (U4 [22)" Ju(z)? d < e.
Br

By

Therefore the u’s form a precompact set in HO(r). O

2.2. Shifts and push-forwards. For u in these spaces let T}, be the trans-
lation operation defined, weakly, by

9) Thu(x) = u(z + h).

For M a metric space denote by B(M) the o-algebra of Borel sets of M. Let
My, M5 be metric spaces, and ¥ : My — Ms be measurable.
For every Borel measure v on M; define a new measure W4 on Ms:

(10) Uy4v(B) =v(P'B) V B € B(M,).

The measure Vv is the push forward of the measure v under the
map V. ([[0) is equivalent to

() [ 1w wpiaw) = [ 1) waw)
for any Wyv-integrable f: My — R.

Definition 2.3. A measure p defined on B(H°(r)) is called homogeneous
if it is translation invariant:

(12) Tpn=pes | FO) )= [ Fw) i),
for any p-integrable F, for all h in R3.

2.3. Point-wise averages and densities. The homogeneity of a measure
p implies that the functionals on L!(R3)

o [ [ l@)Po) do nlaw),
o [ [ 1vu@Po(w) do putau)

are invariant under translation of ¢, therefore the point-wise averages

(14) / ju(@)? (), / Vu()? pu(du),

(13)
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can be defined by
| [ 1@Po@) o wiaw) = [u@P nian) [ o) da.

" //‘Vu(a:)fzqﬁ(x) dz p(du) :/NU(%)‘2 M(du)/(b(x) o

for any ¢ € L1(R®), and they are independent of x € R3, see Chapter
VII, section 1 of [VI]. The first average in ([4) will be called the energy
density and the second one the density of the energy dissipation.ﬂ

2.4. Wasserstein convergence. On P,(X), the space of probability mea-
sures on a separable Hilbert space X with finite p-moments, consider the
p-Wasserstein metric:

1/p
16) W) = (it [ u ol )
m€l(p1,p2) J X x X

with
(17) L(pa, p2) = {m € P(X x X) : (pr1)gm = pu, (pro)gm = pa}

(For an equivalent description of T" in terms of couplings of random variables

see [Kd], p. 41.)

The p-Wasserstein space is the metric space W,(X) = (Pp(X), W,).
It is complete, separable, [AGY], p. 154, not locally compact, [AGY], p. 156,
and the following holds as n — oo:

n — W, weakl
(18) W (tn, 1) — 0 < { A . }

S lull pn(du) = [y llull’ p(du)

see [AGY], p. 154, or [V, p. 212.

2.5. Homogeneity in the Wasserstein space. Of concern will be mea-
sures on H%(r) of finite energy density. Taking ¢ in ([LJ) to be the integrable
weight of the H°(r)-norm, such measures satisfy

(19) / ll200,2(c) < +o0,
HO(r) HO(r)

i.e. they have finite second moment.

2A terminology justified by the identity %%? = —v|Vul?, which formally follows after

integrating by parts the Navier-Stokes equation of viscosity v.
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For X separable Hilbert, the space Tan,W?(X), tangent to W2(X) at a
measure f, is identified in [AGY] in terms of vector fields on X itself. It
consists of vector fields perpendicular to those v : X — X satisfying

(20) / < VF(u),v(u) >x p(du) =0,

for any F' cylindrical function on X.
In this way, for X = H°(r), the homogeneity of a measure y with

(21) [ Tl i) < +oc
HO(r)

implies that the vector field

(22) u+— Vu-h

is in TantWQ(X), for all h € R3. (Differentiate ¢ — [y F(Tepu) p(du)
at ¢ = 0.) This restricts the tangent space at a homogeneous p. That
this vector field is in Taanz (X) and [AGY], Proposition 8.3.3 also give an
approximation of p other than an l-approximation (via absolutely continuous
measures on finite dimensional subspaces), see section f.9.

2.6. Correlations. Use the homogeneity of the measure as in ([[§) for any
h € R3 and any ¢ € L'(R3) to see that there is R;;(h) such that

(23) /HO(T) /R3 wi(x)u;(x + h)o(x) de p(du) = R,-j(h)/ () dx.

R3

Call the function h — R;;(h) on R? the (i,j)-th correlation function of
L

Correlation functions are often defined as w;(x)u;(z + h), with the over-
line indicating some average. This corresponds here to the bilinear form

(24) / < uiy ¢ >< g, > p(du),
HO(r)

for ¢ and @ smooth, with compact supports concentrated around x and
x + h respectively, and for <,> the L?-inner product. By Holder, this
is continuous on HO(—r) x H°(—r), for r still smaller than —3/2, as in
Definition .1.

The following relates correlations as defined in () to the bilinear form
(B4) and will be used later. It is an elementary instance of the Kernel
Theorem, cf. [GV], pp 167-169:
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Lemma 2.4. For j homogeneous on HO(r) with finite second moment, the
following holds:

(25) / < Uiy ¢ >< uj, > p(du) = / i ( / o(x)(x+h) dz dh
HO(r)

for any ¢, € C’(‘]’O(R?’).

Proof. A simple change of variables, Fubini’s Theorem (valid by the second
moment assumption), and the definition of the correlation functions give:

/ < Ui, ¢ >< uj, > p(du)
HO(r)

- /HO /R3 /RB ui(w) o(x) u;(y) Y(y) de dy p(du)
/Ho /RS /RS ui(x) ¢(z) uj(z + h) Y(z + h) dov dh p(du)

/IRS /RS /HO(r ) uj(z + h) p(du) ¢(z) Y(z + h) dz dh,
= /R3 Rij(h) /R 6(x) Y(w + h) dx dh. O

Remark 2.5. (Regular Kernel.) For p homogeneous with finite energy den-
sity and finite dissipation rate (assumptions that will be used below), the cor-
relation functions R;; are bounded and in C? with bounded derivatives, see
IVH], Lemma VIIL.7.3. When p is the evaluation of a Navier-Stokes homo-
geneous statistical solution at some positive time decay at spatial infinity for
the R;j’s is expected, but not rigorously shown. The hydrodynamic pressure
and the decay rate of the correlation of the initial measure are expected to
determine the rate of decay for t >0, cf. [BPY, [0, [

2.7. Convergence in characteristic. Recall the characteristic function of
a measure g on X

(26) xu(9) = /X E<UEZX (du),

for ¢ test function. Also recall that p,, — p in characteristic if

(27) X;m(‘ls) - Xu(‘ls),

for any ¢. Finally recall that given p and v probability measures of finite
first moments such that x,(¢) = x,(¢) for all ¢ in a dense set in X, then
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Xp(u) = xu(u) for all w in X (and hence p = v): Indeed, given ug € X, ¢, —
uin X,

@) [ (e e ) < o = woll [ el e

3. GENERAL RESULTS
Theorem 3.1. Let {11 }150 be a family of homogeneous measures on H°(r),r <

—3/2, with

(20) / ([u(@)]? + |Vu(@)) u(du) < C

for all I and C independent of I. Then there is subsequence {Ml(z')}z‘eN con-
verging weakly to some (necessarily homogeneous) measure p on HO(r), and

i
G0 [l @) < [ fut)Putdn) <o, i€
then pyiy — p in Wa(H°(r)).

Proof. Step 1: For some subsequence l(i),i € N, pi) — K weakly as mea-

3
sures on H°(r): For the given r, pick any r’ satisfying r < 7’ < ~3 By
(B9) and the definition of pointwise averages ([[3),

(31) [ Tl () < -+,

for all I. Therefore all Borel subsets of H°(r) with infinite 7! (') norm have
wi-measure zero, for any [, i.e. all y;’s are supported on H*(r'), for any such
' i

Given the compactness of the embedding H!(r’) into H°(r) from Lemma
R.2, it suffices to show that for all /

(32) / leallgs oy 112 < G,

for C independent of [, cf. Lemma I1.3.1 in [VI], or Remark 5.1.5 in [AGY].
This follows from (29) and Holder.

Now rename (i) to .

Step 2: The following holds:

(33) [ ulBaymtdn) = [ JulBingytau), 1 oc.

3Note that (E) implies that the homogeneous p;’s are supported in H'(r), for any
r < —3/2.
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Indeed, it is standard that the weak convergence of p; to p as measures on
HO(r) implies that

(34) timint [ oy a(@) > [ fullqn(do.
Then (B{) implies that in addition,
(35) imsup [ Julogym(d) < [ oo n(do).

This in turn implies that the second moments

(36) [ 1yt
are uniformly integrable in [, i.e.

(37) lim w30k (du) — 0,
R=oo Jqpusry )

uniformly in /, see Lemma 5.1.7, [AGS]. It is also standard that this uniform
integrability implies (B3), see same Lemma in [AGY]. O

Remark 3.2. By Holder and ([1§), W2(H"(r)) convergence implies W1 (H°(r))
convergence, hence convergence of expectations.

Now convergence in Wy(X) implies convergence of integrals of continuous
functions of 2-growth, i.e.

(33) / F(w) pr(du) — / £(u) pu(du)

for any f satisfying | f(u)| < C(||ul/% +1), see Proposition 7.1.5 and Lemma
5.1.7 of [AGY], or Theorem 7.12 of [M]. Since for each fixed test ¢ the

function
(39) U —< u, ¢ >2

is a continuous function of 2-growth,
[ <worv>? i)~ [ <uosv>? ),
(10) [ <wo>t miaw — [ <uwo>* paw,
/ <u,tp > py(du) — / <u, v >? p(du),

hence

(41) /<u,¢ ><u,p > py(du) —>/<u,<z> ><u,p > p(du),
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for any ¢, 1 test functions.
Then for the particular case of homogeneous measures, where correlation
functions are defined, Wasserstein convergence implies the following:

Theorem 3.3. Let yy, p be as in Theorem [3.1. Then for each (i,j) there
exists subsequence of the correlation functions Rﬁj which converges to the
correlation function R;; pointwise, uniformly on compact subsets of R3.

The proof of Theorem B.J uses the following:

Lemma 3.4. Under the assumptions of Theorem B.4, the correlation func-
tions Rﬁj corresponding to the measures p; and their first derivatives are
uniformly bounded in 1.

Proof. First recall that, as for any homogeneous measure,

(42) i = [ 5

see Lemma VIIL.7.2 of [VE]. Following the definition of pointwise averages,
easily calculate

0

oy ()] = | [ S+ 1) o)

(@ +h) uj(z) p(du),

(13) S/\au”wh uzdu] [t mdU)F
| ]2 uz(du)r [ uz(dU)F,

which by (BJ) are bounded above uniformly in [ by C. Similarly,
(44) (jo(h)( <. 0

Proof of theorem [3.3. Since the VRl ’s are uniformly bounded by the pre-
vious lemma, the Rl 's are unlformly equicontinuous. Also by the previous

lemma, the sequence is equibounded, therefore by Arzela-Ascoli there exists
Q;j on R3 such that

(45) R; — Qy

pointwise, uniformly on compact subsets of R3, up to subsequence. In par-
ticular, for this subsequence,

(46) // y—x)P(x,y d:ndy—>// Qi;(y (z,y)dzdy
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on any B compact in R® and ® smooth with compact support in B. On the
other hand, since

(47) /<u,¢><u,ﬂ)> ,ul(du)—>/<u,¢><u,1/)> p(du)

for ¢ and 9 in C§°(R3) by (),

(@9) [ [ Byt -2) o@) vi) dody — [ [ Ry~ 2) ota) viy) dedy,

by (BH). Now linear combinations of products ¢(z)1(y) are dense in C§°(R®),
(see for example [[F]], Theorem 4.3.1), therefore, as the Rﬁj’s are bounded
uniformly in [ by Lemma B4,

// y =) ®z,y) d$dy_>//Rzn — x) ®(x,y)dxdy,

on any B. Therefore Q);; = R;;. In particular, Rij converge pointwise to
R;;, and uniformly so on compacts. O

4. APPLICATION: HOMOGENEOUS MEASURES ON TRIGONOMETRIC
POLYNOMIALS

4.1. Overview of [-approximations. The construction of homogeneous
and isotropic statistical solutions of the Navier-Stokes equations is based
on approximating ANY homogeneous i on H(r) by homogeneous j;’s sup-

ported on:
(50) M, = { Z ape®® s ap k=0, ak:E_ka‘},
ke 73,
|k[<i

the finite-dimensional space of divergence-free, real, vector valued trigono-
metric polynomials of degree I and period 2I. Note that M; C H°(r) holds
for all [. A concise description of the y;’s follows, with full details available
at Appendix II of [VH]. (The construction is not straightforward as one
must obtain divergence free periodic vector fields.)

e Given [, fix cut-off function v; with support well within T; = [, {]3.
This is used to cut in z-space.

e Also fix for the given [ a cut-off (, with support in a ball of radius
decreasing in [. This is used to cut in frequency space.

e Given u € H%(r), define

(51) wi(z) = u(x) - / uly) / SHEVEC (€) de dy.
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e Define ] to be the divergence free part of the projection on M; of
the periodization

(52) ul () = > (y w)(x +20) + Cu,

jEezZ3

for C, a constant that, as only derivatives will be of concern, does
not need to be specified here. Then define
U = H(r) — My
(53) s
U uy.

e Finally, define

(54) = (o (U x Id))g(p x 1),

where 7; is the normalized Lebesque measure on T;, Id the identity
on T;, and a(u, h) = Thu.

Given p homogeneous, an approximation p; of p constructed according to
(B1))-(F4) will be referred to as an [-approximation of .

Having averaged push forwards via [-periodics over T, y; is homogeneous
with respect to all shifts in R3, therefore py-pointwise averages can be de-
fined. The main result of Appendix II in [VE] then reads:

Theorem 4.1. p; — p in characteristic as | — oo, and

(55) / u(@)|? ju(du) < / u(@)]? pu(du).

Remark 4.2. Note that the correlations of the p;’s are also 2l-periodic, as

for any test ¢

(56) / g + 21 + )y (@)p(x) dr — / wi( + )y (2)(x) da,
R3 R3
for any u in the support of ;.

4.2. An improved energy estimate. The following extends part 3, Propo-
sition 2.1, Appendix I, in [VH]:

Lemma 4.3. For any homogeneous measure ji on H°(r) with

(57) / lul2ay p(du) < oo,
HO(r) H(r)
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there exist finite complex measures M;;, N;; on R3 such that the following
hold for averages of the distributional Fourier transforms of u’s and any
of rapid decay:

/’ <%w><%¢>uwm=/\wmﬁmmmx
(58) o -

[ <> < Va0 > ldn) = [ @) Ry (do),
HO(r) R3

with Hermitian inner products in C and C used in the integrands of the left
hand sides. In particular,

g/ﬁﬁu(d:n) :/|u(x)|2 p(du),
3
Z22;/‘51“(0&:) :/]Vu(x)\Q p(du).

(59)

Proof. For the second equality in (5§):

/HO( : < Vug, ¢ >Wﬂ(du)
(60) '
:/RS /HO( S Vui(z + h) Vu](x)ﬂ(:n + h)(—z) dz p(du) dh,

where Fubini is justified by (b7). Then the definition of the correlation
function and the identity

(m%mmmz/mmwmww+mmm>

= /8mul(33) Onuj(z + h) p(du),
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(see Lemma VIL.7.2 of [VH] for this), imply that

=< V2R, [¢)* > .

The first equality of (5g) is proved by exactly the same argument, cf. [VF],
p. 539. O

Lemma 4.4. For p homogeneous measure on H°(r) supported on H'(r)
and 1 an l-approzimation of i as a measure on H°(r), the following holds:

2 2 2
©) [ VR w0 [ (Vu@ + u)l) p)

Proof. First note that by the definition of p;

/ V() ? p(du) = / Vi (2 + D)2 m(dh) )
HO(r) HO(r) JT

— Vb (k)2 u
-0 (Zv ) )u(d)

kel

—C Y kP / 2 (k) 2 )

kel HO (T)

(64)

2 T (1|2
<O S [Pt

kel k<l
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for u] as in (FJ). Using (2.28') of Appendix II of [VE], rewrite this as
(65)

L 2 — m (€ — i u
mr, 2 M Lo | 0 6@ e 1) de] e
. 2
:Tﬁ S % / (=G @l€) k(€ — k) de| ()
kel [k|<l i
“me > X[ / {1=6©@a© (- dhic—h)
kel |kI<l 1

PO GE)Ew(©) due—H)} de| i)

|l|2 2 Z/ [ {aer -6y Ve —n

kel k<l 1

V() (1-G(©) dule— R} de| pldu)

< l|2 3 2/ | <, (1= Q) V(. — k) >

kel |k|<l i
] < Vi, (1= ) Gl = k) > 1} u(du).
Now use MM = >, M;; and N = ), N;; to rewrite this as:
(66)
ez V(& = k)
e { [a-cer > Sl

kel k| <l

: Gule — )P
. /R KNGS W‘n(ds)}

kel k| <

\V7¢U (& —K)| !#& §— k)2
<C{/Ra > e e [ Y M (df)}'

kel |k|<l ker,|k|<l

Observe next that there is Iy such that for [ > [y, using Parseval,

2

<L
Ty 2=

C

/ 1 dz, by (2.12) in Appendix II of [VT],
T,
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With this and the original estimate (2.44) from [VH], p. 547, the right hand
side of (€]) is smaller than

(68) 0{ [ omiae) + /]R 3 m(dg)}.

Using (b9), obtain

2 2 2
©) [ VP @ 0 [ (w4 V@) s 0

Theorem 4.5. Given p homogeneous on H°(r), let y; be an l-approzimation
defined by (51)-(4). Then, up to subsequence, Wo(uy, i) — 0 asl — oo and
the correlation functions Rﬁj of 11 ’s converge to the correlation functions R;;
of . uniformly on compact subsets of R3.

Proof. Lemma [£.4] shows that (R9) holds. Hence, the p;’s converge weakly
to a homogeneous measure p on H°(r) by Theorem B.1l At the same time,
Theorem [£.1] gives 11 as limit of the 4;’s in characteristic. It is standard that
these two limits must be equal, cf. [GY], p.370.

It follows from (F5) that (B{) is also satisfied. Therefore, from Theorem
it follows that p; — p in Wo(H(r)). And from Theorem B.J finally fol-
lows that the correlation functions Rﬁj converge to the correlation functions
R;; uniformly on compact subsets of RR3. O

5. FINAL REMARKS

5.1. Homogeneous and isotropic solutions. On R?, of interest in sta-
tistical hydrodynamics are homogeneous measures p that are also isotropic,
i.e. invariant also under rotations:

(70) (Ro)gh = p,

with Ryu(z) = u(w™z), for all w € O(3). The results of section [ hold true
for the analogue of the l-approximation of such measures by homogeneous
and isotropic y;’s, now supported on Uy, R,M;. This follows from the fact
that the improved energy estimate of Lemma ([f.4) holds. Its proof of re-
mains the same word for word, after integrations with respect to u(du) are
replaced by integrations with respect to p(du)dw. The details are in [Kd].

The following two subsections contain remarks that will be expanded on
future work.
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5.2. An alternative approximation in W5(H°(r)). It follows from (R2)
above and [AGY], Proposition 8.3.3, that a homogeneous p with finite energy
density and finite density of energy dissipation can be approximated, also in
Wo(H(r)), by measures ji,,, n € N, such that for each n: y, is supported on
some n-dimensional subspace of H%(r), is absolutely continuous with respect
to the n-Lebesque measure, and satisfies

(71) / < VO(u), up >p0(y pin(du) =0,

for u, smoothings of
(72 [ bV ) o),
{pry, (v)=u}

for p, the disintegration of ;1 with respect to (pr,,)xpu.
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