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Abstract

We give a new sufficient condition for the invariance of the essential spectrum of
—A + p, where p is a signed Radon measure. This condition is formulated in term
of the behavior of the ratio of the |u|-measure of compact subsets by their 2-order
capacity at infinity. Our method recovers a large class of measures.
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1 Introduction

Spectral properties of Schrodinger operators Hy := —A + V', where V' is a real potential
were extensively investigated. In the last years the case where V' is replaced by a signed
measure, gained much more interest. Such operators are called generalized Schrodinger op-
erators. Many authors discussed spectral properties and dynamics of such operators. We

here cite: [AGHKHSY, BM9U, Bra01], BEKS94, Maz83, Bto94]. This list does not exhaust

the existing literature about the subject and much more relevant references can be found

*Work supported by the Deutsche Forschungsgmeinschaft.



in the citations.

Generalized Schrodinger operators physically occur to describe interactions between a
‘quantum mechanical particle’ and potentials concentrated on surfaces (sphere, hyper-
plane), or more generally on subsets of positive capacity like d-sets (cf [JW84] for the
notion of a d-set) or on curves. They also occur as generators of a Brownian motion on R?
superposed with a killing or jumping process on some subset of R

The rigorous construction of such operators, as operators related to quadratic forms or as
self-adjoint realizations of some starting symmetric operator, was extensively discussed.

For the reader who is interested to such problems we cite [[AGHKHSS, Bra93 Kat93,
Maz83, Man07].

In this paper, we shall be concerned with essential spectra of operators of the type

HM = _A+/1’7 (1)

where p is a suitable signed measure and H, is constructed via quadratic forms. We shall
be mainly interested with giving sufficient conditions that guarantee the invariance of the
essential spectrum of H,.

Our main result, Theorem B.I] recovers the situation where the measure y is absolutely
continuous w.r.t. Lebesgue measure and also the known results for singular perturbations.

The same question was already discussed by many authors [BEKS94), Bra01], §to94], [0S93,
Bch8G and [Hem&7] in an abstract setting.

For our purpose, we shall use a potential-theoretical method. With our method, we
shall not demand from the measure |u| to be simultaneously bounded w.r.t. the energy
form (or —A-bounded in the absolutely continuous case) and to vanish at infinity, (cf.

[Sch8a, p.84], [HS94, in the absolutely continuous case and [Bra0I] in the singular

case). Instead, we shall demand from the ratio

|pl(K)
CHLPQU()7

where Cap, is the 2-order capacity, to vanish at infinity, in a sense to be precised later.
Proposition B.1] shows that this condition is weaker than the first mentioned one.

Let us mention that a similar method was already adopted in [KS86, Maz87], getting par-
tial informations about the essential spectrum of —A — p where p is a positive measure.

(2)

We stress that our method and techniques still work if the Laplace operator is replaced
by any second-order elliptic positive operator.

The paper is organized as follows: First we give the useful tools and preliminary results
for solving the problem. Preparing the main result, we show the invariance of the essential
spectrum if p has compact support. Under some conditions, we approximate H,, (in the
norm resolvent sense) by generalized Schrodinger operators whose potentials (measures)
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have compact support.

Then we give the main result about the invariance of the essential spectrum and discuss
it. At the end, we give a criteria for the validity of the assumption adopted in Theorem
B.1l (assumption (BY)) and show that, in some cases, it is equivalent to the fact that the
measure 4 vanishes at infinity.

2 Preliminaries

We denote by R? the d-dimensional Euclidean space. For a positive Radon measure x4, and a
subset Q C R?, we denote by L?(€, i) the space of measurable complex-valued (equivalence
classes of) functions defined on € and which are square-integrable with respect to p. If
QO =R L%, p) will be denoted simply by L?(p) and if i is the Lebesgue measure on R?,
which we denote by dx, the latter space will be denoted by L?. We use the abbreviation
a.e. to mean dz a.e. The spaces W™?(R%),r > 0 are the classical Sobolev spaces and
C5°(R?) is the space of infinitely differentiable functions with compact support in R¢.

For every o > 0, we denote by H, the operator H, := —A + « defined in L?, by g, its
Green function and by &, the form associated to H,:

D(&,) = WH(RY), /|Vf|2dx+a/ | f|?da .

The energy form is
£, D(&) = WH(RY), / |V f|? d.

r

For every r > 0, we denote by V. := (—A + 1)72 and by G, its kernel. We also define the
operator

Vii= L2 — L), VM'f = /Rd Gr(-y) f(y) dy. (3)

The r-capacity, which we denote by Cap,., is defined as follows [AH96|, p.20-25]: For a set
E C R?, we define

Lp:={f:fel? V.f>1onE} (4)

and

L inffegE f]Rd |f|2de‘ lf ,CE 7& @
Cap,(E) := { +oo if Lrp=10

The 1-capacity will be called simply the capacity. For o > 0 and r > 1 we shall occasion-
ally make use of the capacity Capg,a) obtained when changing V,. by V@ = (—A +a)7z.
We say that a property holds quasi-everywhere (q.e. for short) if it holds up to a set having
zero capacity. A qg.e. defined function f on R? is said to be quasi continuous if for every
€ > 0, there is an open subset 2 such that cap(€2) < € and fj,. is continuous. According
to [AHIE, 156], every f € WH2(R?) can be modified so as to become quasi continuous. In
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what follows we shall assume implicitly that elements from W1?(R?) have been modified
in this sense.

By S*, we designate the set of positive Radon measures charging no sets of zero ca-
pacity.
For a given € St and a > 0, we define the operators

K2 i 120) = D). o K27 o= [ (o)) duto), )
and
Lo = (WY (RY),€3) — L), | f p—ac. (6)

For a =1, I, , will be denoted by I,,. Observe that since u € S, I, is well defined and
is closed.

By [BA04, Theorem 3.1], the operator K* is bounded if and only if the following
inequality holds true:

» [f[?dp < ChEf], ¥ f € D(E), (7)

where C¥ is a positive constant. Moreover the constant ||K%||2(,) is the optimal one in
the latter inequality and is equivalent to

K
sup{u : K compact}. (8)
Here the ratio is understood to be equal to zero if Cap,(K) = 0.

In other words the boundedness of K* is equivalent to the boundedness of the 'embedding’

I,,. For this reason, we shall call measures from S satisfying the latter assumption

E-bounded measures and shall denote them by B*. Those measures p1 € BT such that

Co 1= Il [ KLz = lim [ KE ]z < 1. (6)

will be denoted by By .
We also recall that extending the identity (cf. [BA04, (25)]) to complex-valued functions
we get that, if 4 € B, then for every f € L?(u), K'f € D(E) and

&uKit.9) = [ Fadn, vg € D). (10)
R
Let = pt — pu~, where ™ € ST and p~ € By. Define the form £# by
D) = {f: fe W @), [ |fPdn <oo}, elfl=eln)+ [ IfFdu ()
R R
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By the KLMN theorem, the form £# is closed and lower semi-bounded with lower bound
equals to —a|K%|| 12, for some o > 0. We shall denote by H,, the self-adjoint operator
associated to £* via the representation theorem [Kat99:

D(H,) C D(E),"(f.g) = (H,f,g), Vf € D(H,) and Vg € D("). (12)

When p = 0, H, will be simply denoted by H := —A. We set 0es(H,) the essential
spectrum of H,.

For every p > 0 we denote by B, the Euclidean ball of R? with center zero and radius p,
ft, the restriction of the measure p to B, and p” := p — pi,.

In this stage, we give some auxiliary results related to the operator (H,+ «)~!, namely
we show that it is an integral operator and give an explicit formula for the resolvent
difference (H, + o)~ — (H,+ + o). We begin with the simple:

Lemma 2.1. Let a > 0. Then the operator (H,+ + a)~' is an integral operator: there is

a symmetric Borel function
+

g =R xR — (0, 00],

such that

(Hyr +a) ' f = [ g% (Ly)fly)dy, Vf € L% (13)

Rd

+ .
Moreover gt satisfies

gh (2,y) = galz,y) — /

[ ulr )l (0. 2) i (2) (14)

Proof. By [BMI(], the exponential operator exp(—tH,+) has a continuous symmetric ker-
nel p;, for every ¢t > 0 and it satisfies

p;r(xay) S Ceﬁtp2t<x7y>7 v r,Y, (15)

where ¢, 3 are positive constant and p; is the kernel of exp(—tH).
Making use of the inversion formula

(Hyr + ) ! = / e *exp(—tH,+)dt, ¥V a >0, (16)
0
together with the estimate ([H) we conclude that (H,+ + «) ! has a kernel given by

gf(x,y):/ e 'p (z,y) dt < Sgacs(x,y), Vo #yif d =2,
0

[\l et

and every z,y if d = 1. The rest of the proof is easy to do. O
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For o > 0, set K := (H,+ + )™,

IF = (DE).(E)) = L), f o |~ ae. (17)

«

and

Ky = L) = L200), = [ b () f () di™ (). (18)

The analysis of spectra of perturbed Schrodinger operators depends sometimes on an
adequate formula for its resolvent. The following is inspired from [BEKS94, Lemma 2.3]
and partially generalizes it.

Lemma 2.2. Let a be such that || K% ||r2.-y < 1. Then

(Hy+ o) = Ky = (10K (I = K;) (1 Kg). (19)

From the latter lemma together with Lemma P.1] we derive that for big «, the operator
(H, + «)~! is an integral operator. We shall denote by g# its kernel.
The identity ([9) implies that

0< g4 (wy) < ghly) ae. (20)
Proof. Let a be such that || K% | 2¢,-) < 1 be fixed. Then
ENN 2 (L= IIKE N2 Ealf), ¥ | € D(EY),
which implies that « lies in the resolvent set of H,. On the other hand since by ([4),
“ () < gal.,y) q.e. we obtain 1Ko le2g-y < WKL |2y < 1, so that I — K is
invertible. Now since u~ € Bj, we conclude that I} is bounded. Hence the operator on

the left hand side of ([9) is bounded on L? with range D(E#") = D(E*). Thereby to prove
the lemma it suffices to prove

ENELf.9) + EMITK) (I - K IZKS) f.g) = | fgdaV f €L’ g€ D(EM). (21)
]Rd

Let f and g be such functions. Without loss of generality, we assume that they are real-
valued. A direct computation yields

+ _ _ + -
exKit) = [ fado— [ Kifgd (22)
and
(I3 K)T =K, ae (23)
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Now since both (I K] )*f and K f lie in W2(IRY), they are quasi continuous and whence
they are equal q.e. [AH94, p.157]. Further, from p € S* we conclude that (ITKI)*f =
K f p a.e. Making use of this fact and of the identity ([(), we get

EMIITKL) (I = K) NI K D) f . 9) WITKD (I = KT I KD f.9)

Il
)

Ia K (I = Ko) ' (Ia K3) fgdp

d

—

=

(I = K3) (s KX) fgdp~

d

—

K (1= Ky) (LK) fgdu

d

— [ wKisgde = [ Kiggde, (20
R Rd

where the latter identity is justified by the fact that IJ K f = K[ f everywhere since
K f is defined everywhere. Now putting (B3) and (B4) together we get what was to be
proved. O

3 The essential spectrum of H,

We shall use known geometric characterization of the essential spectrum [HS9§, Theorem
10.6 p.102] to prove the invariance of oess(H,), when p has compact support.

Lemma 3.1. Let p = p* — p~ € St — BJ. Assume that i has compact support. Then
e H,) = s (H) = [0, 00).

We here emphasize that unlike [BEKS94, Theorem 3.1], we do not suppose that the

measure |u| € BT,

Proof. For the proof we follow the idea of Hislop-Sigal [HS96, p.137]. The key is to apply
[HS94, Theorem 10.6]. Next we shall prove that all assumptions required by this Theorem
are fulfilled.

Let a > 0. Since the operator (H + «)~! is locally compact, i.e., for every open bounded
subset 2 C R?, the operator yo(H + a)~! is compact, it follows from the variational for-
mulation of the min-max principle and from the fact that D(H+) is a core for D(E"),
that (H,+ + «)~! is also locally compact. Hence using formula ([9), we conclude that
(H, + o)~ is locally compact as well.

In this step we prove that assumption (10.7) of [HS96, Theorem 10.6] (see identity (B9))
is satisfied.

Let ¢ € C5°(R?) such that

0<¢<1, ¢ =1o0n By, supp(¢) C Bs.



Let (¢,) be the sequence defined by ¢,(z) := ¢(x/n). Set
[H;m gbn] = Hu¢n - ganu (25)
Let f € D(H,) be such that ¢,,f € D(H,), g € D(E") and « big. Then

((Hu ¢ulf.9) = (Hudnf,9) — (Hufs 6n9)

= EM(dnf,9) — E ([, dng) (26)
_ /R (=fDG, =2V fV0,)gdr. (27)

Hence
[Hyo 0nlf = ~FAgn = 09 [V, = 3 fAG — 2V Vo, (28)

From the latter identity we infer that the commutator extends to D(H,) and that

1
1[Hps 0n)(Hy+ ) e < 512l (H, + ) [1f 122 +

1
~[V@lloo |V (Hy + ) £l

/ 1

1 C —1,7\5
< —Cillfllee + =2 (EL[(H, + a) ' £])?
1 Cy, _ L _C
= 5Ol + S2( [ f(H ) fdn)E < Sl
Thereby
Jim ([, 6] (Hy+ ) 7! = 0. (29)

From [HS9G, Theorem 10.6] we learn that A\ € oes(H,,) if and only if there is a sequence
(fn) € D(H,) such that

”fn” =1, Supp(fn) C Brcz and nh_IEO HHan - )‘an = 0. (3())

Let A € 0ess(H,,). Take a sequence (f,,) as in (B0). Observe that from the definition of H,,,
we have H,f = —Af + fu in the sens of distributions for all f € D(H,). Hence since p
has compact support, we conclude that H,,f,, = —Af, € L?* for large n yielding f,, € D(H)
for large n and

HHufn - )‘an = Han - )‘an — 0,as n — o0, (31)

which implies oess(H,) C 0ess(H). The reversed inclusion can be proved exactly in the
same manner, so we omit its proof. 0



Our next purpose is to approximate the operator H, (in the norm resolvent sense) by
a sequence (H,, ) such that the 1,’s have compact support. For this aim, we introduce the

following operators:
Let p € ST — B and «a big enough. For every n € N, set
KEm = (0 = 12 fro [ o) )
R

and

I3 = (D(E"), (Ex)Y2) — LA((u)"), | f.

We claim that the operators K=" and I, are bounded. Indeed: The boundedness of ;"

follows from the fact that u € By .
Now set G# the kernel of (H, + )"z, and K" the operator

Ko™ = L* — L*((u")"), f— | Gi(z,y)f(y)dy.

R4

From pu~ € By, we derive

PG < (1= 12 L)€L ¥ € DIE)

which is equivalent to the boundedness of K", Hence their duals

(K27) = L)) = 12, £ = [ @b ) ) (0,

are bounded and thereby
(H, +a)2 (KE") f = K2
are also bounded. Moreover

sup || K" || < sup [|K3"]| < oo,
n n

by (B3)-(B3)-

(32)

(34)

(35)

(36)

The following lemma has a central stage in the proof of the invariance of o.ss(H,). It
also has an independent interest since it gives a condition under which the norm resolvent

convergence holds true.

Lemma 3.2. Let n and « be as above. Set p,, = 1p_u, the restriction of the measure p

to the open Euclidean ball of radius n and center zero and H, := H,, . Then

i)

(HM + a)_l - (H, + a)_l =K, "I,"(H, + a)_l - K;’n1;7n(Hn + a)_l'

9
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i1) If moreover

. |l (K)
lim sup { =——= : K C B;,, compact; =0, 38
o Sy () } (38)
or equivalently
Jimn [V 2 2 = 0, (39)

then the norm resolvent convergence holds true:

T [[(H+ @)™ — (H, +a) ! =0 (40)

The ratio appearing in (B§) is understood to be equal to zero if Cap,(K) = 0.

@,

The equivalence between (BY) and (BY) follows from the equivalence between

sup {% : K C B¢, compact} and ||‘/2|M|n||L2,L2(|“|n) (cf. [AH9E, Theorem 7.2.1]).

Proof. i) We first prove that the right hand side of (B7) is bounded on L?. We have already
observed that K™ and I;" are bounded. Thus the first operator in the right hand side
of (B7) is bounded. On the other hand I is closed, hence I}™(H, + a)~' is closable
with domain the whole space L?, hence bounded and thereby the right hand side of (§7) is
bounded on L? as well. Now the rest of the proof is substantially similar to that of Lemma
B2, so we omit it.

(ii) The key is to use formula (i). Fix a > 1 such that
i K gy < 1.
Since by (B8), sup,, | KZ"|| < oo, proving (f{) reduces to prove
Tim (1 (H, +a)™!] = 0. (41)
Set
Ko:=(H+a) " Kopi=(H+p +a),
Ja,n the kernel of l?a,n and
Jan = (D(EM), (EE)2) = L2(ui), [ f.

Changing p by p, in Lemma B.J, we get

(Hy+ )™ = Koy + (JanKan) (I — K5 (JamKan). (42)

a,n

10



By the choice of a we have sup, ||(I — K2, )7} < (1= [IK* [l r2(um)) ' On the other

hand, from g, , < g, we obtain sup,, ||I?an|| < ||K,||, and a glance at the definition of J, ,,
yields sup,, || Janll < KX [ 22(u-)-
Hence proving ([]), reduces to prove

lim [|[I5" K, | = 0. (43)

From the already established comparison of the relative kernels we have ||/ "KanH <
| 7E" Kyl Now the latter operator is given by

I3 Kom =L = L*(6)"), f= | ga(,0)f(y)dy. (44)

R4

Whence by [AH9G, Theorem 7.2.1], we achieve

+\n K
[ [E" Ky, < Csup{% : K compact}
K
< Csup{% : K compact K C B.}
— 0 as n — oo, (45)
by assumption and the proof is finished. O

We are in a position now to state our main theorem:

Theorem 3.1. Let p = p™ — pu~ € 8™ — Bf. Suppose that assumption (B8) is satisfied.
Then Oess(H,) = Oess(H) = [0, 00).

Proof. Let E,(\) (respectively E())) be the spectral family related to H,, (respectively to
H,). From the the norm resolvent convergence we derive (cf.[Kat95, p.362])

lim |EQ\) — B, (V)] = 0. (46)
It follows that for every e > 0,
lim ||[E,(A+¢€)— E,(A—¢€)— (E(A+¢€)— E\—¢)|| =0, (47)

and thereby
dim R(E,(A+¢€) — E,(A —¢€)) = dim R(E(A+¢€) — E(A —¢)), for large n. (48)

From the characterization of the discrete spectrum [Wei8(, p.202] and from Lemma
together with ([[§), we derive that ogisc(H,) C (—00,0) so that oes(H,) C [0,00). An
other time Lemma B.7 together with ({I§) imply that o(H,) can not have a gap at A > 0.
Thus 0ess(H,) = [0, 00), which was to be proved. O
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We would like to compare our criteria with those given in the literature. The main
difference is that we do not assume that p* is bounded nor the boundedness of

e = W2A(RY) — L2 (i), f e f, (49)

for any 1 < s < 2 (cf. [Bra0J], Theorem 21]. Examples of measures violating this condition,
but satisfying ours, are given on R¢, d > 4 by p such that =~ € By, u* has compact support
and

pH(Be(z))>Crf, 0<B<d—2s, VO <r<1,Vr (50)

For such measures we have

1 (Br(x))
Cap, (B, (z))

so that sup{ & (K , K compact} = oo and by [AH9E, p.191], J;, is unbounded for every
1<s<2.

For d = 2,3 the measure pu* can be chosen as follows : Set Xg +_1(r) the normalized surface
measure of Sq_1(r) :={z € R?: |z| =7}, r > 0. For 0 < € < 1, define the measure

dp™ () := 1p,(0)(2)] 2]~ dBs,_, (fa)-

Then pt is a Radon measure on R%. Let 1 < s < 2. Then

p(Saa(r))
Cap,(Sa-1(r)) ~

Recalling that Cap,(Sg-1(1)) > 0 for every 1 < s <2 and d = 2,3 (cf. [AHO4, p.139]) we
conclude that J;} is unbounded, for the same considerations as before.

> Orf=it2 v 0 < <1, (51)

r~(Cap, (Sd,l(l)))_l, VOo<r<l.

Many assumptions on the measure p, in the literature, are made so as to imply the
compactness of the resolvent difference. One of these assumptions (among others) is that
|u| € BT. However, in these circumstances, arguing as in the proof of Lemma .2, the
resolvent difference can be written as

-1

(Hyt+a) " = (H+a)" =—(lau(H+0)") (I + KL) Lou(H +a) (52)

for a large enough. Hence the compactness of the resolvent difference is equivalent to the
compactness of the operator I, ,(H + )™, which by [AH96, Theorem 7.3.1 p.195] implies

()

lim sup {7 : K C By, compact} = 0. (53)
n—oee Py (K)
Thus the compactness of the resolvent difference, for 4~ = 0, implies our criteria.

So, our assumptions on the measure p are weaker, in the absolutely continuous and in the
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singular case as well, than those existing in the literature cf. [Bra01], BEKS94, {394, [039]]

for the invariance of the essential spectrum, as long as Radon measures are considered.
Moreover our conditions give supplement informations on the discrete spectrum. Namely
every negative eigenvalue A of H), is the limit of eigenvalues A, such that \, € oqisc(H,,)
for large n.

Next we shall give a sufficient condition for the criteria (B) to be fulfilled. Then use it
to show that our method recovers measures vanishing at infinity, in particular finite Kato
measures and s-measures with compact support cf. [JW84].

From now on the letter K designate a nonempty compact subset of R?.

Theorem 3.2. Let = put — pu~ € ST — By be such that (u*)? € B for some p > 0.
Assume that

lim sup |u|(Bi(z)) =0if d < 3, (54)

lim sup / lHog(|z — y)| dlul(y) = 0 if d = 4, (55)
{lz—y|<1}

and

lim sup / |z —y|*d|p|(y) =0 if d > 4. (56)
{le—yl<1}

Then assumption (B) is satisfied.

We observe that since for d > 4, 0 < s < 2 and for every z € R%, we have
|z = y[* < |z —y[*~* q.e. on Bi(x),

then assumption (B@) is still weaker than the one adopted by Schechter in [Sch86, Theorem
10.8, p.152).

Proof. We shall make the proof only for d > 4. For d < 4, the proof can be done exactly
in the same way.

Let d > 4. For our purpose, we proceed to give an adequate estimate of the ratio appearing
in (BY).

For every K, set Pk the space of probability measures supported by K. Then making use
of the dual definition of the capacity, [[AI96, Theorem 2.5.5] and arguing as in [FOT94,
p.86-87], we conclude that

(Cap2(K))71: inf sup /KG4(x,y) dv(y). (57)

VEPK 4cRd
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Taking v := ’N|\K(|M‘(K))_1 we achieve

|l (K) /
= < sup | Gu(z,y)d|pl(y
Cap,(K) zeRd JK 4, 9) dlul(y)
< A= s [ Gulny)dully), ¥ K © B (58)
z€R4 J Bg
Now we are going to prove that lim, .., A, = 0. Since G4(-,y) < |- —y[*~¢ q.e., we have

A, < sup / o — " dlpul(y) + sup / Gale,y) dil(y).  (59)
Bz (1)Nn{|y|>n} Bg(1)Nn{|y|>n}

reRd reRd

Since the kernel G4 decreases rapidly away from the diagonal, we derive

sup / Gule,y) diul(y) = sup / Gl ) dlpil(y)
B (1)N{|y|>n} Bz (1)N{|y|>n}

zC€R4 |z|>n

|z|2n

<sup [ o=yl dluty)] 0 as - o
Bx(1)

by assumption.
By the same way we derive

sup / Gale,y) dipl(y) = sup / Gl ) dlpil ()
zeR? J Bg (1)N{|y|>n} |z|>n J B (1)N{|y|>n}
< sup / Gl y) dlul ()- (60)
jel>n J Bg (1)
We claim that
swp [ Gy i) < Cop [ o=yl dlul(y), 1)
|z|>n Bg(1) |z|>n B, (1)

where C' is a constant depending only on d. Indeed:

For k > 1 let By(z;(k))1<j<n@) be a covering of Sy := {k < |z — y| < k + 1} such that
zi(k) € Sy. We choose N (k) such that N (k) < k¢ (which is possible). From the properties
of the Bessel kernel we infer ([Ste70], p. 133]) that there is a constant C'(d) depending only
on d such that

Galz,y) < O(d)e™ 2", ¥ o —y| > 1. (62)
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Now we have

ﬂgUGdﬁwdmmﬂ SEZ/’ Ga(w, ) dlpl(y)

{k<|z—y|<k+1}

- 4 _k _
cl) Y (k+1)ttet [ o = ol dlu )
{k<|z—y|<k+1}

IA
B
ﬂ‘

N(K)

< C(d) S (k+ 1)t l/ 1~y dlul(y)
P = Stz m-yi<13ns,
oo N(k)
<O(d)Y (k+1)ems Y kA
k=1 j=1
./ @+ 25(k) — [ dlpal (). (63)
{lz+z;(k)—y|<1}

Now taking the supremum on both side yields
d d 4-d
gg/})dewdml ) < 240(d EzkeQQP/k = — gl dlul(y)
z|>n $(x z|>n )

— 0 as n — oo, (64)
and the proof is finished. O

We note that condition (B) implies that p vanishes at infinity, i.e.:

lim sup |11 (By(x)) = 0. (63)
=00 | 4i>p
a condition which enters naturally for the invariance of the essential spectrum. To confirm
this observation we will show that in many cases the two conditions are equivalent to each
other.

Proposition 3.1. Let = pu™ — u~ € 8T — Bf be such that |u|? € BY for some p > 0.
Then u vanishes at infinity if and only if condition (B§) is satisfied.

Under these circumstances, it follows in particular that if x4 vanishes at infinity then
Oess(H,) = [0, 00), which generalizes a result due to Brasche [Bra0OT, Theorem 21].

Proof. The ’if” part was already proved above.

We prove the ’only if” part. Let p be a measure vanishing at infinity. For d < 4, the result
is a direct consequence of Theorem B.3.

Now let d > 4 (for d = 4 the proof is essentially the same, so we omit it).

Let 0 < 6 < 1, then

/ kwwﬁdﬂM@%S/ |x—W“Ww@%{/ @ — g dJul (9).
{lz—y|<1} {lz—y|<é} {6<|z—y|<1}
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The second integral satisfies

[ el dlulo) < 8l (Bue) — 0 as - oc. (66
{o<lz—y|<1}

To estimate the first integral we proceed as follows: Let n € N be large enough and x such
that |z| > n. The boundedness assumption on (u*)? and p~, together with [BA04] and
[AH96, Prop.5.1.4] imply

(11)? (Bs(w)) = |l (Bs(@)) < CCap, (By(a) < C'0%2, W0 < < 1. (67)

Here the constant C” depends neither on x nor on .
So we get

é
— ulty _ 4=d q1,1(B,
[ et = [ s)

0

5
— (= 1) [l (Bale) e+ 5 ul(B,00)
5
< (d—4)C"/ tdt+C'*>Y0<§<1landVz, |z| >n,
0
which together with (B6)) leads to

lim sup / lz -y <O V0< <1 (68)
Bi(z)

Now the result follows from Theorem B.2-(b0). O

ACKNOWLEDGMENT: I am thankful to the referee for the helpful hints.
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